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Modern Public Economics

In recent times not only have traditional areas of public economics such as
taxation, public expenditure, public sector pricing, benefit-cost analysis, and fiscal
federalism thrown up new challenges but entirely new areas of research and inquiry
have emerged. This second edition builds upon the strengths of the previous
edition and incorporates results of research on new areas such as global public
goods, environmental taxation and carbon permits trading and the complexities
of corporate taxation in a rapidly globalizing world.

The book is a modern and comprehensive exposition of public economics.
It includes extended discussions on topics of particular interest to developing
countries and covers subjects such as:

• taxation in an economy with a large informal sector;
• the challenges of using VAT;
• the use of randomized evaluation;
• theory of public expenditure and public goods including global public goods;
• incentive effects of taxation and tax incidence.

This book discusses the major traditional areas of taxation and public expenditure
as well as emerging issues relating to public economics in the globalized world
economy. It will be useful as a reference and update on the modern literature
on public economics for professional economists and policy-makers, as well as
providing invaluable information as a basic text for undergraduate and graduate
students in public economics.

Raghbendra Jha is Rajiv Gandhi Chair Professor of Economics and Executive
Director of Australia South Asia Research Centre, Australian National University.
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Preface

The first edition of this book was published in 1998. This was followed by a
Chinese language edition in 2001. It was given an encouraging response from
students as well as lecturers in economics departments all over the world. I received
continuous and substantial feedback on the textbook. Soon, however, it was
eminently obvious that the field of public economics had undergone substantial
changes and, indeed, would continue to evolve. The publisher and I began to feel
that there was a need to revise this book.

Indeed, in light of the tremendous expansion in the literature on public
economics decisions had to be made about what new material was to be added to
the text. In revising this book I have followed a three-pronged strategy: 1. Many
of the existing chapters have been updated to include new material – for example,
Chapter 21 on cost-benefit evaluation has been expanded to include material on
the technique of randomized evaluation. Attention was also paid to incorporating
material of particular relevance to developing countries. 2. Three chapters have
been added to cover new topics. These include the immensely important issues
of tax incentives and corporate taxation in a rapidly globalizing world economy
(Chapter 19), global public goods (Chapter 20), and environmental taxation and
trading of carbon permits (Chapter 22). 3. Finally, the material has been simplified
to make it more accessible to undergraduate students.

In such a complex and substantial revision the author invariably runs up a
long list of debts. In my case I am much obliged to the many students and
lecturers, literally too many to mention, who have used the book and have taken
the time to comment on the content and the style. Some of the new material
was tried on students in a graduate course on Public Economics I taught at the
Australian National University in 2008. I am grateful to these students for taking
the time to absorb this material and particularly to those who provided feedback.
I would also like to take this opportunity to thank my friends and collaborators
on my recent work in public economics for their support during this period. This
set includes Robin Boadway, Raaj Kumar Sah, Raghav Gaiha, Anil Deolalikar,
Tony Addison, Andrea Cornia, Matthew Odedokun, Isao Horiba, Gerald Epstein,
Anurag Sharma, Santanu Gupta, and Ibotombi Longjam. Santanu and Ibotombi,
both former students, also prepared answers to the problems in this book, for which
I am much obliged.



xx Preface

This book was revised at the Australian National University (ANU). The
Arndt–Corden Division of economics at the ANU provided me with an excellent
environment for my work for which I am grateful. In particular, I would like to
thank Hal Hill, Peter Warr, and Warwick Mckibbin for their support. Also at the
ANU Stephanie Hancock provided staunch and competent editorial and logistical
support in managing the revision of the book. But for Stephanie’s help the revision
would have taken much longer than it has. At Routledge, Rob Langham provided
unflinching support throughout. It is a pleasure to acknowledge the contributions
that all these people have made to this book. I am also grateful to Oxford University
Press for their permission to reprint a table (Table 20.1).

My greatest debt is, however, to my family – my wife Alka and our son Abhay.
I am unable to articulate the magnitude of this debt and it would indeed be
presumptuous for me to thank them.

Raghbendra Jha
Canberra, Australia

March 2009



Preface to the first edition

Public economics, loosely defined as the study of government intervention in the
marketplace, is a rapidly growing area of research. Until a few years ago, public
economics could be thought of as being applied micro theory. Not any more.
Branches of economics, which were, just a decade ago, thought to have little
connection with public finance, have intruded into the domain of public economics.
For example, the theory of regulation which has traditionally been an area of
concern for the economics of regulation, is now actively researched by scholars
working in public economics. The worldwide attention given to issues of the
burden of the public debt has led to considerable refinement of the macroeconomic
side of public sector behavior. With increasing integration in international trade
and commerce, the international aspects of government behavior are becoming
increasingly important. Examples like this can be multiplied considerably.

We who study public economics live in exciting and, sometimes, trying times.
From time to time a need is felt to provide a sense of perspective on the state of
the art – particularly at its frontiers – from which both practitioners as well as
students can benefit. This is what courses and texts are supposed to do.

In writing this book I have tried to provide such a sense of perspective. The book
develops the foundations of public economics and explores, in considerable detail,
research being done at the frontiers. It is written with upper level undergraduates
and postgraduate students of economics as audience. With this objective in mind,
key arguments are carefully developed and mathematical proofs are carefully
worked out so that there are no ‘missing steps’ for students to fill in. It has been
my experience while teaching public economics to students in three countries –
Queen’s University, Canada; University of Warwick, UK; and IGIDR and Delhi
School of Economics in India – that students find it very hard to work through
the missing steps in proofs of papers published in scientific journals or, for that
matter, advanced texts. This has the predictable result that teachers have to provide
considerable background notes. The present book should help to ameliorate this
difficulty. I have made a conscious effort to provide complete proofs which should
be easy to follow without the need for any background notes. This book should
also be useful to academics and policy planners who want a complete account of
recent developments in the field of public economics.



xxii Preface to the first edition

The book is organized as follows. Part I is entitled ‘Welfare economics’ and
consists of three chapters. In Chapter 1, I have developed key concepts in consumer
demand theory which are heavily used in public economics. The topics covered
include direct and indirect utility functions, expenditure functions, compensation,
Roy’s identity, Slutsky equation, and the like. This chapter is quite self-contained
so students will not have to appeal to a microeconomic text to learn these concepts.
In Chapter 2, the distinction between reaching the Pareto frontier and choosing any
point on the frontier is spelt out. This chapter deals with the efficiency question
of devising mechanisms under ideal conditions to reach the Pareto frontier. The
question of choosing a point on the frontier is developed in Chapter 3. In this
context the issue of democratic aggregation of preferences is taken up. The Arrow
Impossibility Theorem, Gibbard’s Oligarchy Theorem, and Sen’s Impossibility of
a Paretian Liberal Theorem are all proved to emphasize the difficulties involved in
democratic aggregation of preferences. At this point the information content of the
Arrow framework is explored and it is shown that possibility results emerge when
one admits interpersonal comparisons of utility. The utilitarian, neo-utilitarian,
Rawlsian and Atkinson’s measures of social welfare are all explained in this
chapter since these welfare functions have been used extensively in applied and
theoretical work.

Part II of the book is entitled ‘The theory of public expenditure’ and consists
of three chapters. In Chapter 4, the presence of externalities as a basic rationale
for public expenditure is explored. Solutions to the problems of various types
of external effects are explained and assessed. Chapter 5 concerns itself almost
exclusively with pure public goods. Various forms of the Samuelson condition for
Pareto optimal supply of a pure public good are derived. The free rider problem
and attempts at its solution are also discussed here. There is also a brief discussion
of voting models of public goods. Chapter 6 takes up some issues of interest in the
theory of public goods. We study the theory of clubs and the Tiebout process, the
financing of public goods with distortionary taxation and asymmetric information
in the theory of public goods.

Part III is entitled ‘The theory of taxation’ and consists of ten chapters.
Chapters 7, 8, 9, and 10 deal with the incentive effects of taxes. Chapter 7 deals
with effects of taxes on savings, Chapter 8 with labor supply, Chapter 9 with
investment behavior and Chapter 10 with taxation and risk-taking. Chapter 11
deals with static tax incidence. The static two-sector general equilibrium model
of tax incidence is studied. Then we move to incidence analysis with involuntary
unemployment and incidence analysis in the presence of regulation. In Chapter 12
we study tax incidence in some dynamic models. Tax incidence is studied in
the basic Solow model as well as in the Diamond life-cycle model. The notion
of balanced growth path tax incidence is also developed. Tax incidence in the
Blanchard–Yaari life-cycle model is also discussed as well as the issue of tax
versus debt finance of government expenditure. Some issues relating to Ricardian
equivalence are also dealt with here. We also study tax incidence in monetary
growth models. In Chapter 13 we study commodity taxation. We examine the



Preface to the first edition xxiii

standard elasticity formulae as well as the issue of the limits to redistribution with
commodity taxation. Chapter 14 discusses optimal income taxation – linear as
well as non-linear. We also study the problem of optimal taxation with incomplete
information. In Chapter 15 we study four topics in the theory of income taxation:
optimal taxation in a model of endogenous growth, the problem of income tax
indexation in an inflationary economy, the problem of time consistency, and,
briefly, some models of tax compliance. Chapter 16 discusses some aspects of tax
reform.

Part IV of the book is entitled ‘Applied problems in public economics’ and
consists of three chapters. Chapter 17 is a fairly detailed analysis of issues related
to public sector pricing. Marginal cost and efficient and redistributive second-
best pricing, non-linear pricing, pricing of joint products and related issues are
considered in this chapter. Chapter 18 deals with some issues in international
taxation, and Chapter 19 has a brief overview of cost-benefit analysis.

Part V of the book is entitled ‘Fiscal federalism’ and consists of two chapters.
Chapter 20 deals with key issues in federalism such as the optimal degree of
decentralization. Chapter 21 discusses the delegation of grants and taxes within a
federal framework. There is an extensive bibliography at the end of the book to
help plan further reading.

In writing this book I have run up a long list of acknowledgments. First,
I have benefited enormously from my association with Robin Boadway at Queen’s
University, Kingston, Canada, during my two spells as visiting faculty. I learnt a
great deal from Robin in conversations as well as during my co-authorship with
him. Dan Usher was a source of intellectual stimulation while I was at Queen’s as
were Isao Horiba (then visiting Queen’s from Tokyo), and Bagala Biswal (then a
graduate student at Queen’s). Thanks are also due to two friends and occasional
co-authors: Balbir Sahni of Concordia University and Anandi Sahu of Oakland
University for their constant encouragement. Throughout the long years over
which this book was conceived and written, I benefited greatly from the comments
of my students in Queen’s University, Canada, University of Warwick, UK, and
Indira Gandhi Institute of Development Research (IGIDR) and Delhi School of
Economics in India. The students’ evaluation of my class lectures has served as
a critical input into this book. I would like to thank each of them individually but
they are far too many to mention.

The book in its final form has been written at the University of Warwick. The
economics department at Warwick has provided an excellent environment for my
work. I owe a great debt of gratitude to Norman Ireland for making my stay here so
pleasant and intellectually stimulating. Tony Addison, Jeff Round, John Whalley,
Chris Heady, and Mike Waterson also deserve heartfelt thanks from me. I would
also like to take this (statistically improbable) opportunity to thank Edmund Phelps
who, as my PhD guide twenty years ago, introduced me to the exciting area of
public economics. At IGIDR, Mumbai, I would like to thank Kirit Parikh for his
constant help, support and encouragement. Mudit Kulshreshtha, Nibedita Das,
and especially Santanu Gupta, all graduate students at IGIDR, have helped with
the diagrams. Without Santanu’s help the figures would not have been possible.
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I have also benefited greatly from the help and support of the economics
section at Routledge. Alison Kirk, economics editor, provided consistent and
unflinching support. The extremely thoughtful comments of anonymous referees
helped considerably in bringing the manuscript to its present form. I am grateful
to all these people for their help, patience and friendship. Given these, the task of
writing this book was never a chore.

My greatest debt of gratitude is to my family – my wife Alka and our son Abhay.
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Part I

Welfare economics



Introduction to Part I

Part I outlines the welfare foundations of Modern Public Economics and consists
of three chapters. Chapter 1 introduces and reviews extant major tools of welfare
analysis. Chapter 2 discusses in detail conditions under which competitive markets
work efficiently and the state would not be called upon to intervene to improve
efficiency of allocation. However, efficiency of allocation does not imply optimal
distribution. This is a matter of public choice and is often addressed by instruments
of democratic decision-making. Chapter 3 discusses the limits of using the
democratic process for making such choices.



1 A quick primer on consumer
demand

Key concepts: preference ordering; transitivity, quasi-transitivity and
acyclicity of preferences; continuity and convexity of orderings; utility
functions: direct and indirect, concave and quasi-concave utility func-
tions; compensated and uncompensated demand functions; expenditure
functions; Slutsky equation, consumer’s surplus, equivalent and compen-
sating variations; Roy’s identity; excess burden of a tax; the Envelope
theorem.

1.1 Introduction

In public economics some key results from consumer demand theory are often
used. In some instances, students would have picked up these results in micro
theory. However, for the sake of completeness these results are provided here.
This review is not meant to be exhaustive but should be viewed as a necessary
prelude to studying some aspects of public economics. This chapter then, is an
entry point to the study of public economics, not public economics proper.

We begin this chapter with the definitions of some basic notions in consumer
demand theory. Later we derive key concepts that will be useful in our study of
tax and expenditure policies.

1.2 Some key definitons

Definition 1.1 (weak preference relation or ordering)

In the classical theory of consumer demand the basic weak preference relation for
any consumer i is written as Ri (read as ‘at least as good as’). Thus if x and y are two
consumption baskets available to individual i and if it is discovered that xRiy then
it follows that commodity bundle x is considered by individual i to be at least as
good as commodity bundle y. (Sometimes Ri is also called an ordering.) If, at the
same time, y is not Rix then we say that commodity bundle x is strictly preferred
by individual i to commodity bundle y. This is written as xPiy. If, however, xRiy
and yRix then individual i is indifferent between commodity bundles x and y; this
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is written as xIiy. The consumer is assumed to have a consumption set Xi from
which all choices of consumption baskets must be made. The weak preference
relation Ri is defined over this consumption set.

Definition 1.2 (rational weak preference relation)

The weak preference relation Ri defined on Xi is rational if it possesses the
following properties.

(i) Completeness

This requires that the ordering Ri be defined over all pairs of consumption baskets
in Xi; i.e., for all consumption baskets a,b ∈ Xi we must have either aRib, bRia
or both. (Clearly, aRia. This property is referred to as reflexivity). Sometimes,
but not necessarily, this requirement is coupled with the additional requirement
of binariness or independence of irrelevant alternatives. This requires that,
when comparing two alternatives a and b, it is not necessary to appeal to any third
alternative c.

(ii) Forms of transitivity and rationality

These refer to relations between three alternatives. The simplest form is full
transitivity which requires that if aRib and bRic then aRic. Typically, to consider
an ordering to be rational we usually require that transitivity hold.

Rarely, but not insignificantly, we will meet a weaker form of transitivity called
quasi-transitivity. This requires that the strict preference relation is transitive (and
is silent on the transitivity of the weak preference relation). Thus, if gPih, and hPij
then gPij.

A still weaker requirement is that of acyclicity. Pi is acyclic if there does not
exist a sequence of consumption baskets a, b, . . ., l such that aPib & bPic & . . . &
kPil and 1Pia.

Another desirable requirement is that of non-satiation, i.e., more is always at
least as good as less. In other words, if aRib and b ∈ Xi, then a ∈ Xi. A stronger
requirement is that of local non-satiation. If a ∈ Xi then there exists another
consumption basket, u, with |u – a | < ε with ε arbitrarily small such that uPia.
Standard utility analysis always assumes local non-saturation. See Figure 1.1.

(iii) Convexity

(This is not a requirement for rationality of preferences.) The ordering Ri on Xi is
convex if for every a ∈ Xi the upper contour set is convex. In other words for a,
b, c ∈ Xi if aRic and bRic then [�a + (1 −�)b] Ric for 0 ≤ � ≤ 1. We can define
the analogous concept of strong convexity. For a, b, c ∈ Xi if aRib, and bRic
then [�a + (1−�)b] Pic for 0 ≤ �≤ 1. Indifference curves of the ‘standards’ type
satisfy strong convexity (see Figure 1.2).
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 c
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a 

 b

bRia

Figure 1.1 Consumer non-satiation.

From the primitive notion of an ordering as defined above, it is a short, but
eventful, step to reach utility functions. Orderings which are continuous can be
represented by a utility function.

Definition 1.3 (continuity)

The ordering Ri on Xi is continuous if it is preserved under limits, i.e, for any
sequence of pairs {(xn, yn)}∞

n=1 with xn Riyn for all n,x = limn−>∞xn, and y =
limn−>∞yn, we have xRiy.

As mentioned above, when an ordering is continuous it can be represented by
a real valued utility function such that when xRiy then U(x) ≥ U(y) where U(.)
is the real valued utility function. To be perfectly precise, however, we should
mention Cantor’s theorem.
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Quantities of good x

Quantities
of good y

Quantities
of good y 

Quantities of good x

Convex preferences

Non-convex preferences

bPia & cPia but
aPid{ = αb + (1–α) c}

d{= αb + (1–α) c }Pia

Figure 1.2 Convex and non-convex preferences.

Cantor’s theorem

There is a real valued function U(.) on Xi such that for all x, x′ ∈ Xi, xRix′ implies
U(x) ≥ U(y) if and only if R is an ordering on Xi and there exists a countable
subset of Xi that is P order dense in Xi (for a proof see Luce and Suppes, 1965).

When an ordering is lexicographic, for example, then it cannot be represented
by a utility function. This is a celebrated exception to the rule that orderings can
be represented by real valued functions. Suppose we take a consumption set that
is uncountably infinite. Suppose a consumer loves fish very much. Indeed she
loves it so much that given any amount of fish more rice would make her better
off, but if you gave her a little bit more fish she would be better off than with the
old consumption basket irrespective of the amount of rice in that basket. Thus, an
infinite number of real numbers is exhausted in calculating utility values associated
with just one quantity of fish.

This is illustrated in Figure 1.3. In this diagram with x0 amount of fish, utility
increases along the vertical line through x0 but the very next highest amount of fish
gives higher utility than any point on the vertical line through x0. So, intuitively
speaking, we run out of real numbers.
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0
X0 Quantities of fish

Quantities
of rice

Figure 1.3 Lexicographic orderings.

1.3 Utility functions

We now assume that there is in existence a real valued utility function. For
analytical purposes, it is also convenient to assume that the consumer’s utility
function is differentiable. Most of the time we require that the utility function
be twice continuously differentiable. From the property of convexity of weak
preferences we can deduce that U(.) is quasi-concave [and, similarly, strict
convexity of weak preference implies strict quasi-concavity of U(.)]. The utility
function U(.) is said to be quasi-concave if the set {y ∈ RN+ (where RN+ covers the set
of N goods in the positive quadrant) is such that U(y) ≥ U(x)} is convex for all x or,
equivalently, if U(�x+ (1−�)y) ≥ Min{U(x),U(y)} for any x, y and all � ∈ [0, 1].
(If the inequality is strict for all x �= y and � ∈ (0, 1) then U(.) is strictly quasi-
concave). Note, however, that convexity of Ri does not imply the stronger property
that U(.) is concave: {U(�x+(1−�)y} Ri{�U(x)+ (1−�)U(y)} for any x, y and for
� ∈ [0,1].

We now state another property of utility functions: A continuous Ri on X = RN+
is homothetic if it admits a utility function U(x) that is homogeneous of degree
one (i.e., such that U(�x) = �U(x) for all � ∈ [0, 1]).

1.4 The consumer’s utility maximization problem

We now turn to the consumer’s choice problem. We assume throughout that the
consumer has a rational, continuous, and locally non-satiated weak preference.
We take this utility function U(x) to be a twice continuously differentiable, quasi-
concave function. We can now state the following result.
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Proposition

If prices and wealth are strictly positive and wealth is (w) then the utility
maximization problem:

Max U(x) s.t. p.x ≤ w
x ≥ 0

has a solution. The proof follows immediately from the fact that a continuous
function always has a maximum value on any compact set.

Marshallian demand

The rule that assigns the set of optimal consumption vectors in the utility
maximization problem to each price-wealth situation (p, w) is denoted by x(p,w)
∈ RN+ and is known as the Marshallian demand function. It will variously be
referred to also as the uncompensated or ordinary demand function. This demand
function possesses the following properties (stated without proof):

(i) Homogeneity of degree zero in (p, w). This means that x(�p,�w) = x(p,w)
for any p, w and any scalar � > 0.

(ii) Walras’ Law: p.x = w for all x ∈ x(p,w).
(iii) Convexity/uniqueness. If Ri is convex, so that U(.) is quasi-concave, then

x(p,w) is a convex set. Moreover, if Ri is strictly convex, so that U(.) is
strictly quasi-concave, then x(p,w) consists of a single element.

If, as has been assumed here, U(.) is continuously differentiable, an optimal
consumption bundle x∗ ∈ x(p,w) can be characterized in a very useful manner by
means of first-order conditions. The Kuhn–Tucker (necessary) conditions say
that if x∗ = x(p,w) is a solution to the utility maximization problem, then there
exists a Lagrange multiplier �≥ 0, such that for all k = 1, . . . ,N (where k indexes
commodities):

∂U(X∗)/∂xk ≤ �pk (1.1)

with equality if x∗
k > 0.

In matrix notation we can proceed as follows. Let ∇U(x∗) = [∂U(x)/∂x1, . . .,
∂U(x)/∂xN]denote the gradient vector of U(.) at x, we can then write equation (1.1)
in matrix notation as:

∇U(x∗) ≤ �p (1.2)

and x∗[∇U(x∗) −�p] = 0. (1.3)

Thus, if we are at an interior optimum (if x∗ > 0), it must be the case that:

∇U(x∗) = �p. (1.4)
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We denote some solutions to the utility maximization problem in the case of two
commodities in Figure 1.4. If we have an interior solution then it must be the case
that for any two goods r, and t:

∂U(x∗)/∂xr

∂U(x∗)/∂xt
= pr/pt. (1.5)

The expression on the lefthand side is the marginal rate of substitution (mrs) of
good r for good t.

The Lagrange multiplier,�, in the first-order conditions (1.2) and (1.3) gives the
marginal or shadow value of relaxing the constraint in the utility maximization. It
therefore equals the consumer’s marginal utility of wealth at the optimum.

The indirect utility function

For each (p,w)> 0, the utility value of the utility maximization problem is denoted
as V(p,w) ∈ R. It is equal to U(x∗) for any x∗ ∈ x(p,w). The function V(p,w) is

Quantities of r 
0

 t* 

r*

x* 

Quantities
of t

Interior solution

Slope = – pr/pt = – mrs

x* = {r*, t*}
∇U(x*)

λp

p

0 x* Quantities of r

Quantities
of t

Boundary solution
Slope = – pr/pt

∇U(x*)

Figure 1.4 Interior and boundary solutions for consumer optimum.
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called the indirect utility function and, in public economics, tends to be a very
useful analytical tool. With regard to the indirect utility function we state, without
proof, the following proposition.

Proposition 1.1

Suppose that U(.) is a continuous utility function representing a locally non-
satiated preference relation Ri defined on the consumption set X =RN+. The indirect
utility function V(p, w) is:

(i) homogeneous of degree zero;
(ii) strictly increasing in w and non-increasing in pk for any commodity k;
(iii) quasi-convex, i.e., the set {(p,w) : V(p,w) ≤ 
V} is convex for any 
V;
(iv) continuous in p and w.

We can now proceed to the expenditure minimization problem. This is defined
as follows.

For p > 0 and 
U > 0, Minx≥0 p.x subject to U(.) ≥ 
U. This problem
then calculates the minimum level of wealth required to reach the level of
utility 
U. The expenditure minimization problem is the dual to the utility
maximization problem. We state without proof the following important
proposition.

Proposition 1.2

Suppose that U(.) is a continuous utility function representing a locally non-
satiated weak preference relation Ri defined on the consumption set X = RN+
and that the price vector p > 0. We have:

(i) If x∗ is optimal in the utility maximization problem when wealth is w > 0,
then x∗ is optimal in the expenditure minimization problem when the required
utility level is U(x∗). Moreover, the minimized expenditure level in this
expenditure minimization problem is exactly w.

(ii) If x∗ is optimal in the expenditure minimization problem when the required
utility level is 
U>U(0), then x∗ is optimal in the utility maximization problem
when wealth is p.x∗. Moreover, the maximized utility level in this utility
maximization problem is exactly 
U.

The expenditure function

Given prices, p > 0, and required utility level 
U > U(0), the value of the
expenditure minimization problem is denoted e(p,
U). The function e(p,
U) is
called the expenditure function. With respect to this expenditure function we state,
without proof, the following proposition.



A quick primer on consumer demand 11

Proposition 1.3

Suppose that U(.) is a continuous utility function representing a locally non-
satiated weak preference relation Ri defined on the consumption set X = RN+.
The expenditure function e(p, U) is:

(i) homogeneous of degree one in p;
(ii) strictly increasing in U and non-decreasing in pk for any k;
(iii) concave in p;
(iv) continuous in p and U.

In addition, we have an important relation between the expenditure function and
the indirect utility function. For any p > 0, w > 0, and 
U > U(0) it must be the
case that:

e(p,V(p,e(p,w)) = w and V(p,e(p,
U)) = 
U.

This will be useful in defining the equivalence between the compensating variation
and the equivalent variation of a price change to be considered later. We now turn
to compensated demand functions.

The Hicksian (or compensated) demand function

The set of optimal commodity vectors in the expenditure minimization problem is
denoted h(p,
U) ⊂ RN+ and is known as Hicksian or compensated demand function.
The basic properties of the Hicksian demand function are reported in the following
proposition.

Proposition 1.4

Suppose that U(.) is a continuous utility function representing a locally non-
satiated weak preference relation Ri defined on the consumption set X = RN+.
Then for p > 0 the Hicksian demand function possesses the following
properties:

(i) Homogeneity of degree zero in p : h(�p,U) = h(p,U) for any p, U and
� > 0.

(ii) No excess utility: for any x ∈ h(p, U), U(x) = U.
(iii) Convexity/uniqueness: if Ri is convex, then h(p,U) is a convex set; and if Ri

is strictly convex, so that U(.) is strictly quasi-concave, then there is a unique
element in h(p,U).

Using proposition 1.4 we can relate the Hicksian and Marshallian demand
functions as follows:

h(p,U) = x(p,e(p,U)) and x(p,w) = h(p,V(p,w)).
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Hicksian demand and the direction of substitution effects

Suppose that U(.) is a continuous utility function representing a locally non-
satiated weak preference relation Ri and that h(p,U) consists of a single element
for p > 0. Then along the Hicksian demand function demand changes in the
opposite direction of the price change. In other words for all p′, p′′:

(p′′ − p′)[h(p′′,
U) − h(p′,
U)] ≤ 0.

The compensated demand function is intimately related to an important relation
in consumer demand theory known as the Slutsky equation. Since this equation
is so important to several results in public economics, we shall derive it from
first steps for the case of two commodities. The case of many commodities is a
straightforward generalization.

Derivation of the Slutsky align

Consider the following utility maximization problem:

max
x1,x2

U(x1,x2) subject to p1x1 + p2x2 = w.

Set up the Lagrangean:

� = U(x1,x2) +�[w − p1x1 + p2x2]. (1.6)

First-order conditions for an internal maximum are that:

U1 −�p1 = 0 (1.7a)

U2 −�p2 = 0 (1.7b)

w − p1x1 − p2x2 = 0 (1.7c)

where U1 ≡ ∂U/∂x1 and U2 ≡ ∂U/∂x2.
Totally differentiating these first-order conditions and denoting partial deriva-

tives by subscripts we have that:

U11dx1 + U12dx2 −�dp1 − p1d� = 0 (1.8a)

U21dx1 + U22dx2 −�dp2 − p2d� = 0 (1.8b)

dw − p1dx1 + x1dp1 − p2dx2 − x2dp2 = 0 (1.8c)

We can write these equations in matrix form with dx1, dx2 and d� as the
endogenous variables as:

⎡
⎣ U11 U12 −p1

U21 U22 −p2

−p1 −p2 0

⎤
⎦
⎡
⎣dx1

dx2

d�

⎤
⎦=

⎡
⎣�dp1
�dp2

C

⎤
⎦ (1.9)

where C = −dw + x1dp1 + x2dp2.
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By Cramer’s rule we can solve:

dx1 = [�dp1D11 +�dp2D21 + CD31]/D (1.10)

and

dx2 = [�dp1D12 +�dp2D22 + CD32]/D (1.11)

where Dij is the cofactor of the ijth element in the matrix on the lefthand side
of equation (1.9) and D is the determinant of the matrix on the lefthand side
of equation (1.9). The price effect of p1 on x1 (along the Marshallian demand
function) is given by setting dp2 = dw = 0 in equation (1.10) to get:

∂x1/∂p1 = �D11/D + x1D31/D. (1.12)

It can easily be checked that ∂x1/∂w = −D31/D so that:

∂x1/∂p1 = �D11/D − x1∂x1/∂w. (1.13)

Now, when dU = 0 we know that U1dx1 +U2dx2 = 0. We also know from (1.8a, b)
that U1/U2 = p1/p2. Thence from (1.8c) we get −dw + x1dp1 + x2dp2 = 0 from
which we have:

[∂x1/∂p1]dU=0 = [D11D]�. (1.14)

Substituting in equation (1.13) we have:

∂x1/∂p1 = [∂x1/∂p1]dU=0 − x1∂x1/∂w. (1.15)

This is known as the Slutsky equation. In general for any two goods i and j:

∂xi/∂pj = [∂xi/∂pj]dU=0 − xj∂xi/∂w. (1.16)

Total price effect (along the Marshallian demand function) = substitution effect
(along the Hicksian demand function) – income effect.

1.5 Some other useful relations in demand theory

Suppose that U(.) is a continuous utility function representing a locally non-
satiated and strictly convex weak preference relation Ri defined on the consump-
tion set RN+. For all p and U, the Hicksian demand h(p,U) is the derivative vector
of the expenditure function with respect to prices:

h(p,U) = ∇pe(p,U). (1.17)

In other words, hk(p,U) = ∂e(p,U)/∂pk for all goods k = 1, . . .,N.
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Envelope theorem

Consider the value function �(	) of the constrained minimization problem:

Mx in f (x,	) subject to g(x,	) = 0.

If x∗(	) is the (differentiable) solution to this problem as a function of the parameter
	 then the envelope theorem assures us that at any 	0.

∂�(	0)/∂	 = ∂�(x∗(	0),	0)/∂	−�[∂g(x∗(	0),	0)/∂	] (1.18)

where � is the Lagrange multiplier associated with the constraint.

Roy’s identity

Suppose that U(.) is a continuous utility function representing a locally non-
satiated and strictly convex weak preference relation Ri defined on the consump-
tion set X = RN+ Suppose that the indirect utility function is differentiable at some
(p0,w0) > 0. then, for goods k = 1, . . . ,N:

xk(p0,w0) = −[∂V(p0,w0)/∂pk]/[∂V(p0,w0)/∂w] (1.19)

where xk = ∂x/∂pk.

1.6 Consumer’s surplus and measurement of welfare
changes

We now move to the area of measuring welfare changes in response to a price
change for individual consumers. Suppose that we know the consumer’s weak
preference relation Ri. In this case, it is straightforward to articulate the effect of
the price change on the welfare of the consumer. If V(p,w) is any indirect utility
function derived from Ri, the consumer is worse off with the price change from
p0 to p1 iff V(p1,w) − V(p0,w) < 0.

One class of indirect utility functions is especially amenable for making welfare
comparisons because it leads to measurement of welfare changes expressed in
units of money. Start from any indirect utility function V(.), choose an arbitrary
price vector p̄ > 0 and consider the function e(p̄,V(p,w)). This function gives
the wealth required to reach utility level V(p,w) when prices are p̄. Clearly this
measure is strictly increasing as a function of the level V(p,w). Hence, viewed as
a function of (p,w), e(p̄,V(p,w)) is itself an indirect utility function for Ri, and
e(p̄,V(pl,w))−e(p̄,V(p0,w)) provides a measure of welfare changes expressed in
units of money. Two natural choices for the price vector p̄ are the initial price vector
pi and the final price vector pf . These two choices lead to two well-known measures
of welfare changes: the equivalent variation (EV) and the compensating variation
(CV). Let Ui = V(pi,w) and Uf = V(pf ,w) and note that e(pi,Ui) = e(pf ,Uf ) = w.
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Now define:

EV(pi,pf ,w) = e(pi,U
f ) − e(pi,U

i) = e(pi,U
f ) − w (1.20)

and

CV(pi,pf ,w) = e(pf ,U
f ) − e(pf ,U

0) = w − e(pf ,U
0). (1.21)

The equivalent variation can be thought of as the amount of money that the
consumer would be willing to accept when the price change occurs and still be as
well-off as before the price change. Thus it must be the case that V(pi,w+EV) =
Uf . The compensating variation is the negative of the amount that the consumer
would be just willing to accept from the planner to permit the price change to
happen. Thus, V(pf ,w − CV) = Ui. We depict the equivalent and compensating
variations in Figure 1.5.

 0 

EV(pi, pf, w)

Ui

x(pi, w) 

Quantities
of good y

Quantities of good x

x(pf, w)

Uf

Equivalent variation

 0 

CV(pi, pf, w) 

Ui

x(pi, w) 

Quantities
of good y

Quantities of good x

x(pf, w)
Uf

Compensating variation

Figure 1.5 Equivalent and compensating variation.
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Figure 1.6 Deadweight loss of a tax.

An important application of the concepts of equivalent and compensating
variations is in the area of measuring the excess burden of a tax change. We
discuss this concept in its simplest form in Figure 1.6. This diagram shows the
demand and supply functions of a single commodity. When a tax is imposed on
this commodity, the supply curve shifts up and the price rises from p0 to p1. The
shaded area represents the revenue from the tax. But the loss in consumer’s surplus
exceeds the government revenue by the extent of the triangle ABC. This is the
so-called ‘excess burden’ or ‘deadweight loss’ of the tax in its simplest terms.
The supply curve is drawn as horizontal in Figure 1.6. Had the supply curve been
upward sloping, there would have been a loss of producer’s surplus in addition to
the loss in consumer’s surplus.

What we have in Figure 1.6 is the Marshallian demand curve. This is not very
useful in determining excess burden. The reason for this is that this measure has
the serious flaw of path dependence: the measure of consumer surplus depends
upon the sequence of price changes. It is quite easy to demonstrate this. Let xj and
pj be the quantity demanded and the price in the jth market. The sum of individual
changes in consumers’ surplus, 
Sj, i.e., the line integral:


S =
∑

j


Sj = −
pf∫

pi

∑
j

xj(.)dpj. (1.22)
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This takes on different values according to the path of integration from the initial
price vector pi to the final price vector pf . To see this, consider a simple example
with two markets. In the following pf

1 should be read as the price in the market
for commodity 1 after the price change. If we change the price in market 1 first
the change in surplus is:


S1 = −
pf

1∫
pi

1

x1(p1,pi
2)dp1−

pf
2∫

pi
2

x2(pf
1,p

2)dp2. (1.23)

However, if we change the price in market 2 first we will get:


S2 = −
pf

1∫
pi

1

x1(p1,pf
2)dp1−

pf
2∫

pi
2

x2(pi
1,p

2)dp2. (1.24)

The difference between 
S2 and 
S1 will in general, not be zero. For small
changes in price we can write:


S2 −
S1 = [∂x2(pi
1,p

i
2)/∂p1]dp1dp2 −[∂x1(pi

1,p
i
2)/∂p2]dp1dp2 (1.25)

which equals zero only if the cross-partial derivatives are zero. This property is true
of Hicksian (compensated) demand curves and not Marshallian demand curves.
In other words, when price changes are small equivalent variation and com-
pensated variation provide path-independent measures of the excess burden of
the tax.

By the envelope theorem (already discussed) the derivative of the expenditure
function with respect to an individual price pi is the Hicksian or compensated
demand function for that good hi(p,
U). Thus, either of the Hicksian variations
may be expressed (for the appropriate value of 
U) as:

e(pf ,
U) − e(pi,
U) =
∫ pf

pi

de(p,
U)

dp
dp =

∫ pf

pi
hi(p,
U)dp. (1.26)

The various definitions of excess burden for our special case are shown in
Figure 1.7.

1.7 Conclusions

In this chapter we have discussed some key concepts in consumer demand theory
that are used in public economics. We started out with some basic definitions which
serve as the building blocks of consumer demand. We discussed both the ‘ordering’
as well as the ‘utility’ approach to the consumer’s utility maximization problem
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Figure 1.7 Alternative measures of deadweight loss.

and pointed out the link between the two. We then developed important notions
such as the measurement of welfare changes through compensating and equivalent
variations as well as compensated and uncompensated demand functions, Roy’s
identity and the like. The discussion here is by no means exhaustive nor complete.
However, it does provide a basis for the discussion that is to follow later in this
book. This becomes evident in Chapter 2 where we begin our examination of the
building blocks of welfare economics.

Additional reading

The subject matter of this chapter is treated at length in graduate texts on
microeconomic theory. Examples are Mas-Colell et al. (1995) and Kreps (1990).

1.8 Appendix on welfare evaluation of economic changes

In this appendix we re-visit in some detail the welfare effects of economic
changes – including those due to taxes. We assume that the consumer’s preferences
(Ri) are known and that an indirect utility function v(p,yi) can be derived from Ri.
Then whether a price change from the vector p0 to p1 makes the consumer better off
depends on the sign of v(p1,yi)−v(p0,yi). If we want to measure welfare changes
we can construct money metric indirect utility functions from the expenditure
function. Starting from the indirect utility function v(.,.) choose an arbitrary price
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vector p̄ > 0, and consider the expenditure function e(p̄,v(p,yi)). This gives the
expenditure required to reach the utility level v(p,yi) when prices are p̄. Since this
expenditure is directly increasing in the level of v(p,yi) it serves as indirect utility
function for Ri. Thus e(p̄,v(p1,yi)) − e(p̄,v(p0,yi)) is a summary measure of the
welfare changes expressed in money terms.

Two natural choices for the price vector p̄ are the initial price vector p0 and the
final price vector p1. These choices lead to two well-known measures of welfare
changes first discussed in Hicks (1939), the Equivalent Variation (EV) and the
Compensating Variation (CV). To express these formally let:

u0 = v(p0,yi) and u1 = v(p1,yi)

and note that

e(p0,u0) = e(p1,u1) = yi

We can then define:

EV(p0,p1,yi) = e(p0,u1) − e(p0,u0) = e(p0,u1) − yi

and

CV(p0,p1,yi) = e(p1,u1) − e(p1,u0) = yi − e(p1,u0)

The equivalent variation implies that it is the change in the consumer’s wealth
(or expenditure) that would be equivalent to the price change in terms of its welfare
impact (i.e., the sum of money that the consumer is indifferent about accepting in
lieu of the price change). Realize that e(p0,u1) is the wealth or expenditure level
at which the consumer achieves the utility level u1 exactly, the level generated by
the price change, at price p0.

On the other hand, the compensating variation measures the net revenue of a
planner who must compensate the consumer for the price change after it occurs
to bring her back to her original utility level u0. This is shown in Figures A1.1
and A1.2.

The equivalent and compensating variations have interesting representations in
terms of the Hicksian demand curve. Without loss of generality assume that only
the price of x1 changes so that:

p0
1 �= p1

1 and p0
k = p1

k = p̄k for all k �= 1. Because w = e(p0,u0) = e(p1,u1)
and h1(p,u) = ∂e(p,u)/∂p1,

we can write:

EV = (p0,p1,yi) = e(p0,u1) − yi = e(p0,u1) − e(p1,u1)

=
p0

1∫
p1

1

h1(p1, p̄−1,u
1)dp1
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x1
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x(p0, y2)
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x(p1, yi)

Figure A1.1 Revenue interpretation of equivalent variation.

where

p̄−1 = (p̄2, . . . , p̄L) and L is the total number of commodities.

In a similar fashion the compensating variation can be written as:

CV(p0,p1,w) = ∫
h1(p1, p̄−1,u0)dp1 and is shown in Figures A1.3a and A1.3b.

Figures A1.3a and A1.3b illustrate the case where good x1 is a normal good.
It can be seen from this figure that we have EV(p0,p1,yi) > CV(p0,p1,yi).

Compensating variation 

CV

u1

u0

x(p1, yi)
x(p0, yi)

Figure A1.2 Revenue interpretation of compensating variation.
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(a)  Equivalent Variation

Figure A1.3 Welfare evaluation by Hicksian demand.

This relation between EV and CV is reversed when good x1 is inferior. If there is
no wealth effect for good x1, the CV and EV are the same because we have:

h1(p, p̄−1,u
0) = x1(p1, p̄−1,yi) = h1(p, p̄−1,u

1).

In the absence of wealth effects, the common value of CV and EV is called as
the change in the Marshallian (or uncompensated) consumer surplus.
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The deadweight loss from commodity taxation

Suppose the government taxes commodity x1 at the (specific) rate of t per unit.
Thus the price of this good is changed to p1

1 = p0
1 + t while the prices of all other

commodities (k �= 1) remain fixed at p0
k.

The revenue raised by the tax is T = tx1(p1,yi). An alternative to this commodity
tax is a lump-sum tax yielding the same revenue. The consumer would be worse off
under the distortionary commodity tax if the equivalent variation of the commodity
tax EV(p0,p1,yi), which is negative, is less than –T, the amount of wealth the
consumer will lose under the lump-sum tax.

Analyzing this situation from the point of view of the expenditure function,
the consumer is worse off under commodity taxation if yi − T > e(p0,u1), so
that her wealth is greater than the wealth required at p0 prices to generate the
utility level she gets under the commodity tax, i.e., u1. The difference (−T) −
EV(p0,p1,yi) = yi −T− e(p0,u1) is known as the deadweight loss of commodity
taxation. It indicates the extra amount by which the consumer is made worse off
by commodity taxation above what is necessary to raise through a lump-sum tax.

The deadweight loss can be expressed in terms of the Hicksian demand curve
at utility level u1. Since T = tx1(p1,yi) = th1(p1,u1), we can write the deadweight
loss as:

(−T) − EV(p0,p1,yi) = e(p1,u1) − e(p0,u1) − T =
p0

1+t∫
p0

1

h1(p1, p̄−1,u1)dp1 − th1(p0
1 + t, p̄−1,u1) =

p0
1+t∫
p0

1

[h1(p1, p̄−1,u1) − h1(p0
1 + t, p̄−1,u1)]dp1.

Because h1(p,u) is non-increasing in p1, this expression is non-negative, and
it is strictly positive if h1(p,u) is strictly decreasing in p1. Figures A1.4a
and A1.4b show the deadweight loss as the area of the shaded triangular
region.

In Figure A1.5 since (p0
1 + t)x1(p1,yi) + p0

2x2(p1,yi) = yi, the bundle x(p1,yi)
lies not only on the budget line associated with budget set Bp1,yi

but also on the
budget line associated with the budget set Bp0,yi−T. In contrast, the budget set that

generates a utility of u1 for the consumer at prices p0 is Bp0,e(p0,u1). The deadweight
loss is the vertical distance between the budget lines associated with the budget
sets Bp0,yi−T and Bp0,e(p0,u1) shown in Figure A1.5.

The Hicksian demand curve h1(p1,u0) could also be used to compute a
deadweight loss of taxation. This also measures the loss from commodity taxation
but in a different way. In this case we seek to estimate the surplus or deficit
that would arise if the government were to compensate the consumer to keep her
welfare under the tax equal to her pre-tax welfare u0. The government would run a
deficit if the tax collected th1(p1,u0) is less than −CV(p0,p1,yi) or, equivalently,
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Figure A1.4 Alternative measures of compensated deadweight loss.
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Figure A1.5 Alternative way to express deadweight loss from commodity taxation.

if th1(p1,u0) < e(p1,u1) − yi. Thus the deficit can be written as:

−CV(p0,p1,yi) − th1(p1,u) = e(p1,u0) − e(p0,u0) − th1(p1,u0)

=
p0

1+t∫
p0

1

h1(p1, p̄−1,u0)dp1 − th1(p0
1 + t, p̄−1,u0)

=
p0

1+t∫
p0

1

h1(p1, p̄−1,u0)dp1 − h1(p0
1 + t, p̄−1,u0)]dp1.

This is strictly positive as long as h1(p1,u) is strictly decreasing in p1. This dead-
weight loss measure is shown in the shaded area in Figure A1.6.

Using the Walrasian demand curve as an approximate
welfare measure

From the discussion above, it is clear that the welfare change induced by a change
in the price of good 1 can be exactly computed using the area to the left of an
appropriate Hicksian demand curve. But the Hicksian demand curve is not directly
observable. In recent times a simpler method using the Walrasian demand curve
has been used to measure excel burden. This has been called the area variation
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Figure A1.6 Excess burden with horizontal supply curve.

measure (AV) and is defined as:

AV(p0,p1,yi) =
p1

1∫
p0

1

x1(p1, p̄−1,yi)dp1.

It can be shown that when good x1 is a normal good, the area variation measure
overstates the compensating variation and understates the equivalent variation.
When x1 is an inferior good the reverse happens. Thus the area variation measure
need not give an accurate measure of the welfare change consequent upon a
change in the prices of several goods. However, if the wealth effects for the
goods under consideration are small, the approximation errors are also small and
the area variation is almost correct. Similarly if (p1

1 − p0
1) is small, then the error

involved using the area variation measure becomes small as a fraction of the true
value changes.

The area B + D in Figure A1.6 measures the difference between the area
variation and the true compensating variation becomes small as a fraction of the
true compensating variation when (p1

1 −p0
1) is small. The area variation measure is,

therefore, a good measure of the compensating variation measures for small price
changes. Nevertheless, the approximation error may be quite large as a fraction of
the deadweight loss. The deadweight loss calculated using the Walrasian demand
curve is the area A + C, whereas the real one is the area A + B. The percentage
difference between these two areas need not grow small as the price change
grows small.
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Figure A1.7 Approximations of welfare changes.

When (p1
1 −p0

1) is small, there is a superior approximation procedure available.
Taking a first-order Taylor series approximation of h(p,u0) at p0 we have:

h̃(p,u0) = h(p0,u0) + Dph(p0,u0)(p − p0)

and we calculate:

p1
1∫

p0
1

h̃1(p1, p̄−1,u
0)dp1

as an approximation of the welfare change. The function h̃1(p1, p̄−1,u0) is depicted
in Figure A1.7.

Because h̃1(p1, p̄−1,u0) has the same slope as the true Hicksian demand function
h1(p,u0) at p0 for small price changes, this approximation comes closer to the
true welfare change.

The approximation in ( ) is directly comparable from knowledge of the
Walrasian demand function x1(p,yi). This can be established by noting that
because

h(p0,u0) = x(g0,yi) and Dph(p0,u0) = s(p0,w), h̃(p,u0)

can be expressed solely in terms that involve Walrasian demand function and its
derivative at the point (p0,yi), i.e.,

h̃(p,u0) = x(p0,yi) + s(p0,w)(p − p0).
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Further, since only the price of x1 is changing, we have:

h̃1(p1, p̄−1,u
0) = x1(p0

1, p̄−1,yi) + s11(p0
1, p̄−1,yi)(p1 − p0

1)

where

s11(p0
1, p̄−1,yi) = ∂x1(p0,yi)

∂p1
+ ∂x1(p0,yi)

∂w
+ x1(p0,yi).

When (p1 −p0) is small, this procedure provides a better approximation to the true
compensating variation than does the area variation measure. On the other hand,
when (p1 − p0) is large, it is difficult to judge the better approximation.



2 Perfect competition and Pareto
optimality

Key concepts: weak and strong Pareto optimality; the Pareto criterion;
boxes of production and consumption; point and situation possibility
frontiers; the classical theorems of welfare economics; expected utility
Theorem; contingent markets; the theorem of Second-best and Piecemeal
policy.

2.1 Introduction

Public economics is intimately concerned about the welfare implications of
governmental intervention in the marketplace. Traditionally, it has been split up
into an analysis of the ‘positive’ question of efficiency and the ‘normative’ question
of choosing the right distribution of welfare among individuals. In this chapter we
will study the foundations of the positive question. In Chapter 3 we will consider
the vexed issue of distribution among individuals – the ‘normative’ question.

In the literature the notion of efficiency has invariably used the concept of
Pareto optimality as a benchmark. Pareto optimality has occupied a central place
in modern welfare economics. Paretian principles are guides to ordering (in terms
of social welfare) of social states and do not necessarily have anything to do
with the market mechanism. However, as we will see below, the correspondence
between perfect competition and Pareto optimality is central to what are called
the classical theorems of welfare economics.

2.2 Paretian ranking of social states

Consider a two-person world where utility is ordinally measurable and we are
interested in discovering which allocations of utilities among these two people
are ‘better’ than others. The Paretian principle gives us one method of ranking
these alternative distributions. On the x-axis of Figure 2.1 we measure the utility
of individual I and on the y-axis of individual II.

The Weak Pareto Criterion (WPC) says that an allocation a1 is superior to
another allocation a2 if and only if (iff) both individuals I and II are better off
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Figure 2.1 Weak and strict Pareto optimality.

at a1 than at a2. In Figure 2.1 since a1 lies to the north-east of a2 it (a1) is weakly
preferred (in the Pareto sense) to a2.

According to the Strict Pareto Criterion (SPC) an allocation a3 is preferred to
a2 if everyone is at least as well off at a3 as at a2 and at least one person is strictly
better off. In Figure 2.1 both a1 and a3 are strictly preferred to a2 but a3 is not
weakly preferred to a2.

The Pareto criterion gives us one method of ranking social alternatives. This
method has the advantage of being non-controversial and, when applicable, it is
quite satisfying. The major difficulty with the Paretian criterion is that it is silent
over vast ranges of social choices. In particular, we are given no clue whatsoever
about ranking social states in which one person’s utility has decreased and the
other’s increased. As would be expected, many people have tried to get around
this difficulty. The efforts have not met with considerable or unqualified success.

2.3 Pareto optimality

The Pareto criterion, as outlined above, is concerned with ordering arbitrary social
states such as a1, a2, a3 etc. in Figure 2.1. The notion of Pareto optimality focuses
attention on the ‘best’ among those social states that is feasible. Let us study this
concept in the simplest model of general equilibrium.

Consider a two-person, two-commodity, two-factor of production model. Each
consumer in society has strictly quasi-concave, twice continuously differentiable
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Figure 2.2 Edgeworth box of exchange and production possibility frontier.

utility functions. The production of the two commodities is carried on under
conditions of constant returns to scale and diminishing returns to each factor
of production. Both factors of production (say labor, L and capital, K) are
substitutable for each other and full employment is continuously maintained. Static
equilibrium in this economy is best visualized diagrammatically.

Figure 2.2(a) shows an Edgeworth box diagram depicting production of two
goods A (apples) and B (blankets) by capital and labor inputs. The availability of
capital and labor defines the size of the box and the south-west and the north-east
corners of the box define are the origins for measuring the outputs of A and B
respectively. Plotted inside the box are the isoquants of A and B. Output of A
increases as we move toward OB and vice versa. This contract curve is mapped
as the production possibility frontier in Figure 2.2(b).

Let us now move to the problem of distribution. Take any combination of
outputs of A and B, say point M in Figure 2.2(b). This basket of goods can be
distributed in an infinite number of ways between individuals I and II. Let us chart
the possibilities in Figure 2.3.
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Figure 2.3 Edgeworth box of exchange.

Figure 2.3 depicts an Edgeworth box of consumption. The amounts of A
and B available at point M in Figure 2.2(b) define the size of this box. The
origin of individual II is the north-east of the box and the south-west corner
is the origin for individual I. Plotted inside the box are indifference curves for
individuals I and II. Individual I’s utility increases as we move towards 0II

and II’s utility increases as we move toward 0I. The points of tangencies of
the two sets of indifference curves (called the contract curve of consumption)
give the highest level of utility individual I can attain given the utility of
individual II.

In Figure 2.4 we plot the utilities of the two individuals on the two axes. Line
M1M1 maps the contract curve of Figure 2.3 onto utility space. This is called a
Point Utility Possibility Frontier (PUPF). It is a point frontier since it is generated
by alternative distributions of one basket of goods – one point on the production
possibility frontier.

However, there is nothing sacrosanct about the output combination denoted by
M and, indeed, it is possible to study the distribution of each basket of goods on
the production possibility frontier. We may plot the resultant PUPFs in Figure 2.5.
Clearly there is an infinite number of possible PUPFs. If we wish to summarize the
utility tradeoffs for all points on the production possibility frontier we should take
an outer envelope of all such PUPFs. The resulting envelope is called a Situation
Utility Possibility Frontier (SUPF) or Global Utility Possibility Frontier (GUPF).
It is depicted in Figure 2.6.

By definition (or construction) every point on the SUPF has a PUPF tangent
to it. This SUPF depicts the utility tradeoffs that are feasible given the fullest
utilization of society’s resources. Hence, any discussion of social choice must
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be restricted to points on this frontier. Points outside the frontier are infeasible –
given resources and technology – and any point within the frontier is inferior and
Pareto dominated by some point on the frontier.

In this social utility possibility set a feasible point bi is weakly Pareto optimal
iff there does not exist a feasible point b2 where both I and II are strictly better
off; bl is strictly Pareto optimal if there does not exist another feasible allocation
b3 such that everyone is at least as well off at b3 as she was at bl and at least one
individual is strictly better off.

In Figures 2.7(a) and 2.7(b) all points on both SUPFs are weakly Pareto optimal.
All points on the SUPF in Figure 2.7(a) are also strictly Pareto optimal whereas
only points along the segment ZZ are strictly Pareto optimal in Figure 2.7(b).

Some authors have criticized the use of the Paretian criterion in modern welfare
economics on the ground that it is opposed to redistribution. This criticism is
misplaced. The trouble with the Pareto criterion is not that it says too much but
that it says too little. It does tell us to be on the SUPF but cannot narrow down the
range any further. We will study this in Chapter 3. Our principal concern in this
chapter is to establish the two classical theorems of welfare economics. We will
first consider the case of certainty and then move on to the case of uncertainty.
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We will also discover that fairly stringent conditions have to be satisfied to reach
Pareto optimality using the market mechanism.

2.4 The classical theorems of welfare economics

These deal with the equivalence between Pareto optimality and the perfectly com-
petitive market mechanism. We will first prove Theorems 1 and 2 for the general
case in which we do not presume the existence of utility or production functions.
The existence of preference orderings and production sets is all that is assumed.
Before we can prove these theorems, however, a few definitions are in order.

Definition 2.1

An economy E is characterized by:

(i) N commodities.
(ii) m consumers (indexed by i) with consumption sets Xi ∈ RN+ for all i.
(iii) n producers (indexed by j) with production sets Yj ≤ RN+ for all j.

From this very general economy we construct a more interesting subset.
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Definition 2.2

A private enterprise economy Ê is E with the following additional specifications:

(a) Each consumer has an initial endowment bundle (wi ∈ RN+) and the sum of
the initial endowment bundles is w (w =∑m

i=1 wi).
(b) In a private enterprise economy, all firms are owned by private individuals

(consumers). Let �ij(�ij ≥ 0) be the share of the jth firm owned by the ith

consumer. Clearly
∑m

i−1 �ij = 1; i.e., each firm is completely owned by its
shareholders. We have now explicitly brought in ownership.

(c) An allocation a for this economy is an (m+n) tuple of points in RN specifying a
consumption plan for each consumer and a production plan for each producer.

a = {xi, . . . ,xm; y1, . . . ,yn}.

This allocation is attainable if (i) xi ∈ Xi for all i; (ii) yj ∈ Yj; and (iii) �ixi =
w + �jyj. So each consumption plan must lie in the appropriate consumption
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set, each production plan lies in the appropriate production set and aggregate
consumption cannot exceed aggregate production plus initial endowments. Now
we can define a perfectly competitive equilibrium for this economy.

Definition 2.3

A perfectly competitive equilibrium is an ordered pair 〈ā, p̄〉 such that:

(a) ā is attainable.
(b) For all i, x̄i is the Ri greatest bundle (utility maximizing bundle) in {xi ∈ Xi :

p̄xi ≤ p̄wi +∑
j p̄�ijȳj}. At the price vector p̄, the lefthand side of this inequality

is the value of the consumer’s bundle; and the righthand side is the value of
the consumer’s endowment bundle and her earnings from various firms.

(c) For all j, pyj ≥ p̄yj, i.e., profit when producing the output basket in perfectly
competitive equilibrium must be at least as large as the profit when producing
any other basket in the production set at the price vector prevailing in the
perfectly competitive equilibrium.

(d) Each producer and each consumer takes the perfectly competitive price vector
to be parametrically given.

Now we can prove the classical theorems of welfare economics.

Theorem 2.1

Let Ê be a private enterprise economy where every consumer satisfies the property
of local non-saturation. Let 〈ā, p̄〉 be a perfectly competitive equilibrium for Ê;
then 〈ā, p̄〉 is Pareto optimal.

Proof

Deny the theorem; then there exists an allocation a such that a is attainable and
xiRix̄i for all consumers and for some consumer h we have xhPhx̄h. This implies

Z

UII UII

UIUI

Z

(b)(a)

Figure 2.7 Weak and strict Pareto optimality and SUPF.
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that either xI x̄ or xPx̄. We shall show that if xiIix̄i then pxi ≥ pxi. Deny this;
then p̄xi < pxi and xiIix̄i. Now, since the consumer satisfies the property of local
non-saturation, in Figure 2.8 we can find a consumption bundle x′

i arbitrarily
close to x̄i (and hence below the budget line) so that x′

iPixi and, by transitivity,
x′

iPix̄i. But this is a contradiction since, by definition, x̄i is Ri greatest bundle in the
consumer’s budget set. Thus if xiIix̄i then p̄xi ≥ pxi. Analogously it is easy to show
that if xhPhx̄h, then p̄xh > p̄x̄h. Adding these two results we get the conclusion
that p̄x > p̄x̄, which means that

∑
j p̄yj >

∑
j pyj but this is a contradiction of the

statement for a perfectly competitive equilibrium which is that p̄jȳj ≥ p̄yj for all
yj ∈ Yj. Hence the theorem is proved.

It should be understood that Theorem 2.1 is rather trivial. It says that if a perfectly
competitive equilibrium exists, then it is Pareto optimal. Thus it sidesteps the ques-
tion of whether the perfectly competitive equilibrium exists. There may be several
reasons (for example, presence of public goods) why establishing a perfectly com-
petitive equilibrium may be quite difficult. Theorem 2.2 makes the circumstances
under which a perfectly competitive equilibrium may exist quite explicit.

Theorem 2.2

Let ā be a Pareto optimal allocation for economy E. Let:

for every i, Xi be convex,
for every i, Ri be convex,
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for every j, Yj be convex,
for every i, Ri satisfy continuity.

For some i, x̄i (the consumption basket chosen in the Pareto optimal allocation)
satisfy local non-saturation. Then there exists a non-trivial price vector p̄ such that
if xiRix̄i then p̄xi ≥ pxi. Now, if at this price vector p̄ there exists a consumption
bundle x′

i (for all i) such that p̄x′
i < pxi then 〈ā, p̄〉 constitutes a perfectly competitive

equilibrium for some private enterprise economy Ê that can be constructed
out of E.

This theorem says that, under certain conditions, any Pareto optimal allocation
can be reached by a perfectly competitive mechanism. We will present a calculus
proof (which presumes the existence of twice continuously differentiable utility
and production functions) after the more general proof to which we now turn.

Proof

The proof of this theorem needs two lemmas. Suppose x̂i ∈ Xi is a consumption
basket in individual i’s consumption set. With reference to x̂i we define the
following two sets:

NW (x̂i) The not-worse than x̂i set: {xi ∈ Xi, such that xi Ri x̂i}.
B(x̂i) The better than x̂i set: {xi ∈ Xi, such that xi Pi x̂i}.
Then we have:

Lemma 2.1a

NW (x̂i) and B(x̂i) are convex sets for all x̂i ∈ Xi.

Lemma 2.1b

Let xi, x′
i and x′′

i ∈ xi and let x′
iRixi and x′′

i Pixi. Then every consumption basket
in the closed interval (x′

i, x′′
i ) is strictly preferred to xi.

Proof of Lemma 2.1a

Take NW (x̂i). Let x′
i Rix̂i and x′′

i Rix̂i (for x′
i and x′′

i ∈ Xi). We have to show that
{�x′

i + (1−�)x′′
i }Rix̂i for 1 ≥ �≥ 0. Deny this. Then there exist some point along

the closed interval (x′
i, x′′

i ) such that x̂i is preferred to them (by transitivity). Let
there be just two such points: xa

i and xb
i . Thus x̂iPixa

i and x̂iPixb
i . By transitivity of

Ri we must have x′
iPixa

i , x′
iPi xb

i ,x
′′
i Pixa

i and x′′
i Pixb

i . By convexity and continuity

of Ri all points along the segment x′
i to xb

i are preferred to xb
i and, hence, xa

i Pixb
i . By

a similar argument xb
i Pixa

i . This, of course, is a nonsensical result. Suppose, there
is only one such point. But this immediately violates the conditions of continuity
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placed on Ri. Hence NW(x̂i) must be convex. We now turn our attention to the
B(x̂i) set. We have that x′

i,x
′′
i ∈ Xi and x′

iPix̂i and x′′
i Pix̂i. We have to show that

xe
i = {�x′

i + (1−�)x′′
i }Pix̂i. Deny this. Then either x̂iPixe

i or x̂iIixe
i . Now, the first

conclusion cannot hold since both x′
i and x′′

i belong to the NW(x̂i) set. The second
conclusion can be shown to be wrong by an argument exactly analogous to the
proof of the first part of Lemma 2.1a.

Proof of Lemma 2.1b

Let xi,x′
i,x

′′
i ∈ Xi and x′

iRixi and x′′
i Pixi. We have to prove that xc

i = [�x′
i + (1 −

�)x′′
i ]Pixi. Now if x′

iPixi then xc
i belongs to the B(xi) set which we know to be

convex. If x′
iIixi then, by transitivity, x′′

i Pix′
i. Then, all points along the segment

x′
i to x′′

i are preferred to x′
i (or xi) by continuity. Hence xc

i Pix′
i.

We will state the second lemma without proof. For a proof see Debreu (1959).

Lemma 2.2

Two non-empty, convex, and non-intersecting sets in RN+ can be separated by a
hyperplane.

Proof of Theorem 2.2

The proof of the theorem is split up into five parts:

(a) Define two sets G and H satisfying Lemma 2.2. The normal p̄ is the price
vector in the Pareto theorem.

(b) The aggregate consumption bundle specified in the Pareto optimal allocation
lies on the hyperplane itself.

(c) Given p̄, every producer maximizes profits if he produces ā.
(d) Given p̄, if xiRix̄i then p̄xi ≥ pxi for every i.
(e) There exists another bundle xh

i ∈ Xi such that p̄xh
i < pxi.

We will prove each part in turn.

(a) Define G = {x(x = �ixi, xi ∈ Xi) such that for all i xi Ri x̄i and for some
consumer u, it is the case that xuPu x̄u.}. Define H = {h(h = w +�jyj, yj ∈ Yj)
for all j}.

To show that G is non-empty. We have assumed that in Pareto optimum at least
one consumer is not satiated. Without loss of generality, let this be consumer 1.
Define a new consumption basket:

x̂ = x1 +
m∑

i=2

x̄i and x1P1x̄1. Thus set G is non-empty.



Perfect competition and Pareto optimality 39

To show that G is convex. Consider x′, x′′ ∈ G. Define x̂ as:

x̂ = �(x′
1 + x′

2 + . . .+ x′
m) + (1 −�)(x′′

1 + x′′
2 + . . .+ x′′

m) = x̂1 + . . .+ x̂m.

We know that x̂iPix̄i and that x̂iRix̄i for i = 2, . . . ,m. Hence by Lemma 2.1,
G is convex.

Now we show that the set H is non-empty. We know that for all producers,
j, yj ∈ Yj. Hence set H is non-empty. We can now prove that H is convex.

Choose two points h′, and h′′ ∈ H. We have to show that ĥ = {�h′ + (1−�)h′′}
∈ H. (1 ≥ � ≥,0). Now, ĥ can be written as: ĥ = �y′

1 + (1 − �)y′′
1 + . . .+ �y′

n+
(1−�)y′′

n = y′
1 + . . .+y′

n. By convexity of Yj we have ŷj ∈ Yj for all j. Thus the set
H is convex. We now want to show that the sets G and H are non-intersecting. Let G
and H intersect. Hence, we have found a set of consumption and production plans
that match and are, therefore, attainable. Hence, any element of this set is Pareto
superior to ā and hence ā is not Pareto optimal – which gives us a contradiction.

Hence, we have found two sets that satisfy all the conditions of Lemma 2.2.
Therefore, by Lemma 2.2, there must be a hyperplane separating them.

(b) We now show that ā lies on the hyperplane itself. Deny this; then ā can lie
below the hyperplane or above it. Take the case where ā lies above the hyperplane.
Since ā is attainable, it follows that x̄ = (w +∑

j yj) = h. However, h ∈ H; hence
we have a contradiction. Let ā lie below the hyperplane. Consider x ∈ G and take
a convex combination x̂ = �x̄ + (1 − �)x as in Figure 2.9a. Let � become larger
and closer to one. x̂, by Lemma 2.1, is preferred to x̄. Hence we have found a
consumption basket that is feasible and is preferred to x̄. This is a contradiction.
It must be the case then that x̄ will lie on the hyperplane itself.

(c) We now show that profit is maximized (relative to p̄) if producers produce h̄.
Now, aggregate demand is px and aggregate supply is p̄w+∑

j pyj. We also know
that px is greater in value than any bundle on the hyperplane or below it. Hence,
px > p̄h( for all h /∈ h̄).

(d) To show that, given p̄, if xiRix̄i then p̄xi ≥ pxi; for all i. Deny this, then, we
have p̄xi < pxi and xiRix̄i. Fix up x̄2, . . . , x̄m and take a convex combination of
x1 and a point (x′

1) in the set G as in Figure 2.9b: x̂1 = �x1 + (1 − �)x′
1 and let

� tend to 1. Then x̂1 would be feasible and preferred to x̄1. This, of course, is a
contradiction.

(e) We now show that x̄i is Ri greatest bundle in the budget set: {xi ∈ Xi : p̄xi ≤
p̄wi + p̄

∑
j �ijȳj}; in other words in: {xi ∈ Xi : pxi ≤ pxi}. Divide this set into two

groups: {xi : p̄xi < pxi} and {xi : p̄xi = pxi}. In the case of the first set, from stage
(d) of the proof, it follows that x̄i is the Ri greatest bundle.

Now consider the second set in Figure 2.9c. Consider xi which lies below the
hyperplane and x̂i which is another point on the hyperplane. Take a sequence
�xi + (1 − �)x̂i and let � → 0. By continuity it immediately follows that x̄iRix̂i.
Hence x̄i is the Ri greatest bundle.
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Figure 2.9 A separating hyperplane.

Remarks

1 This theorem is truly fundamental. Although it is not stated explicitly, the
theorem is dropping a strong hint to the effect that the question of reaching
any Pareto optimal allocation can be separated from the question of which
Pareto optimal allocation society should attain. Thus the ‘normative’ question
of which distribution to aim for is separated from the ‘positive’ question of
how to reach such a distribution. This distinction is absolutely vital for a whole
line of welfare theorists such as Hayek, Buchanan, and Friedman. Dobb (1937)
has criticized this distinction as being ‘artificial’. Graaf (1957), and Koopmans
(1957) examine the foundations of this distinction quite closely.

2 The fact that any Pareto optimal allocation can be reached by the market
mechanism means that, in principle, a case can be made for non-interference
by the government in the marketplace. The market is efficient, indeed perfect,
and an economical and proper user of information.

3 Stated this way one may tend to get a little complacent about the actual choice
of a distribution. It is important to remember that the market cannot do that
and the Pareto criterion is of no help either. We will consider these issues in
later chapters of this book. For now, we detail a calculus proof of Theorem 2.2
and consider an extension of it.
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Calculus version of Theorem 2.2

Since we have already proved Theorem 2.2 in a general form we will take up a
simple case for the calculus proof. Consider a society consisting of m consumers.
Each consumer has a utility function defined over N goods: Ui(x1i, . . . ,xNi) where
x1i is the amount of commodity x1 consumed by individual i and so on. Consider
an exchange economy such that the amounts of the various goods are given.
The Pareto problem can be written as max U1 (x11, . . . ,xN1) subject to Ui(.) =

Ui(i = 2, . . . ,m) and x̄t = ∑m

i=1 xti(t = 1, ldots,N) and x̄t is the fixed amount of
commodity xt. The Lagrangean for this problem can be written as:

� = U1(.) +
m∑

i=2

�i(Ui −
Ui) +
N∑

t=1

�t(x̄t −
m∑

i=1

xti) (2.1)

Some first-order conditions for an internal maximum are:

∂U1/∂x1t −�t = 0(t = 1, . . . ,N). (2.2a)

�i∂Ui/∂xit −�t = 0(i = 2, . . . ,m; t = 1, . . . ,N). (2.2b)

From these two we get the crucial condition that in Pareto optimum the marginal
rate of substitution (mrs) between any pair of goods should be the same for all
consumers. Realize that this will be true in perfectly competitive equilibrium. The
price ratio between every pair of goods is given parametrically to the consumer.
Utility maximization requires that the consumer equates her mrs to this price
ratio. This is sometimes referred to as the condition for efficiency in exchange
(Boadway and Bruce 1984; Boadway and Wildasin 1984).

We can now proceed to the case of efficiency in production. To simplify the
algebra, and without any loss of generality, let us suppose that there are only
two commodities: x1 and x2. Each is produced according to smooth neoclassical
production functions with capital (K) and labor (L) as inputs. The total amounts
of capital and labor in the economy are assumed fixed at 
L and 
K respectively.
Production functions are written as:

x1 = x1(K1,L1) (2.3a)

x2 = x2(K2,L2) (2.3b)

Suppose producers of x1 and x2 take the prices of their goods as well as the prices
of factors of production as being parametrically fixed. Profit (j) for producers of
commodity xj(j = 1,2) can be written as:

j = pjxj(Kj,Lj) − wLj − rKj. (2.4)

Firms can choose the amounts of capital and labor they will employ. This will
define output from the production function. Factor and output prices are all
parametrically given (w is the price of labor and r is the price of capital).
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Figure 2.10 Production efficiency.

Differentiating with respect to each factor and rearranging, we get the relation
that:

∂xj/∂Kj = r/pj (2.5a)

∂xj/∂Lj = w/pj (2.5b)

In other words, the marginal product of each factor is equated to its ‘real’ price.
We can rewrite equation (2.5) as:

∂xj/∂Kj

∂xj/∂Lj
= r/w. (2.6)

In other words, the rate of technical substitution between the two factors of
production (the lefthand side) is equal to the factor price ratio. This is referred to
as the condition for production efficiency. This is true in perfectly competitive
equilibrium as Figure 2.10 shows. The rate of technical substitution is equal to
the slope of the isoquant in the Edgeworth box of production. This is equated, in
competitive equilibrium, for each industry.

Finally, we have the condition for overall efficiency. This defines a relation
between the rate at which goods can be transformed in consumption and the rate
at which they can be transformed in production. We know that in consumption the
rate of transformation between two goods is given by their mrs. One can define a
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Figure 2.11 Overall efficiency.

similar construct for production. From the production functions for the two goods
we have upon total differentiation:

dx1 = [∂x1/∂K1]dK1 +[∂x1/∂L1]dL1 (2.7a)

dx2 = [∂x2/∂K2]dK2 +[∂x2/∂L2]dL2. (2.7b)

When total capital and total labor are fixed in supply it must be the case that
dK2 = −dKl and dL2 = −dLl. Thus we can rewrite equation (2.7) as:

dx1 = [∂x1/∂K1]dK1 +[∂x1/∂L1]dL1 (2.7c)

− dx2 = [∂x2/∂K2]dK1 +[∂x2/∂L2]dL1. (2.7d)

Now the ratio of the lefthand sides of equations (2.7c) and (2.7d) is the marginal
rate of transformation (mrt) in production (slope of the production possibility
frontier) between the two goods which, in equilibrium, equals the price ratio
(Figure 2.11). We know that the price ratio is also equated to the mrs in
consumption. So the condition for overall efficiency is that the mrt in production
must equal the mrs in consumption. This is clearly satisfied in competitive
equilibrium.

2.5 An extension to the case of uncertainty

We have examined the circumstances under which the classical theorems of
welfare economics are valid. The assumptions of the theorem are quite rarefied and
may not hold under a wide variety of circumstances. One direction in which the
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theorems can be generalized is that of uncertainty. Proving the results would take
us too far afield, in any case, they are available elsewhere (Debreu 1959; Arrow
and Hahn 1971). We will state the principal results for an exchange economy and
note why an extension to a production economy is not easy.

Debreu argues that the problem of uncertainty is essentially one of non-existence
of markets. He argues that if the existence of markets can be assured, then the
classical theorems should go through. Usually, a commodity is defined with respect
to three characteristics – a certain physical homogeneity, date, and place. Thus,
red grapefruit from the 1995 harvest in Florida is one commodity and distinct from
white grapefruit from the 1993 season in Florida. Debreu adds a fourth dimension
to commodities: state of the world. An umbrella is one commodity if it rains and
another commodity if it does not rain. So, the definition of a commodity (as usually
articulated) is contingent upon the state of the world that obtains.

Debreu then goes on to argue that the essential reason why the classical theorems
do not go through in the case of uncertainty is that there are no markets (or
incomplete markets) for contingent commodities. If complete contingent markets
can be made to exist, then uncertainty (at least in an exchange economy) will not
pose a problem for the welfare theorems to go through. Let us formalize this a
little.

In any time period l(≥ 1) any of the following E∗ = (s1, . . . ,sk) states of the
world is possible. We shall assume that E∗ is finite. This is known as an event tree.

An event tree is a finite sequence 〈�0, . . . ,�f 〉 satisfying the following
conditions.

(i) �0 = E∗.
(ii) For every time period t (1 ≤ t ≤ f ) there exists exactly one partition �t in the

sequence 〈�0,�1, . . . .,�f 〉; the non-empty elements of �t are called events
and are indexed by et going from 1t to gt.

(iii) Every element at f is a singleton.
(iv) Every element at (t + 1) is a subset of some element at t.

We can then define a path. Consider any event ef at time f . Let:

� = 〈11,21, . . . ,g1, . . . , lf , . . . ,gf 〉

then the path from 10 to ef is defined as �(ef ) and is derived by dropping from �

all events of which ef is not a subset.
Following Debreu we now reinterpret consumption sets, production sets, and

orderings. Thus given ef we can define a production set Yj(ef ). A production plan
yj(ef ) is feasible if it belongs to Yj(ef ). The production set is one thing if it rains
and quite another thing if it does not rain. Similarly, a consumption set is defined
as Xi(ef ) and a feasible consumption plan is xi(ef ) ∈ Xi(ef ).

Orderings are now defined over the consumption set. But the convexity of
Ri implies that the individual is risk averse. In a formal sense, then, the second
optimality theorem will go through.
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Arrow’s security market theorem

Arrow’s work, discussed exhaustively in Arrow and Hahn (1971), is a further
refinement of this result of Debreu. The main innovation of Arrow is to provide a
mechanism whereby we do not have to think in terms of contingent commodities.
To study the Arrow mechanism first we have to consider the expected utility
theorem.

Axioms of the expected utility theorem

Let �(�) be the (finite) set of all possible outcomes and let �(�) be the (finite)
set of all possible actions. Action can then be looked upon as a function � from
�(�). i.e., �i = �(s) the outcome depends on the action and state of the world
(i.e., if I take action � and state of the world s is realized then the outcome is
�i). It also follows that any outcome that was not visualized does not affect my
action. Suppose an event e ⊆ � is given to me. Then if I take action �′, then I
define a probability distribution over all the �i’s. Let this probability distribution
be designated as �(e,�′). A special case of this is when there is no information
whatsoever and we have to deal with the entire � (see Figure 2.12).

We can then state the axioms of the von Neumann–Morgenstern expected utility
theorem.

1 Conditional ordering: given any event e, the agent has a conditional ordering
Re defined over �(�) such that for �, �′ ∈ � (�) if �′(s) = �′′(s) for all s ∈ e
then �′Ie�′′.

α

E Ω(θ)(a)

(c)

(b)

L1

L2

¼ PA

¼ PB

¼ PC

¼ PD

½ probability

½ probability

L3

L4

¼ PA

¼ PB
¼ PC

¼ PD

Figure 2.12 Illustration of expected utility theorem.
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2 Probabilistic belief: given any event e any two actions �′, �′′ if �(e,�′) =
�(e,�′′) then�′Ie�′′. This means that all that matters for choice is the probability
distribution.

3 Axiom of continuity: let �′, �′′, and �′′ ′ ∈ �(�) and let e be the given
event such that �′Pe�

′′. Then there exists a neighborhood of �(e,�′) such
that if �(e,�′′ ′) lies in that neighborhood then �′′ ′Pe�

′′. Also there exists a
neighborhood of �(e,�′′) such that if �(e,�′′ ′) lies in this, then
�′ ′Pe�

′′ ′.

Then we have:

Expected utility theorem

Let the agent satisfy the axioms mentioned above, then there exists a continuous
real valued utility function, U, defined over �(�) such that:

(a) for all �′, �′′ ∈ �(�), �′Re�
′′ iff U(�′) ≥ U(�′′);

(b) for all �′ ∈�(�); U(�′) =�i�iU(�i) where �i is the probability of �i, given �′
and U(�i) is the utility number assigned to �i, per se, irrespective of its being
realized.

Arrow then introduces a security market into his model. Unlike the case
in Debreu’s model where there is a contingent delivery of goods, in Arrow’s
framework prices are contingent – to be paid when the state of the world is realized.
There are m consumers (indexed by i), N ordinarily defined goods (indexed by k),
S unit securities (one for each state of the world) S states of the world (indexed
by s), � prices for the goods (there are NS such prices).

Unlike in Debreu’s world where prices are paid and there is contingent delivery
of the goods, in Arrow’s framework prices are contingent – to be paid when the
state of the world is realized. qs is the price of the sth type of security – this is
to be paid now. S such prices exist. xi is, as before, the consumer’s commodity
bundle; xis is the vector of xi referring to state s; dis is the amount of securities
corresponding to state of the world s that consumer i purchases. Thus consumer
i’s vector of securities is:

(di1,di2, . . .,dis) = di.

Moreover, we define (d1, . . . ,dm) as b; �ks is the price prevailing for physically
defined good k in state of the world s. The interpretation of allocation, economy,
etc. remains the same as in Theorem 2.2.

Definition 2.4

Let Eu be a private ownership, pure exchange economy, where contingent markets
for commodities do not exist but security markets exist. Suppose every consumer
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in this economy satisfies the assumption of conditional ordering. A Pareto optimal
equilibrium for Eu is an ordered 〈( ā, b̄), (�̄, q̄)〉 such that:

(i) ā is an attainable allocation.
(ii)

∑S
s=1 qs = 1 (cash is a composite unit consisting of one of each type of s = 1

qs security). If
∑S

s=1 qs > 1 then people would move into securities and this
certainly would not be an equilibrium situation.

(iii)
∑S

s=1 qsdis = wi for all i. The agent has to, by definition, exhaust his cash.
Even if he does not actually physically do so, he has exhausted his cash since
cash is, by definition, a composite bundle of securities.

(iv)
∑

i dis =∑
i wi = w (for all s, i.e., when state of the world s has been realized,

then people get back the same amount of cash). This is a market clearing
equation.

(va) �̄sx̄is ≤ dis for all s and all i. This is the consumer’s budget constraint.
(vb) There do not exist di and xi ∈ Xi such that

∑
s qsdis = wi and for all s,

�̄sxis ≤ dis and xiPix̄i.
(vi) For all i and all s, x̄is is Ris greatest bundle in:

{xis ∈ Xis : �sxis ≤ dis}.

We are now in a position to address the central point. Can this Pareto optimal
allocation be reached by a perfectly competitive mechanism? In other words,
can this Pareto optimal allocation be thought of as a perfectly competitive
equilibrium for some private enterprise economy that can be constructed out
of Eu?

Arrow’s security market theorem states that under the following conditions this
equivalence can be established.

Condition 1: Xi is convex for every i.

Condition 2: Every consumer satisfies the axioms of conditional ordering,
probabilistic belief, continuity, and dominance. Hence for each consumer i, there
exists a von Neumann–Morgenstern utility function, Ui, such that for all xi ∈ Xi,
Ui(xi) =�s�isUi(xis) where �is is the probability i sets for state of the world s and
Ui(xis) is the utility number attached to a bundle where or each state of the world,
s, the consumption bundle is xis.

Condition 3: For every i, Ri is convex.

Condition 4: non-saturation (strict monotonicity): For every consumer i if xi,
x′

i ∈ x′
i if x′

i > xi then x′
iPixi. Then there exist ( �̄, q̄ ) �= 0 such that for all xi ∈ Xi

if xiRix̄i then:

S∑
s=1

N∑
k=1

q̄s�̄ksxiks ≥
S∑

s=1

N∑
k=1

q̄s�̄ksx̄iks
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and if, at this ( �̄, q̄ ) there exists x̃i ∈ Xi such that:

S∑
s=1

N∑
k=1

q̄s�̄ksx̃iks <

S∑
s=1

N∑
k=1

q̄s�̄ksx̄iks

then for some b̄ it must be the case that < (ā, b̄), (�̄, q̄) > will be a perfectly
competitive equilibrium for some 
Eu that can be constructed out of Eu.

The proof of this proposition is fairly involved and proceeds along the lines of
the proof of Theorem 2.2 and takes six steps. This follows below.

Proof of Stage 1

To the Debreu type framework, we add a fourth dimension-contingency. No
security markets nor securities exist but markets for contingent commodities do
exist. Thus for this system we are assured that there exists a price vector p̄ �= 0 such
that if xiRix̄i(xi ∈ Xi) then p̄xi ≥ p̄x̄i and if at p̄ there exists a consumption bundle
x̃i such that p̄x̄i > p̄x̃i then ( ā, p̄ ) constitutes a perfectly competitive equilibrium
for some Êu that can be constructed out of Eu.

In the remaining stages of the proof of the theorem we shall construct a market
for securities so that any Pareto optimal allocation can be reached as a result
of the perfectly competitive process working through the goods and securities
markets.

Stage 2

Define:

q̄s =
m∑

i=1

p̄sx̄is/(
w) for all s and where 
w =
∑

wi.

Also define �̄ks = p̄ks/q̄s for all k and all s, and d̄is = �̄sx̄is for all s where �̄s =
(�1s, . . . ,�Ns) is the vector of commodity prices in state of the world s.

To avoid triviality we assume 
w > 0 so that x̄is is non-negative. Furthermore,
since we have strict monotonicity p̄s > 0. Hence,

∑m
i=1p̄sx̄is ≥ 0 for all s. Hence,

q̄s ≥ 0; but since x̄is > 0 for some i, it must be the case that q̄s > 0.
Now, we have defined �̄ks = p̄ks/q̄s for all k and all s, hence we must have

�̄ks > 0. Moreover, d̄is(= �̄sx̄is) is strictly positive and, hence, b̄ is strictly
positive.

We have now defined the characteristics of the ‘chosen’ Pareto optimal
allocation for a free enterprise economy with uncertainty in which markets for
contingent commodities do not exist but security markets do exist to cover all states
of the world. We will now show that 〈( ā, b̄), (�̄, q̄)〉 is a competitive equilibrium
for this free enterprise economy. Let us show, first, that 〈( ā, b̄ ), (�̄, q̄ )〉 satisfies
all the conditions for a competitive economy.
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(i) To show that ā is attainable. This is obvious since ā is a Pareto optimal
allocation.

(ii) To show
∑S

s=1 q̄s = 1. By definition,
∑S

s=1 q̄s = ∑
s
∑

i psx̄is/
w = (1/
w)∑
i p̄x̄i where

∑
i p̄x̄i is the total expenditure of the ith. consumer in the Debreu

model.

Now, since each consumer satisfies strict monotonicity, he would exhaust initial
endowment in purchases.

∑
s

q̄s = (1/
w)

(∑
i

p̄x̄i

)
=
∑

i

wi/
w = 
w/
w = 1.

(iii) To show that
∑

s q̄sd̄is = wi.

Substitute for d̄is in the lefthand side of the above expression to get
∑

s q̄s�̄sx̄is
(remember that �̄s is a vector with �̄ks as a typical element and qs is a scalar).
Now, substitute for �̄ks = p̄ks/ q̄s in the above expression to get

∑
s

p̄sx̄is = p̄x̄i = wi (by strict monotonicity).

(iv) To show that the security market clears, i.e.,
∑

i d̄is = 
w for all s.

Now
∑

i d̄is =∑
i �̄sx̄is. Moreover, �̄ks = p̄ks/q̄s or �̄s = p̄s/q̄s.

Hence,
∑

i d̄is = ∑
i( p̄s/ q̄s )x̄is = (1/ q̄s)

∑
i p̄sx̄is = (1/ q̄s)p̄s

∑
i x̄is = (1/ q̄s)


wq̄s = 
w.

(v) This stage has two parts:

(a) d̄is ≥ �̄sx̄is for all i and all s.
(b) For no i does there exist a di and xi such that

∑
s q̄sdis = wi for all s and

xi ∈ Xi and �̄sxis ≤ dis for all s and xiPix̄i. In other words, no feasible
bundle is preferred to the Pareto optimal bundle.

Take part (a) first. Deny this result then we have to show that this leads to a
contradiction. Let dis ≥ �̄sxis for all s. Multiply both sides of this inequality by q̄s

to get:

q̄sdis ≥ q̄s�̄sxis for all s so
∑

q̄sdis ≥
∑

q̄s �̄sxis.

By assumption:

∑
s

q̄sdis = wi so that wi ≥
∑

s

q̄s �̄sxis =
∑

s

p̄sxis = p̄xi.
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Hence, the budget constraint is satisfied. Now, xiPix̄i. Thus, it is Pareto improving
to move from x̄i to xi. Hence, x̄i cannot be Pareto optimal. This gives us the
required contradiction. Part (b) is trivial and left as an exercise for the reader.

(vi) We finally have to show that for all i and all s, x̄is is the Ris greatest element
in {xil ∈ Xi1/ �̄iki ≤ d̄i1} where we have chosen s = 1, without any loss
of generality. If this is not true, then there must exist a commodity bundle
xil ∈ Xil, such that �̄1xi1 ≤ d̄i1 and xi1p1x̄i1.

Construct x̃i ∈ Xi such that for all s �= 1, x̃is = x̄is for all i and x̃i1 = xi1 for s = 1.
Consider:

Ui( x̄i) = �i1Ui( x̄i1) +
S∑

s=2

�isUi( x̄is)

and

Ui(x̃i) = �i1Ui(xi1) +
S∑

s=2

�isUi( x̄is).

Now, to avoid triviality �i1 > 0. Hence:

�i1Ui(xi1) > �i1Ui( x̄i1)

which implies that Ui(x̃i) > Ui(x̄i).
Hence xiPix̄i. This contradicts the proof in part (v). Therefore, the original

supposition must have been wrong so that x̄i1 must be the Ri greatest bundle in
{xil ∈ Xi1/�1x̄i1 ≤ d̄i1}. This completes the proof of the Arrow securities markets
theorem.

Remarks

This theorem can be formally extended to a production economy without involving
considerations such as probabilistic profits. Let us take an example. Suppose a
producer is planning for state of the world 1. The price vector in this state of
the world is given by �l = (2,3). Output plan, yjt, by producer j for state of the
world 1 is to use 5 units of inputs to produce 6 units of output, i.e., yjt = (−5,6).
Hence his profit is 8 so that today he can sell 18 securities for state of the world
s = 1. Therefore, today he gets 18q1 and will have net 8q1. Hence, he has to
choose his production plan in such a way that he gets maximum net cash flow.
This is a perfectly objective consideration and does not involve consideration of
probabilistic profit at any stage.

However, although our theorem is going through, we might occasionally
encounter problems from some unexpected quarters. To take an example, let us
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suppose we have, in the absence of uncertainty, a fixed coefficients technology
and, hence, constant returns to scale. This, of course, is essential for a perfectly
competitive equilibrium. In the presence of uncertainty, this fixed coefficients
technology might show increasing returns.

Suppose 1 machine and 1 man hour of labor give us 24 units of output. Now let
us use 2 machines and 2 man hours of labor so that, with certainty, we would get
48 units of output. We introduce uncertainty by supposing that each machine has
1/2 probability of breaking down. Initially, we have 2 machines and 1 man hour.
Then we double both inputs.

If no machines work, we get zero output. If one or both machines work we get
24 units of output. Probability of both machines failing is 1/4. Hence, expected
output is:

1/4(0) + 3/4(24) = 18.

In the new situation, with no machines working we get zero output, 1 machine
with 1 man hour produces 24 units of output, 2 machines and 2 man hours produce
48 units of output.

The probability that no machine works is 1/16. The probability that 1 machine
works is (4×1)/(2×8) = 1/4. The probability that more than 1 machine works is:

1 − 1/16 − 1/4 = 11/16.

Hence, expected output is:

0 × (1/16) + (1/4) × 24 + 11/16 × (48) = 39.

Hence, doubling input use more than doubles output. The assumption of convex
production sets becomes hard to defend. Many other assumptions of Theorem 2.2
are hard to defend. We take up these issues in later chapters.

2.6 The theorem of second best

A Pareto optimal allocation is often referred to as a first-best solution. Consider an
economy without uncertainty and external effects (the subject matter of Chapter 4).
We know what the Pareto optimum or first-best conditions are here. What happens
when all these conditions cannot be satisfied simultaneously. A natural temptation
would be to suggest that these conditions should be satisfied in all the sectors
where they can be satisfied. Lipsey and Lancaster (1957), however, argue that this
need not get us to our second-best optimum. This could arise because of several
reasons – say a monopoly in one sector or increasing returns to scale somewhere,
or something else. Lipsey and Lancaster proved the following simple but powerful
theorem.
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The general theorem of second best

If all the conditions for Pareto optimality cannot be met then it is not necessarily
second best to satisfy a subset of these conditions.

In general, to attain the second-best optimum it is necessary to violate all the
conditions of Pareto optimality.

Let us study a simple proof of this proposition. Suppose we are trying
to maximize an objective function F(x1, . . . .,xn) subject to the constraints
G(xl, . . . ,xn) = 0. If we had no other restrictions to worry about, the first-order
condition would simply be:

Fi/Fn �= Gi/Gn (i = 1, . . ..,n − 1)

where a subscript denotes a partial derivative. When the second optimality theorem
is valid, this would simply be equated to the price ratio between commodity i and
commodity n and that would guarantee first-best optimality.

But now let us say that in just one sector this condition cannot be met. To be
more specific, let us say that we have an additional constraint:

Fl/Fn = kGl/Gn k �= 1.

If we now try to maximize F(.) we will form the Lagrangean:

� = F(x1, . . .,xn) +�1[G(x1, . . .,xn)]+�2[(F1/Fn) − k(G1/Gn)]
and the first-order conditions are:

∂�/∂xi = Fi +�1Gi +�2{(Fn/F1i − F1/Fni)/(F
2
n)

− k[(Gn/G1i − G1/Gni)/(G
2
n)]} = 0 (i = 1, . . .,n − 1)

∂�/∂�1 = ∂�/∂�2 = 0 where F1i = ∂F1/∂xi etc.

We see that the single incongruity Fl/Fn �= Gl/Gn pervades all first-order
conditions. Unless the cross-effects are zero, all the first-order conditions are
changed. All the first-best conditions may have to be violated to reach second-
best optimum. If there is more than one second-best constraint removing one of
them may raise or lower welfare. It is hard to be definitive about this, a priori.

A problem with the Lipsey–Lancaster formulation is in the interpretation of
the second-best constraint. The particular second-best constraint studied above is
interpreted by them to mean that some output distortion in the market for good
1 forbids the equality between mrs and mrt of that industry with respect to the
numeraire good n. As early as 1958 McManus pointed out the inadequacy of this
interpretation and concluded that good n cannot be interpreted as the numeraire.

The actual source of the second-best constraint and why it should be taken
seriously are both important issues. In some cases, problems arise because of
say a ‘natural monopoly’ or because lump-sum taxes are infeasible or because
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some distortion has to be maintained for historical reasons. In practice, the
most important reason is that decision-making about public works is often done
in isolation of tax policy. No grand coordination of public policy measures is
attempted or, it may be argued, is even feasible.

A question that naturally arises at this point is: when is it appropriate to satisfy the
Pareto optimum conditions in one sector of the economy irrespective of whether
such conditions are satisfied elsewhere. This is the question of when piecemeal
policy is appropriate. The answer to this question is: quite rarely. See Boadway
and Harris (1977) and Boadway and Bruce (1984).

We can, however, attempt a related question. This has been called the second-
better or nth-best approach. This approach considers only marginal changes in
some distortion and evaluates the welfare consequences of these changes. This
method has three practical advantages. First, since only small changes are being
evaluated, only local rather than global information is required. Second, there is
no need to derive complicated conditions for optimality as in a formal second-best
exercise. Third, since only incremental changes are being considered it is possible
to derive necessary and sufficient conditions.

2.7 Conclusions

Pareto theorems constitute the foundations of efficiency questions in modern
welfare economics. In this chapter we have carefully delineated the conditions
when they are valid under conditions of certainty. We have also examined the
fragility of the theorems when we move to situations of uncertainty. The fact that
the conditions imposed by the theorems are very strong has also been emphasized.
If even one condition for Pareto optimality is violated we can get into all sorts of
difficulties.

Assuming that we can reach the Pareto frontier – no trivial task in itself – the
next question to tackle is: Which point on this frontier do we want to choose. This
is the issue of social choice to which we turn in the next chapter.

Additional reading

A classic in the area of welfare economics is Graaf (1957). Another lucid account
can be found in Arrow and Hahn (1971). This contains many of the formal proofs
including the proof of Debreu’s result. The original proof of Debreu’s result can
be found in Debreu (1959). A more recent statement can be found in Boadway and
Bruce (1984). Other useful readings are Hayek (1960), Baumol (1965), Friedman
and Friedman (1980), Just et al. (1982), and Murray (1988).



3 Forms of the social welfare
function

Key concepts: Bergson-Samuelson social welfare function; Scitovsky
indifference curves; Kaidor, Hicks, Scitovsky compensation criteria;
Arrow’s general possibility theorem; Gibbard’s oligarchy theorem; Sen’s
impossibility of a Paretian liberal; interpersonal comparison of utility and
the Arrow theorem; utilitarian, neo-utilitarian, and Rawlsian justice.

3.1 Introduction

We have learned in Chapter 2 that under certain conditions the market mechanism
is a good allocator of resources in the sense that it can reach any Pareto optimal
allocation that may be desired. The principal difficulty remaining was that the
range of choices was quite large. Pareto optimal allocations are silent over the
question of distribution. In this chapter we will consider some efforts that have
been made to define more sharply the particular Pareto optimal allocations that
society may want. Two broad approaches to this issue can be thought of – one
is the imposition of certain welfare norms on society (a social welfare function)
and the second would be to arrive at social preferences by aggregating individual
preferences. We will begin by considering some early forms of the social welfare
function and then move on to aggregation of individual preferences, sometimes
called social choice theory. A host of ‘impossibility’ results are proved. We then
realize that the difficulty in aggregating preferences comes from the information
requirements of the theory. Once the information set is expanded ‘possibility’
results emerge. We study some social welfare functions – some of which have
been used in applied work – in this context.

3.2 Early attempts at formulating an approach
to distribution

In their classic formulations, Bergson and Samuelson had given some coherence
to the idea of social choice. Their approach was that of formulating a social welfare
function (SWF). Suppose we have a set of social alternatives x, y, z, w, etc. These
may be different rates of unemployment and inflation and/or various distributions
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of income in society, and the like. This set of social alternatives may be infinite
but the more important aspects may be captured in a set of variables �1, �2, … �n.
Social welfare W(�1, … �n) is a function of these variables. The domain of this
SWF is the set of �s whereas the range of this function is the set of real numbers.
In this manner we articulate the notion of social welfare.

But to fix a form of W(.) we need to weight the �s, but to weight the �s we
need value judgments. We need to express clearly how society values different
alternatives, and this cannot be done except by explicitly introducing value
judgments. Bergson and Samuelson were not prepared to commit themselves to
any specific set of value judgments. We now show a geometric interpretation
of this idea which was popularized by Scitovsky. The innovation is often called
Scitovsky social indifference curve or, simply, social indifference curve and
has been used extensively in the area of international trade theory.

Take a two-person, two-commodity economy in which individual utilities are
fixed at prespecified levels and the supply of one good is fixed. What is the
minimum amount of the other commodity that is needed to sustain utilities at the
prespecified levels? This, clearly, is a Pareto optimizing exercise. The problem
can be formally defined as Min: x1

1 + x1
2 subject to:

(i) U1(x1
1 + x2

1) − U1 = 0

(ii) U2(x1
2 + x2

2) − U2 = 0 and
(iii) x2

1 + x2
2 = x2; where xi

j is the amount of the ith commodity going to the jth

individual and x2 is the fixed supply of commodity 2, etc. Setting up the
Lagrangean we have:

� = x1
1 + x1

2 +�1[U1(x1
1 + x2

1) − U1]+�2[U2(x1
2 + x2

2) − U
2]

+�3[ x2 − x2
1 − x2

2].
The minimum quantity of x1 is determinate. For each value of x2, a different value
(x1*) of x1 can be found. The locus of all such (x1*, x2) points for given values
of U1 and U2 forms a Scitovsky indifference curve.

If the indifference curves of the individuals are convex to the origin, the
Scitovsky contours will also be convex. But it is immediately obvious that if
we change the specified values of U1 and U2 we will get a different Scitovsky
indifference curve. To realize this, look at point P in Figure 3.1. P belongs to
the Scitovsky indifference curve S1 and corresponds to utility levels U1 and U2

for the two individuals. But the quantities of x1 and x2 could also be distributed
differently and that would result in different utility levels for the two individuals.
The Scitovsky indifference curve S2 for these utility levels will pass through P
but there is no reason whatsoever why S1 and S2 should coincide. Thus, social
indifference curves are very sensitive to distribution and can intersect, even though
individual indifference curves do not intersect.

We can eliminate intersecting social indifference curves in the manner depicted
in Figure 3.2. Suppose we define a Bergson social welfare function W(U1, U2)
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Figure 3.1 Intersection of social indifference curves.
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Figure 3.2 Bergson social welfare function.

and consider the various U1, U2 combinations which give a prespecified value
W0 of the Bergson social welfare function. Four such Scitovsky indifference
curves are depicted as S1, S2, S3, and S4 in Figure 3.2. Now, take the lower
envelope JJ of all such Scitovsky indifference curves. JJ is called a Bergson contour
and depicts the minimum x2(x1) needed to sustain Bergson welfare level W0
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given the value of xl(x2). Formal optimization gives us this leeway, but we do
know that we need value judgments to fix the form of the Bergson social welfare
function.

Other early attempts

Kaldor (1939) tried to say something about the vast ranges of the SUPF where
the Pareto criterion is silent. Actually Kaldor himself announced this criterion
solely for production efficiency but the ‘Kaldor criterion’ has been used as a
welfare norm. The Kaldor criterion says the following. Social state x is better than
social state y if the gainers in the transition from y to x can more than adequately
compensate the losers for their loss and yet remain better off.

It is important to point out that the criterion does not say that compensation
actually takes place. The possibility of adequate compensation is sufficient. A
problem with this criterion is that it is two-term inconsistent, i.e., we can simulta-
neously have social state x being Kaldor preferred to social state y and social state
y preferred to social state x. In Figure 3.3 two PUPFs are drawn and are labeled
ala1 and a2a2. According to the Kaldor mechanism individual I can ‘potentially’
move along a1, al from x and come to a point north-east of y. Hence, x is Kaldor-
preferred to y. At the same time, individual II can ‘potentially’ move from y along
a2a2 and come to a point north-east of x. Hence, y is Kaldor-preferred to x.

Hicks advocated the ‘dual’ of the Kaldor compensation criterion and argued
that social state x is preferred to social state y if the losers in the move from y to x

Two-term inconsistency of
Kaldor’s compensation criterion

x

y

a1

UII

a2

a1 a2 UI

Figure 3.3 Two-term inconsistency of Kaldor’s compensation criterion.
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cannot adequately bribe the gainers not to affect the change and still remain better
off. The Hicks criterion also involves hypothetical, not actual, transfers and, like
the Kaldor criterion, can be shown to be two-term inconsistent.

The Scitovsky criterion combines the Kaldor and Hicks criteria to say that social
state x is preferred to social state y if the gainers in the movement from y to x can
adequately compensate the losers and still remain better off, and the losers cannot
bribe the gainers not to make the change and still remain better off. This criterion
again calls for hypothetical transfers. The Scitovsky criterion is also not free of
internal contradictions.

In Figure 3.4 four PUPFs are drawn. In terms of the Scitovsky criterion the
movement from x to y, y to z, z to w, and w to x are all preferred. Thus we get
our preference cycle.

3.3 Aggregating individual preferences to arrive
at social choice

We know that the principal problem with the Bergson-Samuelson formulation is
that without specific value judgments, it is not possible to nail down a specific form
of this function. In one of the truly pioneering contributions to modern welfare
economics Arrow (1963a,b) tried to confront this problem head-on. He posed the
following problem: suppose we start with individual preference functions, try to
aggregate these into social preference functions and make this social preference
function obey some meaningful and appealing norms. How far, asked Arrow, can

Three-term inconsistency of
Scitovsky’s compensation criterion
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Figure 3.4 Three-term inconsistency of Scitovsky’s compensation criterion.
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we go without encountering some absurd results? The answer is not very far at all.
Before we study Arrow’s result we need some notation. To this we now turn.

Notation

The set of all conceivable alternatives is S. There are N individuals in society. At
any point in time, a non-empty subset of S is feasible and is called the issue B. The
basic value judgment that Arrow makes is that social choice is based on individual
preference relations.

Each individual, i, is supposed to have a binary weak preference relation Ri
defined over S (or, B, if we so please). Any given N tuple of individual weak
preference relations (R1, . . .,RN) is called a situation s. We then define:

A Group Decision Rule (GDR) is a functional relation, f , which for every possible
situation, s, specifies exactly one social weak preference relation R defined over
S. Thus, R = f (s). We define a preference relation, P, as xPy iff xRy and not yRx.
The indifference relation is defined as xIy iff xRy and yRx. A GDR satisfies
some elementary properties such as: (i) reflexivity (xRx, for all alternatives x), an
alternative is at least as good as itself, (ii) connectedness (for any two alternatives
x and y we must have either xRy or yRx or both).

Before we examine Arrow’s result, a little background work is necessary. Our
weightage of the individual Ri’s will fix the form of f(.) and, hence, determine R.
We will call R a binary GDR if, when considering the preference between two
alternatives x and y we do not have to appeal to other alternatives z, w, etc. R is
transitive iff xRy and yRz imply xRz for all x,y,z in S. R is quasi-transitive iff
xPy and yPz imply xPz for all x,y,z ∈ S. This does not say anything about the
weak preference relation R. P is acyclic over S iff there does not exist an integer
m such that xiPx2 & x2Px3 & . . . & xm−1Pxm and xmPx1 for x1, . . . , xm ∈ S. P is
founded over S iff there does not exist a long descending chain such that ∞ . . . ,
and x3Px2 and x2Px1 where x1, x2, . . . ∞ ∈ S.

We can then prove:

Lemma 3.1

(a) If R is transitive, it is also quasi-transitive, but the converse is not necessar-
ily true.

(b) If R is quasi-transitive, P is acyclic, but the converse is not necessarily true.
(c) If P is founded, it is also acyclic, but the converse is not necessarily true.
(d) If S is finite then foundedness of P and acyclicity of P are equivalent

statements.

Proof

(a) Suppose R is transitive and not quasi-transitive. This means that xPy and yPz
and not xPz. Now, xPy → xRy and yPz → yRz. But R is not quasi-transitive so
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that not xPz. But not xPz means not xRz. But this contradicts the transitivity of R.
Hence transitivity of R implies quasi-transitivity of R.

To show that quasi-transitivity of R does not necessarily imply transitivity,
consider the following example: aIb and xPy and xIa and yIa. This clearly violates
transitivity of R but quasi-transitivity is not violated because the preference
relation is defined only over two elements.

(b) Suppose that quasi-transitivity of R does not imply acyclicity of P. Then there
exists an integer m such that xlPx2 & x2Px3 & … & xm−1Pxm. and xmPx1. If
R is quasi-transitive then x1Pxm. Hence we have x1Pxm and xmPx1 – which is
absurd. Therefore, we have a contradiction and the result is proved. To show that
acyclicity of P does not necessarily imply quasi-transitivity of R consider the
following example xPy and yPz and xIz. P is acyclic but R is not quasi-transitive.

(c) To show that foundedness of P implies acyclicity of P. Deny this, then there
exists an m such that:

xiPx2 and . . . xm−1Pxm and xmPx1. Extend this chain indefinitely. Here we
immediately violate foundedness of P. To show that acyclicity of P does not
necessarily imply foundedness of P consider an infinite number of alternatives in
the interval ]x,y[. We stipulate that for all a, b ∈]x,y[ we have aRb iff a ≥ b.
Here R is an ordering but we have an infinite number of points in ]x,y[ so P is not
founded.

(d) We have already shown that there exists an infinite chain:
∞ . . . and . . . x3Px2 and x2Pxl. If x1 = x2 then the result is proved. If x1 �= x2 but
x2 = x3 then, again, there is a P cycle. Hence, the preference chain consists of
distinct elements to avoid violation of acyclicity of P. But since S is finite, a cycle
is established.

Definition 3.1

Let f be any GDR. Let s and s′ be any two situations. Let R = f (s) and R′ = f (s′).
We define the following properties of R.

(i) Rationality Condition 1: [RC(1)] R is an ordering for every possible
situation, i.e., R is reflexive, connected, and transitive.

(ii) Rationality Condition 2: [RC(2)] R is reflexive, connected, and quasi-
transitive.

(iii) Rationality Condition 3: [RC(3)] R is reflexive and connected, and P is
acyclic.

(iv) Binariness: for all x,y ∈ S if [(xRiy iff xR′
iy) and (yRix iff yR′

ix)] for all i
then [(xRy iff xR′y) and (yRx iff yR′x)], i.e., when comparing x and y we
do not have to appeal to any other alternatives z, w, etc.

(v) Weak Pareto criterion (WP): for all x, y ∈ S if xPiy for all i then xPy.
(vi) Strict Pareto criterion (SP): for all x,y ∈ S if xRiy for all i and xPjy for

some j, then xPy.
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(vii) Non-dictatorship (ND): there does not exist any individual i such that for
all x,y ∈ S and for all situations s:

xPiy → xPy.

We can now state and prove Arrow’s fundamental result.

3.4 Arrow’s general possibility and other
impossibility theorems

Ironically, Arrow’s impossibility theorem is called a general possibility theorem.
We are in a position to prove it now. Let S have at least three distinct alternatives
x, y, and z, then there does not exist a GDR satisfying binariness, WP, RC(1), and
ND. These absolutely innocuous-looking value judgments are inconsistent with
each other!

The proof of this theorem needs a lemma. We need some notation for this
lemma. Let L be the set of individuals in society and let L′ be a non-empty subset
of it. Define two subsets: L′ (nearly decisive set) is the set of individuals i such
that for all x,y ∈ S and L′ ⊆ L and x �= y and for every situation s if xPiy for all
i ∈ L′ and for all j ∈ L − L′, yPjx, then xPy. Hence if everyone in L′ prefers x to
y and everyone else prefers y to x, L′ is nearly decisive. This is written as xDL′y.
We also define a fully decisive set. L′′ is fully decisive over alternatives x and y
if xPiy (for all i ∈ L′ and x �= y) implies that xPy. This is a stronger requirement
than near-decisiveness since it holds irrespective of the preferences of the people
in L − L′′. Full decisiveness is written as xDL′′y. Now, we can state our lemma.

Lemma 3.2

Let S have at least three distinct alternatives and the GDR satisfy binariness,
WP and RC(2) (these conditions are weaker than those in Arrow’s theorem).
Let L′ ⊆ L. Then if xDL′y for some x,y ∈ S then aDL′ be for all a,b ∈ S. In
other words, if L′ is nearly decisive over some pair of alternatives and the GDR
satisfied RC(2), binariness, and WP then this set is fully decisive over every pair of
alternatives.

Proof

We are given xDL′y. Let z be an alternative distinct from x and y. We prove the
lemma in two stages:

I We first prove it for a,b ∈ {x,y,z}.
II We next generalize it to all a,b ∈ S.

I. Consider a situation s such that for all i ∈ L′ we have xPiyPiz and for all j ∈ L−L′
we have yPjx and yPjz. This does not imply anything, yet, about the relation
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between x and z. From the fact that xPiy for i ∈ L′ and yPjx for all j ∈ L −L′ and
the fact that L′ is nearly decisive over x and y, it follows that xPy. Now, everyone
prefers y to z. Hence, by WP, it must be the case that yPz. Hence from quasi-
transitivity of R, it follows that xPz. Now, xPiz for i ∈ L′ and xPz irrespective
of the preferences of individuals in the group L − L′. Hence, by binariness,
we have:

xDL′y → xDL′z.

II. Consider a situation s such that for all i in L′ we have zPixPiy and for all
j ∈ (L − L′) we have yPjx and zPjx. Now, given xDL′y we have xPy. By WP we
have zPx. Hence, by RC (2) we have zPy. By using binariness we have:

xDL′y → z/
DL′y.

Now there is nothing special about x, y, z and we can interchange them. We
write two purely hypothetical relations and interchange y and z in them. These
relations are:

xDL′y → x
DL′z (3.1)

xDL′y → z
DL′y (3.2)

Interchanging y and z in (3.1) and (3.2) we get:

xDL′z → x
DL′y (3.1′)

xDL′z → y
DL′z (3.2′)

Combine (3.1′) and (3.1) to get:

xDL′y → x
DL′y (3.3)

Combine (3.2′) and (3.2) to get:

xDL′y → y
DL′z (3.4)

In (3.1) interchange x and z to get:

zDL′y → z
DL′x (3.1′′)

Combine (3.2) and (3.1′′) to get:

xDL′y → z
DL′x (3.5)
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In (3.5) interchange y and z to get:

xDL′z → y
DL′x (3.5′)

Combine (3.5′) and (3.1) to get xDL′y → xD̄L′z → xDL′y → y
DL′x and, hence:

xDL′y → y
DL′x. (3.6)

All of these statements are ‘if then’ statements. Now we assert what we know
to be true, i.e., xDL′y from which we get:

x
DL′z, and z
DL′y, and x
DL′y, and y
DL′z, and z
DL′x, and y
DL′x.

Hence, the first part of the lemma is proved. Let us have a generalization, i.e., we
have to show that a
DL′b for all a,b in S. We have the following possibilities of
choosing a and b.

(1) a ∈ {x,y,z} and b ∈ {x,y,z}. This we have already done.
(2) a /∈ {x,y,z} and b ∈ {x,y,z}
(3) a ∈ {x,y,z} and b /∈ {x,y,z}.

Cases (2) and (3) are entirely symmetric and hence we need to consider
only one.

(4) a /∈ {x,y,z} and b /∈ {x,y,z}.

Consider case (2). Since x,y,z are all distinct there must be two alternatives
in x,y,z distinct from b. Suppose b = x. Hence, b
DL′z (by first step) with
a = y, i.e., the triple (b,a,z). The earlier proof is applicable in a straightforward
manner.

Consider case 4. We know y
DL′z. Consider {a,y,z}. We know a
DL′y.
Consider {a,y,b}. L′ is fully decisive for a against y. Hence it is nearly
decisive for a against y and, hence, fully decisive for any alternative against
any other alternative. Hence a
DL′b. This proves the lemma. With this lemma
proved the proof of Arrow’s general possibility theorem is a relatively simple
matter.

Proof of Arrow’s general possibility theorem

The conditions of Arrow’s general possibility theorem are stronger than those of
the lemma we have just proved. Hence, the lemma is valid. Since WP is satisfied,
there exists a set which is nearly decisive for some alternative against some other
alternative. In other words, given WP for all x,y ∈ S, if x �= y, then there exists a
set of people L′ such that xDL′y. Consider distinct x,yz ∈ S. There exists at least
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one L′ such that xDL′y. In general, we cannot rule out the possibility of more than
one such group existing. Similarly for y and z. Out of these nearly decisive sets
pick up the one with the fewest members L′. Assume without loss of generality
that L′ is nearly decisive for x against y.

Now consider an individual k who belongs to this nearly decisive set L′.
Construct a situation s such that:

xPkyPkz

yPizPix for all i in L − L′

zPjxPjy for all j in L′ − k

Consider the choice between x and y. We know xDL′y. We know from the
situation constructed that all members of L′ prefer x to y whereas everyone else
prefers y to x. So we must have xPy.

Now consider the choice between y and z. Within the set let L′ only individual
k prefers y to z; everyone else prefers z to y. We know that L′ is the smallest
nearly decisive set. Therefore, we cannot have zPy. By connectedness we have
yRz. Combining xPy and yRz by transitivity we get xPz.

Now k is the only person who prefers x to z. Everyone, including other members
of L′, prefers z to x. Hence k is nearly decisive in the choice between x and z.
By Lemma 3.2 k is fully decisive in all choices, i.e., xDkz → a
Dkb for all
a,b ∈ S. Thus, k is a dictator. Since the GDR satisfies binariness, WP, and RC(1)
it violates ND.

This, of course, is an eminently important as well as a profoundly disturbing
result. Unfortunately, it is not possible to get around this difficulty in a simple way.
A whole new area of welfare economics (social choice theory) has developed
around Arrow’s result. Economists have tried every conceivable method to get
around Arrow’s difficulty. But so long as they stuck to the basic Arrowian
framework, they found that all they managed to do was to come up with some
new absurdity. To give readers an idea of such results, we present two important
theorems, Gibbard’s oligarchy theorem and Sen’s impossibility of a Paretian
liberal.

Gibbard’s oligarchy theorem

Gibbard relaxed RC(1) to RC(2) and came up with a powerful oligarchy instead
of a dictator. Before we prove this theorem, we need a lemma.

Lemma 3.3

Let S have at least three distinct alternatives and let the GDR satisfy RC(2), WP,
and binariness. If for some a,b,a′,b′ ∈ S and for some subsets L1 and L2 we have
aDL1b and a′DL2b′ then for all distinct x,y εS it must be the case that x
DL1∩L2y.
Thus if one set of people is nearly decisive over two alternatives and another set
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of people is nearly decisive over two other alternatives then the intersection of
these two sets is fully decisive over all alternatives.

Proof

Let L1,L2,a,b,a′,b′ exist. Partition the set of individuals into four subsets:
L1 ∩ L2, L1 − L2, L2 − L1, L − L1 ∪ L2 as in Figure 3.5. Consider three distinct
alternatives x,y,z in S. Assign preference orderings as:

xPiyPiz for all i ∈ L1 ∩ L2

yPizPix for all i ∈ L2 − L1

zPixPiy for all i ∈ L1 − L2

zPiyPix for all i ∈ {L − (L1 ∪ L2)}.

Now, everyone in L1 prefers x to y and everyone else opposes this choice. By
near decisiveness we have xPy. Everyone in L2 prefers y to z and everyone else
opposes it. By near decisiveness we have yPz. By RC(2) we must have xPz. But
only few people in L1 ∩ L2 prefer x to z, to z, everyone else opposes this choice.
Hence the set L1 ∩ L2 is nearly decisive between the alternatives x and z. By
Lemma 3.2 it is fully decisive over any pair of alternatives in S. This proves the
lemma.

L2

L1

L

Figure 3.5 Illustration of Gibbard’s oligarchy theorem.
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Statement and proof of Gibbard’s oligarchy theorem

Let S have at least three alternatives and let the GDR satisfy RC(2), WP, and
binariness. Then there exists a unique, non-empty subset L∗ ⊆ L such that for all
x,y in S:

(i) if xPiy for all i in L∗ then xPy.

(ii) if yPjx for some j in L∗ then yRx.

Hence, there exists a strong oligarchy. With consensus within the oligarchy, the
views of rest of society do not matter at all. If even one person prefers one option
to another society, irrespective of the preferences of all others (including other
members of L∗), must consider the first option to be at least as good as the second.
Since the GDR satisfies WP, there exists some group of individuals which is
nearly decisive for some alternative x against another alternative y. Pick out the
smallest set L∗. We now show that L∗ is the group referred to in Gibband’s
theorem.

Now, if x = y then the theorem is trivially true since the antecedent is false.
Consider the case where x �= y. We know that aDL′b implies that for a′,b′ ∈ S

it must be the case that a′
DL′b′. Hence the first part of Gibbard’s theorem is
proved. We now show that if yPjx for some j ∈ L∗, it must be the case that yRx.
The proof proceeds by contradiction. Suppose not yRx. By connectedness we
know xRy. Putting these together we get xPy. Now partition L into three groups:
La = {i ∈ L/xPiy}, Lb = {i ∈ L/xIiy}, Lc = {i ∈ L/yPix}. j belongs to Lc.

Construct a situation s′ such that:

zP′
ixP′

iy for all i in La

zP′
ixI′iy for all i in Lb

yP′
izP′

ix for all i in Lc.

Between x and y the individual preferences have remained unchanged. So we
must have xP′y. Now compare z and x. Everyone prefers z to x so by WP it must
be the case that zP′x. By RC(2) we must have zP′y. Now realize that zPiy for all
i ∈ La and zPiy for all i ∈ Lb whereas all others prefer y to z. Thus zDLa∪Lby.
We also know that the set L∗ is nearly decisive for some alternative against some
other alternative. By Lemma 3.3 it must be the case that the set La ∪ Lb ∩ L∗ is
fully decisive for every pair of distinct alternatives in S.

This leads to a contradiction. The intersection of two sets has to be a proper
subset of both sets. We know that j ∈ Lc, i.e., j /∈ La ∪ Lb. Hence, L∗ ∩ {La ∪ Lb}
must be a proper subset of L∗. But L∗ is the smallest nearly decisive set. Hence
we have the required contradiction. Therefore if yPjx then it must be the case
that yRx.
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To show that L∗ is unique, let L∗∗ be another such set. By assumption L∗ �= L∗∗.
Then we must have either:

(i) there is some k in L∗ who is not a member of L∗∗; or
(ii) there is some l in L∗∗ who is not a member of L∗.

Consider case (i). Construct a situation s′′ such that xP′′
i y for all i ∈ L∗∗ and

yP′′
i x for all i ∈ L∗. The first relation gives us xPy whereas the second gives us yPx

which is, of course, a contradiction. The proof for case (ii) is entirely symmetric.
This completes the proof of Gibbard’s theorem.

Sen’s impossibility of a Paretian liberal

Now we give up both binariness as well as RC(2) but we run up against another
difficulty: the Pareto criterion conflicts with some basic principles of liberalism.
In a society that claims to be liberal, people are allowed some basic freedoms. It
is in this spirit that we define:

Minimal Federalism (MF)

There exist two non-empty disjoint subsets Ld and Le, such that for some pairs
(a,b), (c,d) of distinct alternatives, if aPib for all i ∈ Ld then aPb; and if bPia for all
i ∈ Ld then bPa. Similarly, if cPid for all i ∈ Le, then cPd; and if dPic for all i ∈ Le

then dPc. It is hard to object to this requirement because different groups stay in
society only if they can retain a certain individuality of their own. Two groups of
people are given decisive say over just one pair of alternatives each. Think, for
example, of a multi-ethnic society. Society is liberal and allows an ethnic group
the freedom, for example, to send their children to secular or religious school. The
choices could be even more innocuous. Then the consequence is Sen’s theorem.

Sen’s theorem

There does not exist a GDR which satisfies RC(3), WP, and MF. Binariness is not
involved here.

Proof

Since MF is being satisfied, there exist two non-empty disjoint subsets: Ld and Le

satisfying MF. Realize that if a = c and b = d then each of these sets is decisive
over the same pair of alternatives. Consider a situation such that aPib for all i ∈ Ld
so that aPb and dPic for all i ∈ Le so that bPa. This is, of course, a contradiction.
Hence, there are two alternatives now:

(i) a, b, c, d are all distinct.
(ii) (a,b) ∩ (c,d) is a singleton.
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Consider case (i). Consider a situation such that:

dPjaPjbPjc for all j ∈ Ld

bPkcPkdPka for all k ∈ Le

dPha and bPhc for all h ∈ L − Ld − Le

By MF we get aPb and cPd. By WP we get bPc. Hence we should have aPd but
by WP again we get dPa. Hence we have a P cycle and RC(3) is violated.

Consider case (ii) now. Without loss of generality assume that d = c and
construct a situation such that:

dPjaPjb for all j ∈ Ld

bPkdPka for all k ∈ Le

dPha for all h ∈ L − Ld − Le

By MF we have aPb and bPd. So that we should have aPd. However, by WP we
get dPa. Hence, we have a P cycle and RC(3) is violated. Sen accepts RC(3), so
we have a conflict between MF and WP. Hence, the impossibility of a Paretian
liberal.

3.5 Beyond the Arrow framework

There is no easy escape from the Arrow dilemma. Various methods have been
tried but without any significant success. The list of impossibility theorems is
very long. The interested reader is referred to Kelly (1976) for an early survey,
and Sen (1979b) for a more recent one.

Just when the string of impossibility theorems made it appear that the death
knell had been sounded for social choice theory, a completely different line of
inquiry began. Some people began wondering whether the Arrow dilemma had
been rendered inevitable by the way in which the question was posed. This point
needs some amplification. To this we now turn.

Welfare economics, in the classical tradition, always postulated individual
utility as being cardinal and further postulated that it was possible to compare
the utilities of different people. This was done both for expounding the theory of
consumer behavior as well as for making pronouncements on social welfare. This
methodology was perceived as being archaic and a monumental attack on this
line of reasoning was initiated by Hicks (1939). Hicks convincingly argued that
for, among other things, demand theory and welfare (as the classical theorists
interpreted it) we need neither cardinal utility nor interpersonal comparison
of utility. Ordinal ranking expressed in the form of consumer indifference
maps was sufficient for demand theory and Paretian welfare economics. So,
in the interest of scientific refinement, the ‘cumbersome’ and value-loaded
notions of cardinality and interpersonal comparisons of utility were abandoned.
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Later refinements, as we know, realized that even an ordinal utility function was
unnecessarily demanding. An ordering was all that was required to obtain the
results.

Some economists, however, have linked the Arrowian paradox to this advance-
ment. Cardinality is not really important since cardinal utility functions do
not rescue us from this dilemma. But interpersonal comparison of utility is
important. Fresh ground in this direction was broken by Steven Strasnick and
Peter Hammond who, in separate papers, showed that if interpersonal comparison
of utility is allowed then one can get social decision rules or social welfare
functions that satisfy all of Arrow’s conditions and more. It was shown that Rawls’
maximin criterion satisfied Arrow’s conditions with even the Strict Pareto criterion
substituted for the Weak Pareto criterion. Moreover, if indifference curves were
‘thick’ in the sense that the consumer did not always satisfy the axiom of local non-
satiation, then the utilitarian criterion was also capable of resolving the Arrowian
dilemma, provided of course, in both cases, that interpersonal comparisons of
utility is allowed. Interpersonal comparison of utility is visualized in the following
manner. A person i compares her well-being in state x with person j in state y.
Thus, an individual ordering is defined over the ordered pair (x,i). Hence, (x,i) Ri
(y,j) is read person i considers herself in state x at least as well-off as person j in
state y. The Group Decision Rule is an aggregation of such Ri. Hammond showed
that the maximin criterion satisfied all of Arrow’s conditions and more. Strasnick
showed the same thing. Ng demonstrated the result with thick indifference curves
and the utilitarian criterion.

As such results began to trickle in, the suspicion began to grow that the Arrowian
dilemma results from the fact that its framework starves itself of information. Sen
(1979b) formally demonstrated this to be the case.

Sen’s interpretation of information in the Arrowian framework

Sen shows that within the Arrow framework a GDR which satisfies Binariness,
WP and RC(1) and Universality of Domain (i.e., a GDR is defined for every
constellation of individual Ri’s) is necessarily dictatorial. In other words, the
restrictions on information are so severe that a GDR which satisfies these criteria
has to be dictatorial.

Recall Lemma 3.2. This lemma said that if the GDR satisfies Binariness,
WP, and RC(2) then if there exists a group that is nearly decisive over any
pair of alternatives, then this group is necessarily fully decisive over all pairs
of alternatives. Thus, for this group, opposition is irrelevant. Along the same lines
one can prove the following result.

Lemma 3.4 Irrelevance of support

This lemma enables one continuously to reduce the size of the nearly decisive
(or decisive) set. Suppose there are three distinct alternatives x,y, and z, and
suppose that a set Lf is decisive between alternatives x and y. Suppose further that
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the GDR satisfies binariness, WP and RC (1). Partition Lf into two subset Lf ′ and
Lf ′′ . Construct a situation s such that:

xPiyPiz for all i ∈ Lf ′

yPizPix for all i ∈ Lf ′′

zPixPiy for all i ∈ L − Lf .

By Lemma 3.2 we must have yPz. Now we must have either yPx (in which case
Lf ′′ is nearly decisive between y and x and, by Lemma 3.2, between every pair
of alternatives) or xRy. In the latter case, since we have yPz if the GDR satisfies
RC(1) we must have xPz. This would make Lf ′ , nearly decisive between x and z
and, by Lemma 3.2, fully decisive over every pair of alternatives. Thus, no matter
what the size of the decisive set, it is always possible to reduce it. The logical
conclusion is the Arrowian dictator.

Hence, a reconstruction of the proof of Arrow’s theorem would read like the
following. By WP, the entire population (at least) is nearly decisive between some
pairs of alternatives. By Lemma 3.2 it is also fully decisive. By Lemma 3.4, it is
always possible to keep cutting down the size of this set. Since the number of
people is finite, we have the lone dictator as the logical outcome of restricting the
information set. The Arrowian dictator is, after all, inevitable.

When Sen’s results are juxtaposed with those of Hammond and Strasnick
one starts interpreting GDRs in a different manner. By confining ourselves to
individual orderings we also neglect or discard information, say on interpersonal
comparison of utility, which is really a waste. The restrictions on the GDR
constructed by aggregating individual orderings makes the Arrowian dilemma
a logical inevitability. The only way to escape such problems is to expand the
information set.

3.6 Forms of the social welfare function (SWF)

For some time before the advent of social choice theory economists have tried
to get a straightforward and acceptable measure of social welfare. We know that
Bergson and Samuelson were hesitant to make value judgments to fix a form of
the SWF. But writers in this earlier tradition have never hesitated to make value
judgments to justify their measure of social welfare. We discuss some popular
SWFs used in the literature.

Classical utilitarianism

This is one of the oldest forms of the SWF and can be traced to the writings of John
Stuart Mill, Bentham, and even earlier. To utilitarians individual utility is measured
in cardinal terms and society’s welfare is measured as the sum of the utilities of
everyone in society. Thus if Ul, U2,…,Un are the individual utility functions
and these individuals get consumption baskets x1, x2, . . .,xn respectively, so that
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individual i’s utility is, simply Ui (xi), then society’s welfare is, simply:

n∑
i=1

Ui(xi).

Social policy should be geared to maximize this welfare. This means that optimal
policy equates marginal utility across the population. In other words, resources are
distributed in such a way that everyone has the same marginal utility. If everyone
has the same utility function then this amounts to an egalitarian distribution of
income. But if this is not the case then the utilitarian criterion can exacerbate
existing inequalities. Examine, for example, Figure 3.6 which considers the
problem of distributing a fixed basket of goods between two persons – one of
whom is an invalid with very limited capacity to enjoy himself and the other is a
jet-setter with a very high marginal utility schedule. A utilitarian would give the
lion’s share to the jet-setter.

In Figure 3.6 total income is OA OB. Equalization of marginal utilities occurs
at A giving the lion’s share of income to the jet-setter.

Realizing this difficulty, some authors have toyed with the idea of making
the utilitarian social welfare function concave. Suppose, for example, instead of
adding up utilities we added up natural logs of utilities. This would reduce the
significance of the problem in Figure 3.6.

Sen has proposed another axiom to make the utilitarian function more equitable.
He calls it the weak equity axiom. This says the following. Suppose individual i

Marginal
utility of
jet-setter

Total income 

Income to jet-setter A

Marginal
utility of
invalid

OBOA

Figure 3.6 Inequity of the utilitarian criterion.
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always has lower utility than individual j for every distribution of income between
them. Then every distribution of income between them must give individual i
higher income than individual j.

Neo-utilitarianism

This theme is developed in papers by Vickrey and Harsanyi. Uncertainty is
specifically built into this formulation. Everyone is uncertain about their position
in the next time period. It is then argued that if society is to be fair people must be
ethically impartial between alternative social states between who they are going
to be in the next time period. Thus you have to be impartial between being in
the shoes of a Bill Gates or a beggar. This can be accomplished only if each
of us had the same chance of being any person in society. We assume that the
probability of being in different states is known so that I define a von Neumann-
Morgenstern utility function by adding up the products of different utilities and
the associated probabilities. As a rational agent, I maximize �i�iUi where Ui is
the utility of being in individual i’s shoes and �i is the associated probability.
Thus each possibility gets an adequate weightage and, in this sense, I am impartial
between different alternatives. �i is the same for you as it is for me.

There are three quite serious problems with this approach. Let us suppose that
you and I have the same probability (1/2) of winning $100 in a lottery. Compare
this with a situation where we know that person j is sure to win the lottery and
each of us has the same probability (1/2) of being in person j’s shoes. From the
perspective of the neo-utilitarians these two would be equivalent statements. But
from a moral point of view they are clearly not equivalent statements.

Second, people with different degrees of risk aversion will not rank social states
in a similar manner. Moreover, quite apart from risk aversion, different people have
different ethical perceptions about different states of the world. Such differences
may have nothing to do with differences in risk perceptions.

Rawls (1971) raises another point. The �i that I assign to state i depends upon
the number of people in that state. Thus, solely the number of people in a particular
state determines the weight given to that particular state of the world. Morally,
this is rather arbitrary.

Maximin

The major expositor of this approach was John Rawls. In this conception of justice
people make choices behind ‘a veil of ignorance’. They do not know who they
are going to be in the next time period. People are also risk averse. Rawls argues
that under such conditions a just society would opt for the following two-part
constitution.

(a) The same amount of basic liberty is available to all. No matter whose shoes
you land yourself in, you get the same amount of basic protection from
criminals, say.
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(b) Since each individual is assumed to be risk averse, she would like to protect
herself in case she lands in the shoes of the least well-off person. Thus, she
would like social arrangements to be made in such a manner so as to maximize
the welfare of the least well-off person.

Hence, this criterion of justice is called maximin justice, or Rawlsian justice.
Rawls orders states according to the principle of lexical difference. Just as a
chain is as strong as its weakest link, a society is as well-off as its least well-off
member. State x is better than state y only if the least well-off person in the former
is better off than the least well-off person in the latter. State z is maximin optimal
or Rawls optimal if the least well-off person in state z is at least well-off as in any
other state.

Several objections have been raised against the Rawlsian society. Some people
have argued that if there is non-zero probability of my not being the least well-off
person then I may not act so conservatively. Others have asked how the maximin
criterion can be used across federal states. When states in a federation are such that
there is considerable inequality between them, if the (national) maximin criterion
calls for equalizing the welfare of the least well-off person(s) across states, then
does this not conflict with the principle of federalism? Arrow has raised another
criticism against the maximin criterion. Suppose we apply the maximin criterion
across time, when do we not get a directive to arrest economic growth? Because
if the utility of future generations rises then we would have been unfair to earlier
generations. Calvo, however, argues that it is easy to get around this difficulty.
Suppose the utility function of a typical person of generation 1 is Ul (Cl, U2);
i.e., it depends upon his own consumption and the utility of his children. The
utility of his children would, in turn, depend upon their own consumption and
the utility of their descendants. Thus, if the utility of future generations goes
up so does the utility of the present generation. The maximin criterion is not
anti-growth.

Atkinson’s social welfare function

A social welfare function proposed by Anthony Atkinson in a celebrated paper
(1970) has proved to be quite popular in applied work in public economics. For
the sake of simplicity let there be two groups in society rich (r) and poor (p). Let
the indirect utility function of the rich be Vr and that of the poor Vp. Atkinson’s
measure of social welfare is defined as:

W = 1

1− ∈
r∑

h=p

[(Vh)1−∈]. (3.7)

∈ is interpreted as ‘an inequality-aversion’ parameter. The larger is ∈, the greater
the weight that is placed on the welfare of the poor and the more inequality averse
is society.
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3.7 Concluding remarks

This chapter has examined the problem of narrowing down the range of choices
on the Pareto optimal frontier. We began by examining early approaches aimed
at formulating ‘social indifference curves’. We then examined the problem of
aggregating individual preferences to reach social preferences. Several problems
were encountered in this process and some of these, for example, Arrow’s
impossibility theorem, Gibbard’s oligarchy theorem, and Sen’s impossibility of a
Paretian liberal, were proved. We then realized that the principal reason for these
impossibility results was our working within the confines of traditional utility
theory where inter-personal comparisons of utility are not permitted. Once this
assumption was dropped we discovered ‘possibility’ theorems. This led directly
to a discussion of the major social welfare functions for which these possibility
results can be derived as well as those that have been popular in applied work in
public economics.

Additional reading

An excellent treatment of various types of social welfare functions can be found in
Boadway and Bruce (1984). Sen (1979b) is an excellent survey. Atkinson (1970)
and Atkinson and Stiglitz (1980) also provide lucid discussions.



Part II

The theory of public
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Introduction to Part II

Part II deals with the theory of public expenditure. As shown in Table II.1 public
expenditure has grown very significantly in major countries of the world.

In every country in the sample shown in Table II.1 government expenditure
has grown steadily. If the goods produced by the public sector were to be treated
on par with private goods then, since incomes have grown steadily during the
period of the sample, one would have to conclude that the income elasticity of
goods produced in the public sector is quite high. This factor gets emphasized still
more because there is some evidence to suggest that the unit cost of supplying
goods by the public sector has risen relative to goods produced in the private
sector.

More recent data reported in Table II.2 indicates that total government outlays
have remained significant in the OECD countries and are projected to remain so
in the immediate future.

It is here that the analogy of goods produced in the public sector with those
produced in the private sector breaks down. It is now realized that most of the
expansion in the public sector has taken place in areas where government exercises
coercive authority, albeit with the sanction of the political process behind it. For
example, if we look at the 1995–6 budget of the UK we realize that over 71 per cent
of total government expenditures were made by the central government. The main
items of central government expenditure (accounting for more than two-thirds of
the total) were social security, health, and defense. Local governments spent most
of their budgets on school education, personal social services, housing, and the
police.

Thus there appears to be two broad categories of government expenditure –
redistributive and social services and public goods. The first category of expendi-
ture has grown mainly in response to the rise of the welfare state in the postwar
era. The second category, which is of concern to us in this part, has arisen because
of the perceived failure of the market in providing certain essential goods such as
police services, defense, and the like.

Part II, then, discusses aspects of market failure and the proposed solutions
that state intervention in the market may provide. In Chapter 4 we introduce
the concept of an externality and discuss the reasons why the second optimality
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Table II.1 Government expenditure as a percentage of GDP

Year Sweden Japan Canada USA UK Germany

1900 6.5 4.9 2.8 15.6
1910 7.0 5.7 2.1 13.2
1920 7.5 9.5 7.2 29.1
1930 8.1 11.2 7.7 12.2 27.1
1940 10.7 14.9 28.5 20.3 31.8 37.9
1950 16.8 16.0 22.0 24.4 39.2 28.6
1960 26.8 13.0 25.1 26.6 29.5 28.1
1970 35.9 13.9 28.5 31.3 33.5 34.0
1980 56.9 25.0 37.5 32.6 41.5 43.1
1990 59.1 26.2 44.0 34.6 38.1 42.6

Sources: For 1960–1990, OECD Historical Statistics, OECD Economic Outlook, Paris.
Thehna Liesner, One Hundred Years of Economic Statistics, The Economist, 1989.

theorem of welfare economics may fail to hold in the presence of external
effects. We then discuss proposed solutions to this problem, for example, the
Coase solution, Pigovian taxation/subsidization, and the design of liability laws.
We demonstrate Arrow’s important result that the Coase solution would fail to
hold under conditions of uncertainty. We then examine an example of dealing
with external effects – pricing of education when education has substantial
external economies. Finally, we examine the question of common property
resources and the important distinction between bilateral and multilateral external
effects.

In Chapter 5 we examine an extreme form of externalities – pure public goods.
We begin by spelling out the Samuelson conditions for Pareto optimality in the
presence of pure public goods when these goods are (alternately) pure consumption
goods and pure producer goods. We then amend the Samuelson conditions in case
only distortionary taxation is available to finance the public good. The free rider
problem is studied at this point. The Lindahl, Groves-Loeb, Groves–Ledyard and
Groves–Vickrey–Clarke solutions are discussed. Hurwicz’s result that it is not
possible to design mechanisms for demand revelation of a public good which
simultaneously satisfy Pareto optimality, incentive compatibility, and a balanced
budget is discussed. This leads to the conclusion that there will always be some
degree of arbitrariness in the supply of a pure public good. There is a section on
voting models of public goods as well as some aspects of democratic decision-
making in regard to public goods.

In Chapter 6 we discuss some related topics. Various aspects of the theory of
clubs are discussed. The Tiebout hypothesis as well as the problems associated
with it is also examined. The marginal cost of public funds is considered again. We
also study a simplified model of public goods supply with asymmetric information.
Then we turn our attention to rent-seeking behavior on the part of bureaucrats and
others. We study the original rent-seeking model due to Krueger (1974) as well
as some more recent refinements of the theory.
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4 External effects and the market
mechanism

Key concepts: externalities; market failure; the Coase solution; Pigovian
taxation and subsidization; conditional perfect price discrimination; con-
ditional perfect internalization; common property resources; multilateral
externalities

4.1 Introduction

In Part I we have examined the circumstances under which the market mechanism
works efficiently. More specifically the second classical theorem of welfare
economics, which was proved in Chapter 2, delineates these conditions. If such
conditions did indeed obtain there would be no reason for government intervention
in the working of the market mechanism.

We realize, of course, that the conditions of this theorem are very stringent.
In this chapter we relax one of these conditions and examine the implications
for public policy. It has been implicit in our analysis so far that the preference
ordering of any consumer is defined over her own consumption set. Similarly
it has been assumed that the production set of any producer is independent
of the production sets of other producers and consumption sets of consumers.
In real life these assumptions are often violated and we have interdependence
between production and/or consumption sets. When this occurs, an externality
is said to exist. Formally, then, an externality is a commodity which is produced
during the production and/or consumption of other goods and which affects other
producers/consumers. When a paper mill dumps toxic waste into a river, thus
contaminating the fish downstream, it affects the production sets of fishermen
living downstream. When your neighbor plays loud music late at night when you
are trying to sleep, he affects your consumption set and welfare. When a firm trains
workers in a new skill and other firms step in to hire the newly trained workers,
the first firm has positively helped the production sets of the other firms.

A moment’s introspection will tell us that externalities are much more than
abundant in real life. Some are positive, like the firm which trains the workers or
the lighthouse on the seashore which guide ships into the harbor at night, many
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are negative. In each case, however, a new commodity is produced: skills in the
labor force, sludge in the river, and so on.

A basic difficulty with these commodities, called externalities, is that they are
hard to price because it is difficult to establish a market in such cases. Why is it
problematic to establish a market for an externality? Three reasons can be advanced
in general. Specific cases will involve specific reasons in addition to these.

1 Information costs. Suppose a honey producer keeps his bees next to an
apple orchard. The bees take the nectar (the externality) from the apple flowers.
The apple producer would find it impossible to ascertain how much nectar the
bees have taken from the flowers. For an ordinary commodity, this condition is
necessarily satisfied. There is no problem in finding out how many chocolates you
ate yesterday.
2 Excludability. Even if information costs are not a stumbling block, exclud-
ability often is. How is the apple producer going to prevent the entry of bees into
his orchard? How are the owners of the lighthouse to prevent ships that do not
pay for being guided from using its services? In the case of ordinary goods, there
is no problem. If I cannot pay the price of a Rolls-Royce then I cannot have a
Rolls-Royce.
3 Non-competitive behavior. Even if excludability and information costs are
not serious problems, non-competitive behavior almost always obtains in the case
of externalities. In the market for apples and the market for honey, there is a
large number of buyers and sellers and competitive or ‘price-taking’ behavior
prevails. But no such statements can be made about the nectar from apple flowers.
This commodity is defined only between two people – one of whom is the
‘buyer’ and the other the ‘seller’. Hence, there is no guarantee that competitive
behavior will prevail. Externalities are, undoubtedly, a fundamental problem for
the market mechanism. In this chapter we examine various aspects of the problem
of externalities. We begin with a discussion of the results of external effects and
then proceed to solutions in the case of certainty as well as uncertainty. Some of
these solutions involve public expenditure. Then we discuss an applied problem
of devising optimal public expenditure policies in the presence of externalities.
We also discuss common property resources as well as the problem of multilateral
externalities.

4.2 Effects of externalities

Let us see, in an extremely simple set-up, the effects of externalities. Consider
an exchange economy in which there are two consumers (1 and 2) consuming
two goods x1 and x2. Each consumer causes an externality for the other while
consuming either commodity. This is an exchange economy so that the total
quantities of both goods are fixed (at x1 and x2 respectively). The notation is as
follows: Ui is utility of individual i; xik is individual i’s consumption of commodity
k; and xikj is individual i’s consumption of commodity k affecting individual j
(i, j,k = 1,2). Now, x11+x21 = x1 and x12+x22 = x2. Also x11 = x112; x12 = x122;
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x21 = x211; x22 = x221 for the sake of convenience and without loss of generality.
Now, let us conduct the Pareto optimizing exercise of maximizing individual 1’s
utility subject to individual 2’s utility being at a particular level 
U2. Setting up the
Lagrangean, we have:

�= U1(x11,x12,x211,x221) +�1[U2(x21,x22,x112,x122) −
U2]
+�2[x11 − x112]+�3[x12 − x122]+�4[x21 − x211]+�5[x22 − x221]
+�6[x1 − x11 − x21]+�7[x2 − x12 − x22] (4.1)

First-order conditions for an internal maximum are:

∂�/∂x11 = (∂U1/∂x11) +�2 −�6 = 0 (4.2a)

∂�/∂x12 = (∂U1/∂x12) +�3 −�7 = 0 (4.2b)

∂�/∂x211 = (∂U1/∂x211) −�4 = 0 (4.2c)

∂�/∂x221 = (∂U1/∂x221) −�5 = 0 (4.2d)

∂�/∂x21 = �1(∂U2/∂x21) +�4 −�6 = 0 (4.2e)

∂�/∂x22 = �1(∂U2/∂x22) +�5 −�7 = 0 (4.2f )

∂�/∂x112 = �1(∂U2/∂x112) −�2 = 0 (4.2g)

∂�/∂x122 = �1(∂U2/∂x122) −�3 = 0 (4.2h)

∂�/∂�i = 0 (i = 1, . . .,7) (4.2i)

If any allocative mechanism (including the market mechanism) wants to reach
Pareto optimum it must satisfy these conditions. But can the market mechanism
satisfy these conditions? If there are no external effects, Lagrange multipliers
�2 through �5 disappear and we get the usual condition that the mrs between
two goods must be the same for both individuals. In a competitive set-up both
consumers will look at the price ratio between the two goods and find it individually
rational to equate their mrs to this price ratio. Thus, through this price ratio the
mrs of the two individuals get equated. With externalities, the individuals may
still behave in the same manner, but the difficulty is that the Pareto optimum
conditions are different now. In fact the ‘prices’ �2 through �5, which figure in
the Pareto optimum conditions, do not exist. So there is no point in talking about
any automatic equivalence between the market mechanism and Pareto optimality.
What we have here is a case of market failure.

How can we reach Pareto optimum in the presence of externalities? In
Figure 4.1 we display some basic solutions. In this example person 1 consumes
a commodity R which causes an external diseconomy (a bad) for individual 2.
This commodity is available at a fixed marginal cost (MCR) to individual 1. So,
left to himself, this individual would consume the amount R0 (by equating his
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Quantity of R

Figure 4.1 Pareto optimality with externalities.

marginal benefit from the commodity to the marginal cost) and, in the process,
cause an external diseconomy for individual 2 which is measured by going up
to individual 2’s marginal damage schedule (MD2). We make the reasonable
assumption that as individual 1’s consumption of this commodity increases, the
marginal damage to individual 2 rises along MD2. True or social marginal cost of
this commodity is the private marginal cost to individual 1 plus the consequent
marginal damage to individual 2 (MCR + MD2). Optimal consumption of this
commodity, therefore, is at RS where individual 1 would equate his marginal
benefit to the true social cost. How can we persuade this individual to move from
R0 to Rs? We will discuss some simple methods that have been used to address this
problem.

(i) The Coase solution

Coase would rely upon the market mechanism. He argues that the essential reason
why the market mechanism is failing here is because there are no incentives for
individual 1 to move from R0 to Rs. Suppose individual 1 is given property
rights over the consumption of this commodity. It is now up to individual 2 to
persuade 1 to reduce consumption of this commodity. At the margin, individual
2 would be willing to offer individual 1 an amount equal to MD2 to reduce
consumption by one unit. So long as MD2 exceeds the net gain to individual
1 from consuming this commodity (MB1 – MCR) individual 1 would be willing
to reduce consumption.

This process of offering inducement to reduce consumption will go on until
MD2 = MB1 – MCR (i.e., where MB1 = MD2 + MCR). At this point individual
2 will not be able to persuade individual 1 to reduce his consumption of this
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commodity any further. Thus, through a process of mutual bargaining and without
state intervention, the two parties reach a solution which is Pareto optimal.
Please note that this process involves transfer of resources from individual 2 to
individual 1.

(ii) Pigovian taxation

Suppose individual 1 could be taxed in a lump-sum manner an amount equal
to MD2. Effectively, then, the private marginal cost for individual 1 becomes
MD2 + MCR. He will equate his marginal benefit to this and, thus, arrive at a
Pareto optimal situation. This situation requires state intervention. It also requires
the tax on individual 1 to be of a lump-sum nature. If the tax were distortionary then
it would impose its own dead-weight loss on individual 1 and a first-best solution
would be precluded. Realize, once again, that there is a transfer of resources from
individual 1 to the government.

(iii) Pigovian subsidization

A direct parallel to method (ii) is to subsidize (in a lump-sum manner) reduction
of individual 1’s consumption of the commodity to the extent of MD2. This would
raise the opportunity cost of consuming to (MCR +MD2). Individual 1 would then
find it optimal to reduce consumption to the socially optimal level. Once again, the
distribution of resources has to be changed in order to reach the Pareto optimum
position.

(iv) Liability laws

Individual 1 could be made liable to individual 2 for the damages that he inflicts
upon him. This will raise the cost of consumption to him and ensure that the
socially optimal amount of the commodity gets consumed.

An important aspect of the solutions listed above is that the distribution of
resources is altered to reach the Pareto optimal allocation. Hence, the independence
of the allocative mechanism from the desired Pareto optimal allocation is
compromised. The distinction between the goal and the means to reach it, so
important in classical welfare theory, is no longer possible to make. Another
relevant point is that whereas other methods rely on government intervention, the
Coase solution in particular is able to function without any state intervention apart
from fixing property rights. This attribute has, of course, made the Coase solution
the subject of considerable research.

Arrow (1977), for example, argues that the optimality of the Coase solution
cannot be taken for granted when we have uncertainty. He considers an extreme
form of externalities with non-rivalrous consumption (a pure public good,
considered in Chapter 5) in an exchange economy. There are two goods in this
economy: a public good (G) and a private good (x) and two consumers 1 and 2. It
is costless to transfer the public good into the private good and vice versa. In this



84 The theory of public expenditure

case the conditions for Pareto-optimal allocation will turn out to be that the sum
of the mrs for the two goods by the two individuals should turn out to be equal to
the mrt (= 1).

mrs1
G,x1

+ mrs2
G,x12

= 1 (4.3)

where xi is consumption of the private good by individual 1 and mrsi is person
1’s marginal rate of substitution. Total wealth in this economy is w so that:

x1 + x2 + G = w. (4.4)

We would like to pursue the Coase method of finding a Pareto optimal solution
for this economy. We will assume that both x and G are normal goods in the
preferences of both individuals so that if there is no agreement about the production
of the public good and each individual is forced to consume his initial endowment
(wi) as the private good then utility is lowered. In other words:

Ui(xi,G) ≥ Ui(wi,0). (4.5)

The two individuals are free to choose any allocation they like (without state
intervention), but if they fail to reach agreement then there is zero production
of the public good and each individual consumes his initial endowment as the
private good.

Suppose individual 1 makes an offer to 2 which 2 can either accept or reject. If
we are operating in the world of certainty so that utility functions are known, 1’s
optimal strategy would be to maximize his own utility subject to:

x1 + x2 + G = w and U2(x2,G) ≥ U2(w2,0). (4.6)

This is precisely a Pareto optimizing exercise and we would expect a Pareto
optimum outcome. So the Coase solution is optimal in this case.

Now, let us bring uncertainty into the picture. For the sake of simplicity, let
us suppose that uncertainty enters the picture through lack of knowledge about
utility functions. In particular, individual 1 knows that individual 2 has utility
function U2

a with probability �a and utility U2
b function with probability �b with

�a +�b = 1. There are three feasible offers that individual 1 can now make:

Offer 1: Individual 1 offers A∗ = (x∗
1,x

∗
2,G) so as to max U1(x1,G) subject to

x1 +x2 +G = w and U2
a(x2,G) ≥ U2

a(w2,0) and U2
b(x2,G) ≥ U2

b(w2,0).

Offer 2: Individual 1 offers Aa = (xa
1,x

a
2,G) so as to max U1(x1,G) subject to

x1 + x2 + G = w and U2
a(x2,G) ≥ U2

a(w2,0).

Offer 3: Individual 1 offers Ab = (xb
1,x

b
2,G) so as to max U1(x1,G) subject to

x1 + x2 + G = w and U2
b(x2,G) ≥ U2

b(w2,0).
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Offer 1 has all the chances of being accepted by individual 2. But it is sub-optimal
because individual 2’s utility function is either U2

a or U2
b, not both. Hence, there is

an additional constraint here which will reduce welfare. Offer 2 will be rejected
with probability �b and Offer 3 with probability �a. Therefore, the Coase solution
will no longer guarantee Pareto optimality.

4.3 A policy example: the pricing of education

Let us study the problems associated in dealing with externalities in the case of
education. Suppose education, apart from imparting earning capability to students,
also has external effects. An educated person might, for example, be considered
a role model for others. The importance of this kind of external effect might be
more for the disadvantaged groups of society but it is probably non-negative for
almost all strata of society. Given this fact, what kind of price policy for education
should be adopted? The analysis here is based on the seminal work of Ordover
and Willig (1979) and others.

We start out by making some simplifying assumptions. Assume that we can
carry out a partial equilibrium exercise, i.e., the externality producing activity we
are considering has no implications for the rest of the economy. Similarly, what
happens in the rest of the economy does not affect the education sector. We will
further assume that (private) benefits and external effects can be measured in the
same units (money). We will assume that the joint distribution of people over
private benefits and external effects is known.

By getting educated a person derives private benefits B and generates external
effects E. The social marginal cost of education, c, is constant. Society and,
sometimes, the individuals themselves, are imperfectly informed about their
benefits and external effects from education but the joint distribution �(B,E)
of people over B and E is common knowledge. Thus, high-school education
may mean different things to different people. A poor student may seek a job
immediately after graduation whereas her richer classmates may opt for more
education. However, the poor girl also comes from a poor neighborhood where
her success is a source of inspiration to her disadvantaged friends. The rich student
lives in a neighborhood where almost everyone is highly educated so that the
external effects generated by her education may be quite limited. We can think of
the following types of pricing rules for education.

Pure price subsidy

Suppose there is a common fee for all students. Each prospective student will have
a reservation price for education, i.e., if education costs more than the student’s
reservation price it will not be worthwhile for her to pursue studies.

The government recognizes this and also realizes that students are generating
external effects that benefit society but which the individuals are in no position to
realize as personal gain. It is in society’s collective interest to encourage education,
particularly of the less advantaged sections who are generating the most significant
externalities. Suppose the government decides to do this by introducing a uniform
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subsidy for all students. What is the effect of this policy and what are its merits
and demerits? To these questions we now turn.

The optimal uniform subsidy is determined by maximizing:

W =
∞∫

p

∞∫
0

(B + E − c)�(B,E)dB dE (4.7)

where p is the price of education, � (B,E) is a continuous distribution over B and
E so that (B + E − c) is the net social gain from this person getting educated.
The private benefit will range from the price charged (p) to ∞ whereas the
external effects from any particular student could range from 0 to ∞. The fixed
marginal cost to society is c. Society would choose p to maximize the expression
in equation (4.7).

Performing this maximization we have:

∂W/∂p = −
∞∫

0

(B + E − c)�(B,E)dE = 0

which implies:

p∗ +�(E/p∗) = c (4.8)

where p∗ is the optimal price, �(E/p∗) is the average externality generated when
the price is p∗. Remember that there is only one price for everyone. Thus students
having a B level higher than p∗ will get educated. The average externality
generated from these students is �(E/p∗). The lefthand side of equation (4.8)
is the marginal social gain from education whereas the righthand side represents
the marginal cost. Optimum occurs, not surprisingly, when social marginal gain
equals marginal cost. As a single price rule, equation (4.8) makes eminent
sense.

But a single price rule is not necessarily the best possible rule available to the
government. We see this in Figure 4.2.

In Figure 4.2 we have drawn the B + E = c line which shows various
combinations of B and E which give the same marginal cost c. We have also
drawn the optimal price line p∗ and a 45o ray along which B = E. Above the
B + E = c line we have B + E > c and below it we must have B + E < c.
The p∗ line divides the population into two interesting sets. One is K1K2K5

(the set of people for whom B + E < c but since their B > p∗ they go to
school) and the other is K2K3K4 (for whom B + E > c but since B < p∗ they
do not go to school). Roughly speaking, the first set of people consists of
‘rich’ students with low external effects and the latter of ‘poor’ students with
high external effects. A single price rule, therefore, errs in both direction. It
excludes people with high social benefits and includes people with low social
benefits. This naturally leads us to consider screening mechanisms that depend on
self-selection.
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Figure 4.2 Pricing of education.

Screening mechanisms

Instead of a single price, suppose we can adopt a dual price system. Suppose
that we can distinguish between two broad classes of students – those with
annual parental income lower than $40,000 and those with greater parental
income. The former group is said to have characteristic � and has a joint
distribution over B and E labeled �� (B,E) whereas the latter group has the
distribution �̄�. It is assumed that both these distributions are known. We
can now define aggregate welfare as the sum of that arising from these two
groups.

Students with characteristic � have to subject themselves to a test to determine
whether they truly belong to this group. The test costs s. Students who do not
belong to this group do not have an incentive to cheat because they have to pay
the testing fees and, if they are caught, go back to paying the higher fees plus
penalties. Social welfare can now be written as:

W =
∞∫

p

∞∫
0

(B + E − c)�̄�(B,E)dBdE +
∞∫

p�

∞∫
0

(B + E − c − s)��(B,E)dBdE

(4.9)
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Presumably, students with characteristic � pay a lower fee. Optimal prices for the
two groups will satisfy:

(for the non-� group)

p∗ +�(E/p∗) = c (4.10)

(for the � group)

p�
∗ +��(E/p�

∗) = c + s (4.11)

where p∗ is the price charged to the non-� group whereas p�∗ is the price charged
to the � group. � and �� are, respectively, the average externality levels for the
non-� and the � groups.

This set of prices clearly improves upon the earlier single price policy. The
higher price for the non-� group excludes some students with high Bs and low Es
whereas the lower price for the � group includes some students with high Es but
low Bs.

It is, in principle, possible to classify the population into several different char-
acteristics and have a real multiplicity of prices. But imagine the administrative
difficulties! This policy retains its attractiveness only if the number of criteria as
per which we classify the population is relatively small. We should, therefore,
look at other methods if we wish to improve upon the performance of the pricing
system. We discuss some of these now.

Conditional perfect price discrimination (cppd)

This is a policy which can usefully be appended to any price program. Suppose
students know their Bs and Es but the government does not. Under this program
students can get their Bs and Es tested for a small fee f (the cost of screening).
Screening will be carried out only if B + E > c + f . If this criterion is met, the
student gets back his fee and is offered a price just below his measured B so as
to ensure that he will opt for education. Once again, there is no room for adverse
selection. If a student cheats he can be detected. Not only will he not get the lower
price but his application fee will also not be returned. Thus adverse selection is
ruled out, by assumption – practically.

This system of personalized prices is clearly a desirable improvement. In fact,
B + E ≥ c + f is the first-best method of allocating fees among the students.
Obviously, with a large population it will be hard to institute a program of cppd
as the only pricing mechanism. It is more likely that cppd will be added on to an
existing program of price subsidy.

Conditional perfect internalization (cpi)

This policy is particularly useful in cases where the Es are very high, but the
measured Bs are low. An example might help. Let us compare two hypothetical
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adult education groups. One is a bunch of highly motivated social workers with
low salaries. The other is sponsored by a large business house which gets tax
write-offs for the amount it spends on this group. Both groups have high Es but
the second group has high Bs as well. The problem for the policy-maker is to
determine how to supply education material to the two groups. Here we may want
to screen people only by their Es.

The policy-maker announces an E verification test for people with Es equal to
some prespecified value. The cost of verifying E, say e, is less than the f , cost of
verifying B as well as E. Those with a particular value of E say Ê are offered a
special price p(Ê). Social welfare from this group is:

W(Ê) =
∞∫

p(Ê)

(B + Ê − c − e)�(B,E)dB (4.12)

Maximization with respect to p (.) yields the following optimal pricing rule:

p∗(Ê) =
{

(c + e) − Ê if < Ê < c + e

0 if Ê ≥ c + e

}
(4.12)

People with E = Ê will participate in the program if their B is larger than p∗(Ê).
Since it is assumed that the E of an individual can be measured accurately, adverse
selection is ruled out, by assumption.

This process yields a perfect allocation relative to the information cost e. If
Ê ≥ c+ e then the agents are all desirable and it is only appropriate that they face
a zero price. For those with B ≥ c + e − Ê the imposition of p∗(.) implies that
B + E ≥ c + e and this is only appropriate.

One can visualize the consequences of cpi with the help of Figure 4.3. In this
diagram we are screening on the externality level Ê. The line B + E = c + f is
drawn parallel to and above the line B + E = c + e, since screening costs under
cppd are larger than under cpi. p is the optimal price under the pure price subsidy
scheme (drawn for purposes of reference).

People having E levels equal to Ê have B levels ranging from 0 to N. People
who lie on the segment MZ1 will switch from cppd to cpi (since they will now have
to pay a lower price) and will save society (f-e) in screening costs (per person).
People who lie on the segment Z1Z2 were excluded from the cppd (because their
B+E < c+ f ) but can now participate in the program and thus generate external
effects. People on the segment Z2Ê are excluded even from cpi. These are the
plus points of cpi. However, with cpi people on the segment MN who could have
paid a higher price end up paying a lower price. Remember that in cpi everybody
with the same Ê gets a lower price and the Bs are not particularly relevant. The net
usefulness of cpi then depends on which effects are stronger, i.e., on the distribution
of agents along ÊN. Moreover, for cpi to be useful E levels have to be quite high.
It would be wasteful to try cpi at a low E level.
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Figure 4.3 Conditional perfect internalization and conditional perfect price discrimination.

4.4 Common property resources

We now study another example of external effects. This has been referred to in
the literature as common property resources or the tragedy of the Commons.

Suppose that production in an industry takes place as per a standard neoclassical
production function:

x = x(L,F) (4.13)

where x is the output of this industry, L is the labor employed and F is the quantity
of some fixed factor of production. This latter factor of production is available
free of cost. The classic example is grazing land for cattle.

Suppose, initially, that this land is owned by one producer who realizes the
necessity of upkeep of the land. The only input that this producer actually has to
pay for is labor. Labor is available in a competitive labor market at a wage of w.
This producer is a perfect competitor in the market for his product and, therefore,
takes the product price (p) as given. The marginal cost of the product is, therefore:

MC = wdL/dx = w/MPL (4.14)
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Figure 4.4 Equilibrium with unpriced factors.

where MPL is the marginal product of labor. In equilibrium, therefore:

p = MC (4.15)

This equilibrium is depicted in Figure 4.4. Profits labeled abcd are not actual
profits because they are used for the upkeep of the unpriced factor of production.
Optimal production is at X0.

Suppose, now, that this resource is not owned by a single producer but is freely
available to all. Producers will now no longer recognize the necessity of the upkeep
of the land. The area abcd in Figure 4.4 will be recognized not as an amount
necessary for the upkeep of the land but as ‘profits’. The ‘no-profit’ competitive
equilibrium occurs at Xc, where no provision will be made for the upkeep of the
land and the land will decay in quality. Hence, the tragedy of the commons.

The solution to the tragedy of the commons lies in either entrusting this land
to one producer or imposing a tax on competitive producers of the amount abcd
which will force them to produce at X0 and the proceeds of the tax could go toward
the maintenance of the property. For practical reasons, the former line of action is
likely to be more attractive.
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4.5 Multilateral externalities

In many cases externalities are generated and affect several persons at the same
time. Examples are industrial pollution, smog caused by traffic, noise pollution
by airplanes near an airport and so on.

In the case of such multilateral externalities a distinction can be made between
depletable (or private or rivalrous) multilateral externalities and non-depletable
(or public or non-rivalrous) multilateral externalities. For example, if someone
dumps litter on someone else’s property then he has that much less litter to dump on
some other person’s property. This is an example of a depletable externality. The
amount of air pollution experienced by a resident of Los Angeles is not reduced
by the fact that so many other residents of that city are also experiencing this
pollution. This is an example of a non-depletable externality.

We shall assume that agents who create multilateral externalities are different
from those who suffer from it (although this assumption is not essential).1 It is
possible to show that market solutions may work reasonably well for depletable
multilateral externalities but will not work for non-depletable externalities. We
proceed to do so now.

There are n goods produced by N producers indexed by j; there are M consumers
indexed by i. Let the private price vector of these n goods be p. Let the level of
externalities generated by the jth producer be ej and let us write the profit of the jth
producer as a function of ej as �j(ej). Let the externality experienced by the ith
consumer2 be hi and her utility as a function of the amount of externality she
experiences be �i(hi). We will assume that �′

i < 0 and that �′′
j < 0 and �′′

i < 0

where a prime (′) denotes a partial derivative.)

Depletable externalities

From our earlier discussion we know that the market mechanism will lead to a
non-Pareto optimal allocation. We can write the Pareto optimizing exercise for
this problem as one of maximizing total utility and total profits as a function of
the amount of externalities generated. Thus we write:

Max
(e1,...,eN)≥0
(h1,...,hM)≥0

M∑
i=1

�i(hi) +
N∑

j=1

�j(ej) (4.16)

subject to

M∑
i=1

hi =
N∑

j=1

ej (4.17)

Equation (4.17) expresses the fact that the externality being considered is
depletable. The total amount of externality generated by firms must equal the total
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amount of externalities experienced by consumers. If we let � be the Lagrange
multiplier on this constraint the first-order conditions can be written as:

�′
i(h

∗
i ) ≤ � with equality if h∗

i > 0 (i = 1, . . .,M) (4.18a)

−�′
j(e

∗
j ) ≥ � with equality if e∗

j > 0 ( j = 1, . . .,N) (4.18b)

where a star (∗) refers to an optimum value. Equations (4.18a) and (4.18b)
characterize the optimum for this economy. If h∗

i and e∗
j are both positive then

these two equations say that the marginal ‘gain’ to the consumer (�′
i) should be

equal to the marginal ‘loss’ to the producer −�′
j. From what we know of the Coase

solution we can say that if property rights were well defined and there were a large
number of producers as well as consumers,3 then the market would lead us to the
optimal solution depicted by equation (4.18).

Non-depletable externalities

Suppose now that externalities are not depletable. To make things concrete assume

that each consumer experiences the total amount of externalities
(∑

j ej

)
generated

by the producers. The Pareto optimum exercise can now be written as:

Max
(e1,...,eN)

M∑
i=1

�i

⎛
⎝ N∑

j=1

ej

⎞
⎠+

N∑
j=1

�j(ej) (4.19)

The first-order conditions for Pareto optimality can now be written as:

M∑
i=1

�i
′
⎛
⎝ N∑

j=1

ej

⎞
⎠≤ −�′

j(ej) for all j and with equality if e∗
j > 0. (4.20)

This is exactly parallel to the Pareto optimum conditions for a public good derived
and discussed in detail in Chapters 5 and 6.4 Apart from the relevance of the
optimality conditions derived in these two chapters another factor that will become
relevant5 is that under private production too much of the private bad will be
produced.6

Hence, with multilateral externalities of the non-depletable kind we move
inexorably to a study of non-rivalrous behavior, which is the hallmark of public
goods.7 In such cases, it would become important for the government to intervene
in the operation of the market mechanism. If there was complete information8 then
the government could design mechanisms that would satisfy equation (4.20). In
any event, even in the absence of complete information, the government is likely
to do a better job of regulating non-depletable multilateral externalities than the
private mechanism.
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4.6 Conclusions

In this chapter we have studied various aspects of the theory of external effects. We
have tried to understand the cases in which the market fails to allocate resources
efficiently and what can be done to correct this. We have also tried to highlight
situations where the market may not work at all. In such cases the government
might be able to do a better job provided the costs of government intervention do
not outweigh the benefits.

Another problem with externalities9 is that sometimes the presence of external
effects leads to non-convexities. Suppose a firm’s production function (without a
beneficial external effect) displays constant returns to scale. With the beneficial
external effect, increasing returns might set in and the assumption of convex
production sets might be belied. This has serious implications for the very existence
of a competitive equilibrium, as noted by Arrow and Hahn (1971). One way
of getting around this (in the context of public sector pricing) is discussed in
Chapter 17.

In the next chapter we discuss an extreme case of externalities – public goods.
Consumption of such goods is non-competitive or less competitive than that of
private goods.

Notes

1 Throughout we will concentrate on negative (harmful) externalities.
2 We will assume that each consumer has a quasi-linear utility function with respect to a

numeraire ordinary good.
3 So that price taking is guaranteed.
4 The only difference here is that we have a public ‘bad’ as opposed to the public good as

discussed in Chapters 5 and 6.
5 Also discussed in Chapter 5.
6 As discussed in Chapter 5 with private production too little of a public good is produced.
7 Or public bads.
8 A tall assumption indeed.
9 One which we have not broached in this chapter.

Additional reading

Boadway and Bruce (1984) and Boadway and Wildasin (1984) provide excellent
treatment of external effects. More advanced treatment can found in Green (1973).
See also Buchanan (1968), Mishan (1971) and Head (1974).



5 The theory of pure public goods

Key concepts: pure public goods; Samuelson conditions for optimality;
intermediate public goods; distortionary taxation and public goods; the
free-rider problem; Lindahl–Wicksell, Groves–Loeb, Groves–Ledyard
and Groves–Clark–Vickrey mechanisms; private provision of public
goods; median voting theorem and single-peaked preferences; logrolling.

5.1 Introduction

Public goods are an extreme form of externalities. Their consumption is non-
competitive. The entire amount of your consumption for a pure public good
enters my utility function. If the local store has six loaves of bread and I buy
two of them, then there are only four left for you. Your consumption and mine are
competitive. But, if the Air Force adds another squadron of fighter planes, then
that means additional protection for both you as well as me. Our consumptions
are non-competitive. Defense is a public good, whereas bread is a private
good.

Public goods can be of various types: pure public goods like defense services,
impure or crowdable public goods such as a neighborhood park, local public goods
such as the sewerage system of a town and so on. Some problems associated
with public goods are common to all of them whereas others are peculiar to
particular types of public goods. We shall discuss some of these problems in
this chapter. We begin, however, with a reworking of the conditions for Pareto
optimality in an economy with pure public goods. We consider two cases: when
the public good is an item of final consumption and when it is an intermediate
good. This analysis assumes that public goods are provided by imposing lump-
sum taxes. We later relax this assumption to derive the Pareto optimal supply
of a public good when the public good is financed with distortionary taxation.
Since the consumption of public goods is non-conflicting, it follows that people
will have an incentive to understate their true preferences for the public good.
This is the so-called ‘free-rider’ problem. This problem is studied here and
efforts to get around this difficulty are examined. We also (briefly) explore voting
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models of public goods as well as the theory of private provision of public goods.
The analysis in this chapter follows the work of Boadway and Wildasin (1984)
and Oakland (1987).

5.2 Pareto optimality with pure public goods

Suppose we have two goods in an economy – a private good x and a pure public
good G. Suppose, further, that both are consumption goods and produced as per a
standard transformation function (production possibility curve) F(x,G) = 0. There
are two consumers in this economy: 1 and 2. What are the conditions for Pareto
optimality in this economy? Let us analyze this problem diagrammatically in a
manner portrayed by Samuelson (1954, 1956). We depict this in Figure 5.1. In the
upper panel of this figure we draw the production possibility curve PP′. To conduct
a Pareto optimum exercise we keep the utility of individual 2 fixed at 
U2 (depicted
as an indifference curve) in the upper panel of Figure 5.1. Individual 1 has available
to him the excess of production over what is given to individual 2. Remember
now that both consumers consume the full amount of the public good. Hence
we obtain the consumption possibilities available to individual 1 by vertically
subtracting consumption levels of commodity x for the individual 2 along 
U2

x

C C′

P′

U2

G

G

x

P

0
Indifference
curves of 
individual 1

G*

Figure 5.1 Samuelson conditions for Pareto optimality with pure public goods.
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from the production possibility frontier. This is the consumption possibility set
for individual 1 and is depicted as COC′ in the lower panel of Figure 5.1.

Also drawn in the lower panel of Figure 5.1 are the indifference curves of
individual 1. To conduct a Pareto optimum exercise we maximize individual 1’s
utility subject to this consumption possibility set. Optimum occurs at point 0 where
an indifference curve is tangent to the consumption possibility frontier.

Now, at zero, the slope of the consumption possibility frontier is equated with the
slope of the indifference curve. Since the consumption possibility set is obtained
by vertically subtracting the indifference curve 
U2 from the production possibility
frontier, its slope is equal to the slope of the production possibility frontier less the
slope of individual 2’s indifference curve: (mrtx,G −mrs2

x,G). Thus, in equilibrium,
we have:

mrtx,G − mrs2
x,G = mrs1

x,G or mrs1
x,G + mrs2

x,G = mrtx,G. (5.1)

In other words, the sum of the mrs should equal the mrt. This condition cannot be
satisfied in the case of the market economy because each consumer would equate
his own mrs to the mrt.

Mathematically, this derivation proceeds as follows. The two utility functions
are written as: U1(x1,G) and U2(x2,G). The production possibility frontier is
written as F(x1 + x2,G) = 0. To conduct a Pareto optimum exercise we wish to
maximize individual 1’s utility while keeping individual 2’s utility at a fixed level

U2. Forming the Lagrangean, we have:

� = U1(x1,G) +�1[U2(x2,G) −
U2]+�2[F(x1 + x2,G)]. (5.2)

First-order conditions are:

∂�/∂x1 = ∂U1/∂x1 +�2F1 = 0 (5.3a)

∂�/∂x2 = �1∂U2/∂x2 +�2F1 = 0 (5.3b)

∂�/∂G = ∂U1/∂G +�1∂U2/∂G +�2F2 = 0 (5.3c)

∂�/∂�1 = ∂�/∂�2 = 0 (5.3d)

From equation (5.3c) we get: ∂U1/∂G +�1∂U2/∂G = −�2F2 so that:

[∂U1/∂G +�1∂U2/∂G]/F2 = −�2

From equations (5.3a) and (5.3b) we get:

[∂U1/∂x1]/F1 = [�1∂U2/∂x2]/F1 = [∂U1/∂G +�1∂U2/∂G]/F2.
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Cross-multiplying and rearranging, we have:

F2/F1 = [∂U1/∂G]/[∂U1/∂x1]+ [∂U2/∂G]/[∂U2/∂x2] (5.4)

In other words, mrt = sum of mrs.

Pure public goods as intermediate goods

It is easy to derive the conditions for Pareto optimum supply of a public good
when it is an intermediate good. We work with the example discussed by Oakland
(1987). Consider an economy of N individuals and R firms. Each firm produces
the same private good, x, using labor input L, and an intermediate public good
G. This public good has the property that its use by one firm does not reduce its
availability to other firms. Thus the production function of the jth firm can be
written as:

xj = xj(Lj,G)

j = 1, . . . ,R
(5.5)

The production function for the public good can be written as:

G = G(LG) (5.6)

where LG is the amount of labor used in the production of the public good. We
will assume that G′ > 0 and G′′ < 0. In addition, the sum of the labor demands for
the production of x and G must add up to labor supply.

∑
j

Lj + LG =
∑

i

Li (5.7)

where Lj is the labor demand of the jth firm and Li is the labor supply of the
ith individual. The utility functions of the individuals are written as functions
of the private good consumed and the amount of labor supplied: Ui(xi,Li)
(i = 1, . . . ,N).

To find the Pareto optimum condition we form the Lagrangean:

�= U1(x1,L1) +
N∑

i=2

�i(U
i(xi,Li) −
Ui) +�

⎡
⎣ R∑

j=1

Lj + LG −
N∑

i=1

Li

⎤
⎦

+�

⎡
⎣ R∑

j=1

xj −
N∑

i=1

xi

⎤
⎦+

R∑
j=1

	j(xj − xj(Lj,G(LG)).

(5.8)
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The first-order conditions are as follows:

∂�/∂x1 = ∂U1/∂x1 −� = 0 (5.9a)

∂�/∂L1 = ∂U1/∂L1 −� = 0 (5.9b)

∂�/∂xi = �i∂Ui/∂xi −� = 0(i = 2, , , .N) (5.9c)

∂�/∂Li = �i∂Ui/∂Li −� = 0(i = 2, . . . ,N) (5.9d)

∂�/∂Lj = −	j∂xj/∂Lj +� = 0( j = 1, . . . ,R) (5.9e)

∂�/∂xj = 	j +� = 0( j = 1, . . . ,R) (5.9f )

∂�/∂LG = −
R∑

j=1

	j(∂xj/∂G)(∂G/∂LG) +� = 0 (5.9g)

We can rearrange the above first-order conditions in the following more convenient
form:

(i) −(∂Ui/∂Li)/(∂Ui/∂xj) = −(∂Uk/∂Lk)/(∂Uk/∂xj) = ∂xj/∂Ls

(i,k = 1, . . .,N; j,s = 1, . . .,R) (5.10)

(ii)
R∑

j=1

∂xj/∂G = (∂xj/∂Lj)/(∂G/∂LG)( j = 1, . . . ,R) (5.11)

Equations (5.10) state that the marginal valuation of work must be the same for all
individuals and also be equal to the marginal productivity of labor in the production
of private goods. The second condition is the Samuelson condition in case the
public good is an intermediate good. It states that the aggregate marginal product
of the public good input should be equal to the amount of private good forgone by
producing the marginal unit of the public good. Thus, in place of adding the mrs
of various consumers we add the marginal valuations of different firms using the
public good input. Since the use of the public good by firms is non-competitive,
it also follows that price exclusion for the public good input may be undesirable
and even infeasible. Finance of the public good input must take place from some
other revenue sources.

5.3 Public goods with distortionary taxation

In the analysis above, it has been implicitly assumed that the financing of the
public good creates no distortions of its own, in other words, the public good
is financed by a lump-sum tax. In the real world, this is rarely the case. Hence,
it is more realistic to assume that the public good is financed by a distortionary
taxation. The benefits of the public good must now be weighed against the welfare
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loss from distortionary taxation. Clearly, then, the Samuelson rule will imply a
greater than optimal production of the public good and a new rule for the supply
of the public good must be derived. We proceed to do this now.

We take the simple case where only labor is necessary for the production of the
private as well as the public good. Labor is paid its marginal product (measured in
terms of the private good), �. If there are N workers, the production possibilities
of this economy are adequately defined by:

N�L = pG + Nx (5.12)

where L represents labor supply by the representative worker, and p is the cost of
the public good in terms of the private good whose price has been normalized to
unity.

Suppose now that the public good is financed by a tax of rate t on private goods.
Then we must have as the government’s budget equation:

txN = pG (5.13)

if the private good is sold at its marginal cost.
The representative individual will behave so as to maximize:

U = U

(
x+,L−,G+

)
(5.14)

where a sign below an argument denotes the sign of the corresponding partial
derivative. The budget constraint for this consumer is:

x = [�/(1 + t)]L = ωL. (5.15)

The amount of public good is taken as given by the individual. Setting up the
Lagrangean for the individual we have:

� = U(x,L,G) +�[ωL − x] (5.16)

so that the first-order conditions imply:

∂U/∂x = � (5.17a)

∂U/∂L = −�ω. (5.17b)

This would yield a labor supply function of the form:

L = L(ω,G). (5.18)

To arrive at the social optimum for this economy we should maximize
NU(ωL,L,G) subject to:

(�−ω)NL = pG (5.19)
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which yields as first-order conditions:

N[(∂U/∂G)/(∂U/∂x)] = (N�/�)[p − Ntω(∂L/∂x)] (5.20)

and �/� = 1/(1 − tε) (5.21)

where ε = (∂L/∂ω)(ω/L) is the elasticity of the supply of labor with respect to
the real wage and � is the Lagrange multiplier associated with the constraint
(5.19). The Samuelson rule, N[(∂U/∂G)/(∂U/∂x)] = p holds only if labor supply
is invariant with respect to tax rates, i.e., ε= 0. Thus, if labor supply rises with the
real wage then satisfying the Samuelson condition would lead to an oversupply
of the public good.

5.4 The free-rider problem

One very significant problem with public goods and externalities in general and
pure public goods, in particular, is that of incentive compatibility. It is best to
study this problem in the context of pure public goods where it is most vivid.
When consumption is not competitive, it follows, in particular, that one cannot
use prices to prevent consumers from consuming the public good. Whether you
pay your taxes or not, the Air Force will protect you from foreign aggression.
From this, it is a short step to suggest that, as atomistic agents, individual
consumers would have a tendency to understate their demand for the public
good in order to avoid paying for it. Hence, there will be a shortage of funds
to pay for the public good and there will be drastic underproduction. How do we
get over this difficulty? It turns out that overcoming it is not an easy problem
at all. This problem has also, sometimes, been called the free-rider problem.
So far as the public goods are concerned, every consumer wants to have a
free ride.

Revealing true demand for public goods is a problem, hence financing the public
good is a problem. Ideally, we would like to devise a non-cooperative game such
that the Nash solution is one where (a) the supply of the public good is Pareto
optimal; (b) everyone finds it in his self-interest to tell the truth; given that we do
not want allocative repercussions on the rest of the economy (c) the public goods
budget is balanced.

We will discuss some important attempts to solve the free-rider problem.
Unfortunately none of them is truly satisfactory. Let us discuss these attempts
seriatim.

The Lindahl–Wicksell mechanism

The Lindahl–Wicksell mechanism may, at only marginal risk of oversimplifica-
tion, be called the market’s solution to the problem of public goods. We will
study this and some other mechanisms within a very simple context since our
aim is to focus on the incentive structure rather than complication for the sake of
complication.
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We have an N person exchange economy in which there is one commodity
which can be used either as a private good or (costlessly transformed) into a
public good. Hence, the marginal rate of transformation between the private and
the public goods is 1 and the conditions for Pareto optimum supply of the public
good is that the sum of the mrs between the private and the public good be equal
to 1. We assume that the individual’s utility function is separable in the public
good (G) and the private good (x), and takes the form:

Ui(G,xi) = Vi(G) + xi for individual i.

Each individual Vi(.) function is assumed to be concave so that we can graphically
depict it as in Figure 5.2.

If the individual consumers were to act on their own, then the free-rider problem
will ensure that the public good does not get produced. Now, let us suppose that
each individual has to pay a tax Ti to pay for the public good so that the ith
individual’s budget constraint is:

xi + Ti = wi, i = 1, . . . ,N (5.22)

where wi is the initial endowment of this individual.
Along with Lindahl and Wicksell we assume that the tax is linear so that:

Ti = tiG i = 1, . . . ,N (5.23)

and, naturally:

N∑
i=1

ti = 1 (5.24)

Ui = Vi(G) + Xi

Xi

G

Ui

Figure 5.2 The utility function.
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Let us look at this individual’s maximization problem under these conditions.
Individual i maximizes Vi(G) + xi subject to xi + Ti = wi. In other words, she
wants to maximize Vi(G) + wi − Ti since (xi = wi − Ti).

The first-order condition for a maximum is that: (dVi(G)/dG)− (dTi/dG) = 0,
or that the marginal utility from the public good equals the marginal (and average)
tax rate.

Diagrammatically, in Figure 5.3, the consumer’s optimum occurs when the
slope of the Vi(.) schedule equals ti or, in other words, when the gap between the
Vi and Ti schedules is the largest.

In Figure 5.3 the line OA with slope ti measures tax liability. To find i’s tax
liability, for any G, we refer to the schedule OA. If the individual had a choice
she would demand G∗ amount of the public good. The line Z1Z1 is parallel to
OA. Lindahl and Wicksell are after such a tax structure, but with the following
additional specifications:

(a) The supply of the public goods must be Pareto optimal, i.e.,
N∑

i=1

V′
i = 1. V′

i is the first derivative of the Vi schedule.

(b) The tax liability of any person should be linked, in the interest of fairness, to
the amount of benefits she receives from the public good.

Now, by the condition for utility maximization by the individual consumer
V′

i = T′
i = ti : so

∑
i V

′
i =∑

i ti = 1 so that the Lindahl–Wicksell mechanism
automatically satisfies stipulation (a) above.

Ui

Z1

Z1 Ui

A

GG*0
slope = ti

Figure 5.3 Lindahl equilibrium.
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In satisfying stipulation (b) we have the following problem. I, with a strong
preference for the public good, might want G∗ units of the public good, whereas
you, with a weaker preference for the public good, might want (at the same tax
rate) a smaller amount of the public good, G∗∗. But, by the very nature of a public
good, you and I must consume all of the public good.

Lindahl and Wicksell propose an iterative algorithm to solve this problem and
link this method with stipulation (b). The tax shares, ti, are interpreted as ‘prices’.
Let us begin, without any loss of generality, with ti = 1/N for all i. Some people
may want less of the public good and some may want more. Then the iterative
mechanism works as follows. Increase the tax share for those who want more of
the public good and reduce the tax shares of those who want less of the public
good. The demand of the former group should fall and the latter group increase.
This process can be repeated until there is convergence. Lindahl and Wicksell
assume that such convergence will be forthcoming.

Formally, then, a Lindahl equilibrium, is a set of personalized tax rates
t1, . . . , tN and an amount (Ĝ) of the public good such that; (i) each individual
wants the same amount (Ĝ) of the public good; (ii) Ĝ is a Pareto optimal supply
of the public good.

However, although the Lindahl–Wicksell logic is powerful and simple there are
a couple of very serious flaws with it: (i) The Lindahl–Wicksell mechanism is not
solving the free-rider problem – it is merely wishing it away. It is supposing that
an individual faced with a tax rate ti will honestly reveal her ‘true’ preference for
the public good. But the crux of the free-rider problem is that the individual finds it
strategically profitable to misrepresent preferences for the public good. (ii) There is
nothing to guarantee that the iterative process suggested by Lindahl and Wicksell
will converge. If this algorithm does not converge then the Lindahl–Wicksell
mechanism collapses.

The Groves–Loeb mechanism

Groves and Loeb have, in a number of articles, spoken of a very different method
of dealing with the free-rider problem. Below we discuss the main features of their
arrangement. There are points of detail which we purposely avoid. We study the
Groves–Loeb mechanism within the same structure as that of Lindahl–Wicksell.
However, the important difference is that there is a serious attempt to confront the
free-rider problem.

In the Groves–Loeb mechanism a public goods board is entrusted with the task
of supplying the public good. This board asks the people for their Vi schedules.
At this stage there is no presumption that this Vi schedule is true. The public
goods board also lets it be known that person i’s tax liability will be decided by
the rule:

Ti = Ĝ −
∑
j �=i

Vj(Ĝ) (5.25)
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where Ĝ is the amount of the public good supplied. Thus, my tax liability is the
amount of the public good supplied less the sum of utilities (from the public good)
of everyone except me. Let us for a moment suppose that everyone is telling the
truth about their preferences. We will see that under the Groves–Loeb mechanism
no one will have an incentive to lie. On obtaining information about the Vi(.)
schedules the public goods board decides on the optimal supply of the public
good by solving equation (5.26) for Ĝ:

N∑
i=1

V′
i(Ĝ) = 1. (5.26)

This is one equation in one variable and can easily be solved. We are also assured
that if people tell the truth about their Vi(.) schedules, then the public goods board
is assuring a Pareto optimal supply of the public good. How does individual i
decide which Vi schedule to report? This, of course, is the product of a rational
utility maximizing exercise. Consumer i maximizes:

Ui = Vi(Ĝ) + xi

subject to xi + Ti = wi which is tantamount to maximizing Vi(Ĝ) + wi − Ti or,
effectively, Vi(Ĝ)−Ti since wi is a constant and will vanish upon differentiation.
Substituting for Ti from equation (5.25) we have that the individual consumer is
trying to maximize:

Vi(Ĝ) −
⎡
⎣Ĝ −

∑
j �=i

Vj(Ĝ)

⎤
⎦ .

In other words, if everyone is telling the truth then this individual is trying to
maximize the net surplus from the public good:

[
N∑

i=1

Vi(Ĝ) − Ĝ

]
.

The public goods board could attempt to maximize this sum as well and yet

attain Pareto optimality. If the public goods board maximizes
[∑N

i=1 Vi(Ĝ) − Ĝ
]

with respect to Ĝ the first-order condition will yield precisely the Pareto optimum
condition:

N∑
i=1

V′
i(Ĝ) = 1.
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Hence, under these conditions, each individual consumer and the public goods
board are maximizing the same objective function. If any consumer were to
misrepresent his preferences, his ‘true’ welfare will be lowered. Therefore, it
is in everyone’s interest to tell the truth about his preferences for the public
good. This is an ingenious solution to the free-rider problem. But, unfortunately,
this does not mean that the problem has been solved. Although we have an
incentive compatible structure, and a Pareto optimal supply of the public good,
there is still one basic problem that is quite damaging for the Groves–Loeb
mechanism.

In the Groves–Loeb mechanism, nothing assures us that the public goods
board’s budget will be balanced. Nothing in this set-up ensures that:

N∑
i=1

Ti = Ĝ.

Remember that we are doing a partial equilibrium exercise and cannot appeal
to the rest of the economy to bail us out. That equilibrium cannot be upset without
causing incalculable damage. The solution to this problem must come from the
public goods sector itself. If we have a deficit in the budget of the public good
then we do not have a Pareto optimum supply of the public good. A different
class of problems arises if there is a surplus. This surplus will either have to be
given back to the consumers (in which case the tax mechanism is different from
that visualized in the Groves–Loeb scheme and, therefore, has different incentive
implications) or thrown away (in which case it involves waste and cannot be
optimal).

The Groves–Ledyard mechanism

This scheme is quite similar to the Groves–Loeb mechanism. In the present case,
people are asked to state not their Vi schedules but only their desired increment
(
i) in the quantity supplied of the public good. Hence, people might express their
views about the nation’s Air Force (a public good) by saying that they want three
more planes or five fewer.

For this mechanism to work well it is clear that initially we must have mutually
consistent desired increments (or there must be an iterative procedure which
converges fairly quickly) to make consistent initially inconsistent proposals by
members of the public. This is a problem with the Groves–Ledyard mechanism.

Turning now to the operational side of the story, the public goods board decides
on the amount of the public good, by summing up the desired increments of various
people:

Ĝ =
N∑

i=1


i. (5.27)



The theory of pure public goods 107

The public goods board sets taxes according to the rule:

Ti = (Ĝ/N) + (�/2)

⎡
⎣{(N − 1)/N}(
i − Ai)

2 −
∑
j �=i

{1/(N − 2)}(
j − Ai)
2

⎤
⎦

(5.28)

where

Ai = {1/(N − 1)}
∑
j �=i


j = {1/(N − 1)}(Ĝ −
i) (5.29)

and where � is some positive number. The first term in Ti, i.e., Ĝ/N allocates
an equal share of the cost of the public good to everyone. Ai is the mean of the
desired increments of the other (N −1) people and so long as 
i does not depend
on 
j, Ai is independent of 
i. Thus it is being assumed that individual i takes

j as a parameter when making an announcement of his desired increment (
i).
This is a Cournot–Nash type of assumption.

Having discussed the decision-making process of the public goods board we
proceed to a discussion of how individuals decide upon the 
i message to send
to it. A representative individual chooses 
i to maximize Vi(G) + xi subject
to xi + Ti = wi as before. In other words he wishes to maximize Vi(.) − Ti.
Substituting for Ti from equations (5.28) and (5.29) we have as the individual’s
problem:

max

i

Vi

⎛
⎝
i +

∑
j �=i


j

⎞
⎠− (1/N)

⎛
⎝
i +

∑
j�=i


j

⎞
⎠

− (�/2)[{(N − 1)/N}(
i − Ai)
2 −

∑
j�=i

(
j − Ai)
2/(N − 2)}]. (5.30)

Differentiating with respect to 
i, setting the derivative equal to zero and
rearranging we have:

V′
i

⎛
⎝
i +

∑
j �=i


j

⎞
⎠= (1/N) +{�(N − 1)/N}{
i − Ai}. (5.31)

Thus, person i chooses the
i that solves equation (5.31). This choice has certain
very desirable properties. Summing up the righthand side and the lefthand side
of equation (5.31) we get:

∑
i=1

V′
i

⎛
⎝
i +

∑
j �=i


j

⎞
⎠=

N∑
i=1

[(1/N) +{�(N − 1)/N}(
i − Ai)]
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or

N∑
i=1

V′
i(
i) = 1 +{�(N − 1)/N}

N∑
i=1

(
i − Ai). (5.32)

The last term on the righthand side is the sum of deviations from the mean
and must, therefore, sum up to zero. Hence in the Groves–Ledyard framework
the supply of the public good is Pareto optimal. Moreover, in the tax formula
the constant � can always be chosen so that

∑N
i=1 Ti = Ĝ and, therefore, that the

budget of the public goods sector is always balanced.
Hence, the Groves–Ledyard mechanism produces a Pareto optimal supply of the

public good, is incentive compatible and invariably manages to balance the budget.
However, we must necessarily temper our enthusiasm for the Groves–Ledyard
mechanism. The apparent success of this mechanism rests on the Cournot–Nash
assumption that 
i does not affect 
j. But suppose that individual i (or a proper
subset of individuals forming a coalition) decides to exploit the fact that he knows
the public goods supply rule. Then 
i would depend on 
j and the same first-
order conditions for utility maximization will not apply. Pareto optimality is no
longer assured. If more and more people recognize their mutual interdependence,
the model will break down. Certain equilibria may exist but there is no reason to
suppose that they will involve a Pareto optimal supply of the public good or that
they should be incentive compatible. In the face of enlightened strategic behavior
the Groves–Ledyard scheme breaks down. This scheme requires people to be
rational in a very narrow sense.

The Clark–Groves–Vickrey mechanism

This is another quite ingenious way of approaching the free-rider problem. An
outline of this mechanism is sketched below. We follow the exposition in Oakland
(1987).

The public goods board asks people for information on their utility schedules
just as in the Groves–Loeb mechanism. The announced utility schedules are called
Ṽi(.) whereas the true utility schedules are Vi(.). The public goods board then
collects all the Ṽi(.) schedules, adds them up,

∑
i Ṽi(Ĝ), and subtracts from them

the cost of providing the public good, say C(Ĝ).
The tax liability of agent i is stated as Ti where:

Ti = C(Ĝ)/N +
⎧⎨
⎩Fi −

∑
j �=i

[Ṽj(Ĝ) − C(Ĝ)/N]
⎫⎬
⎭ . (5.33)

Then Fi is defined as:

Fi =
∑
j �=i

[Ṽj(
G) − C(
G)/N] (5.34)
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where 
G is the public goods board’s chosen level of public activity when agent i
fails to submit his Vi(.) function.

Thus, 
G maximizes
∑

j �=i(Ṽj(G) − C(G)/N).
Thus Fi is the social surplus earned by all citizens other than i when i does

not submit a Vi(.) schedule. When i does submit a Vi(.) schedule, the surplus of
everyone except individual i is:

∑
j �=i

(Ṽj(Ĝ) − C(Ĝ)/N).

Thus Ti, the tax liability of individual i, consists of two components: (i) i’s
equal share of the total cost: C(Ĝ)/N; (ii) the difference between the social benefits
earned by everyone except i when i does not announce a Vi(.) schedule, and the
surplus for everyone except i when i does announce his Vi(.) schedule.

Now, every individual i knows that the public goods board will choose the level
of public activity to maximize net social benefit defined as:

N∑
i=1

[
Ṽi(G) − C(G)

N

]

which can also be written as:

Ṽi(G) − C(G)/N +
∑
j �=i

[Ṽj(G) − C(G)/N].

Individual i will manipulate his message Vi(G) so that the public goods board
provides i’s preferred level of the public good. We get this level by maximizing
i’s own true net benefits:

Vi(G) − Ti = Vi(G) − C(Ĝ)/N −
⎧⎨
⎩Fi −

∑
j�=i

[Vj(Ĝ) − C(Ĝ)/N]
⎫⎬
⎭ (5.35)

which can be rewritten as:

Vi(G) − C(G)/N +
∑
j�=i

[Ṽj(Ĝ) − C(Ĝ)/N]− Fi. (5.35a)

Now, this specification of the individual’s objective function corresponds to the
rewritten version of the objective function of the public goods board except that:

(i) Vi(G) need not equal Ṽ(G);
(ii) Ĝ need not equal G;
(iii) there is the term Fi in the individual’s maximand.
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However, from the point of the individual the term Fi is fixed since it depends
upon the messages of other agents. It is, therefore, irrelevant to individual i’s
decision problem of whether to send his correct message or not.

The difference between Vi and Ṽi is important. However, realize that just as
in the Groves–Loeb mechanism, it will not pay for the individual to lie about his
true preferences. If he does not lie, then the objective function of the public goods
board and that of the individual consumer coincide and this would only benefit the
individual. Misrepresenting his preferences would mean that individual i is not
maximizing utility.

So does the Vickrey–Groves–Clark mechanism solve the free-rider problem?
The answer is a definite no. There are three reasons for this:

(i) It is assumed that the Vi(.) does not depend upon the amount of the private
goods consumed. This assumption is not satisfied in practice.

(ii) If groups of agents form coalitions then they can improve their (joint) utility
position as shown by Bennett and Conn (1976).

(iii) The Vickrey–Groves–Clark mechanism will always run a budget surplus.
This mechanism raises revenue to cover production costs and also imposes
a tax on the ‘externality’ effect of each agent’s message to the public goods
board. This externality tax will cause the budget surplus. If this surplus
is returned to the agents then the incentives are completely changed and
incentive compatibility cannot be assured. If it is thrown away then it is a
waste and cannot be Pareto optimal.

These results make us think about a deeper problem. Is it possible at all
to solve the free-rider problem so as to ensure Pareto optimality, incentive
compatibility and a balanced budget? Hurwicz (1979a) and Laffont (1987) argue
that it is inherently impossible to do so. It may, therefore, be better to give up the
requirement of Pareto optimality altogether and recognize incentive compatibility
as an additional constraint. This would then enable us to recognize the free-
rider problem essentially as a problem in second best. This is the way in which
current models treat the twin problems of supply of a public good and optimal
taxation. See Stiglitz (1982, 1987); Boadway and Keen (1993); Boadway et al.
(1996).

5.5 Private provision of public goods

This is sometimes also called voluntary provision of a public good. The idea here
is to investigate how, in the absence of governmental intervention, private markets
would provide for public goods. The result would depend upon a number of things,
among them possibilities for exclusion, the number of individuals deriving utility
from the public good and so on. In most cases, it is the fact that there will be
an undersupply of public goods. In others, the market may do reasonably well.
Hence, we need to distinguish between some cases. We examine a version of the
example considered in Oakland (1987).
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Figure 5.4 Voluntary supply of public goods.

(i) No exclusion, small number of participants

Suppose there is a neighborhood occupied by two households (for convenience
call them 1 and 2). The neighborhood has very poor drainage and good drainage
is a public good in the sense that draining away of stagnant water undertaken by
either household benefits the other. Let Gi be the extent of drainage undertaken by
households i(= 1,2). Utility functions are Ui(G1 +G2,xi) where xi is the amount
of a private good consumed by the two households. Resources are limited by initial
endowments wi:

Gi + xi = wi. (5.36)

To begin with suppose that each household takes the amount of drainage
available as a datum. In that case each household will, upon maximizing utility,
satisfy the condition (a subscript denotes a partial derivative with respect to that
argument: Ui

x = ∂Ui/∂x:

Ui
G/U

i
x = 1, (i = 1,2). (5.37)

Solving equation (5.37) for households 1 and 2 we get the reaction functions
G1 = G1(G2) and G2 = G2(G1). These functions are depicted in Figure 5.4.
The equilibrium amount of drainage established is the ‘non-cooperative’ amount
S. Now, S would be Pareto optimal only if a pair of indifference curves for
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Figure 5.5 Optimal supply of public goods.

both households is tangent at S. Typically points of tangency between the two
indifference curves will lie as in Figure 5.5. Choosing a point on the contract
curve CC would be superior to S. Both protagonists would, of course, argue over
the exact position on CC. What is clear, however, is that at S the total amount of
drainage would be less than optimal. In general, then, there will be an undersupply
of public goods, if these are provided privately. Several other cases can be cited. As
an example, consider adoption of population control practices in overpopulated,
poor countries. Given, the extent of population control practiced by others, it
would pay any one family not to limit drastically the number of children because
the larger the number of children, the greater the number of working hands in
the family. If everybody cooperates and limits family size, society would gain as
children could go to school and not have to work. With cooperation the amount
of public goods produced would be greater.

In the literature, the essence of the problem of the failure of two (more
generally ‘few’) individuals to cooperate even when cooperation is in their
joint interest, has been labeled the Prisoner’s Dilemma. Consider two indi-
viduals who are pondering the issue of whether they should produce a public
good. The public good, when produced, yields a benefit of $9 but costs a
total of $11 to produce. The two agents can cooperate (strategy C) or not
cooperate (NC). No communication or precontracting is allowed. Since the
commodity being produced is a public good, once it is provided the benefits are
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enjoyed by both parties. We can display the pay-offs to the two individuals as
follows:

Individual 1
C NC

(1) $3.50 (1) $9
(2) $3.50 (2) −$2

Individual 2
C NC

(1) −$2 (1) $0
(2) $9 (2) $0

In the above pay-off matrix a figure in parenthesis means a pay-off to that
individual. Thus, if both individuals cooperate and share costs, each will benefit
to the extent of 9 − 11/2 = 3.50. If one person cooperates and the other does
not, the latter will gain $9 but lose $11 for a net loss of $2. If neither cooperates
then the commodity does not get produced and there is no gain or loss. This is
what is portrayed in the above pay-off matrix. Notice that under non-cooperative
conditions, the optimal strategy for each individual is to not cooperate. Thus for
individual 1 if individual 2 does not cooperate NC is best since C gets him a loss
of $2. If individual 2 cooperates then the optimal strategy for him is to NC since
then he will gain $9 as opposed to $3.50 for the cooperation case. Similarly for
individual 2. Thus, in this case, neither individual cooperates and no amount of
the public good gets produced.

The essential reason for the collapse reported in the Prisoner’s Dilemma is that
there is non-cooperative behavior among the participants. If we are interested in
state intervention as a last resort then the appropriate question to ask at this stage
is: Is it possible to ensure cooperation voluntarily among the participants?

The Prisoner’s Dilemma game reported above was played once among the
participants so there was no point in trusting your opponent. Suppose, however,
that the number of times this game is played is finite and is known in advance to
both participants. Then, if the game is repeated n times, then at the beginning of
the nth iteration both players would be back in the position of the one-shot game
since each knows that the nth iteration is the last one.

Axelrod (1981) drops the restriction that the finite Prisoner’s Dilemma game
has a known number of iterations and permits each player to be uncertain that
the next play will be the last. The question Axelrod asks at this stage is: Will
cooperative behavior emerge in this uncertain setting? The answer to this question
is yes, provided that after each play there is a sufficiently large probability that the
next play will not be the last. The argument then proceeds in two stages. First, it is
shown that if the probability that the game will continue is high enough, then there
is no best strategy against all strategies that your opponent may play (unlike the
one-shot Prisoner’s Dilemma game). In particular, the non-cooperative strategy
is no longer the dominant strategy.
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In the second stage, Axelrod proves that a cooperative strategy which punishes
non-cooperators (the tit-for-tat strategy) is potentially stable in the sense that it will
tend to dominate the pure non-cooperative strategy. With the tit-for-tat strategy,
each player plays cooperatively until his opponent acts non-cooperatively, and
then he plays one round non-cooperatively in retaliation. With everyone playing
tit-for-tat and everyone uncertain about the duration of the game, cooperative
behavior emerges. Radner (1980) and Smale (1980) have discussed other methods
of inducing cooperative behavior.

While the analyses of Axelrod, Radner, and Smale suggest some methods of
getting around the problem of non-cooperation in the Prisoner’s Dilemma game,
their solutions are to be looked upon as theoretical possibilities rather than as
practical solutions to the problem of non-cooperation in the voluntary production
of public goods. It is rather hard to escape the conclusion that enforced cooperation
through an institution such as the state may well lead us from non-cooperation to
cooperative behavior.

(ii) No exclusion, large number of participants

The inefficiency that arises in the previous case is because of the fact that very few
parties are involved. Similar problems would arise even in the case of private goods
if we had, for example, a bilateral monopoly. If the number of people involved rises
in the case of private goods then we would approximate the efficiency outcome
of perfect competition. However, in the case of public goods even if the number
of parties increases arbitrarily, efficiency would not result.

If there are a large number of parties involved, then each person would take
decisions independently of others. Hence, instead of equation (5.37) first-order
condition for individual i would be characterized by:

Ui
G/U

i
x ≤ 1 (5.38)

with the strict inequality holding in the case of the agent who devotes no resources
to drainage. This would be the case when the person involved considers the cost
of drainage to be large in comparison to the benefits he receives from this activity.
Let us assume that equation (5.38) holds for J < N agents then it must be the case
that:

N∑
i=1

Ui
G/U

i
x ≥ J. (5.39)

It should be appreciated here that no matter what the size of J there would
be serious underproduction of public goods in this case as in the previous case
because no single individual could afford some types of public goods but the
aggregate advantage of an Air Force, for example, would vastly exceed the costs.
There would, in any case, be a drastic undersupply of public goods and public
bads such as the arms race would be controlled to a less than optimal extent.
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(iii) Exclusion possible: large number of participants

In this case, as Oakland (1974) and others have argued, it is possible to obtain
efficient amounts of the public good in the private sector. But there are two
problems with the mechanism proposed. First, by assuming that exclusion is
costless, it assumes that demand revelation for the public good is not a problem,
which we know is far from being the case. Second, the equilibrium achieved in
the case above is not Pareto optimal for reasons outlined below.

We now describe the procedure. Suppose each firm produces one unit of the
public good and the number of firms producing this commodity is large. Here, we
are implicitly assuming that economies of scale in the production of the public
good are low so that it is feasible to have a large number of private producers.

If the firm serves n consumers and charges them a price p each, total revenue
will be pn. If total cost is c then it must be the case that for no profit no loss we
must have:

p = c/n. (5.40)

Thus the price of a particular unit will vary inversely with the number of individuals
consuming it.

If people have different demand functions for this commodity, then at the
lowest possible price given by c/n firms will produce enough output to satisfy
the consumer with the lowest demand. Consumers with higher demand will have
to pay higher prices for the public good. For example, if the demands of all
consumers are distinct, then at the price [c/(n − 1)] firms will produce sufficient
output to satisfy the demand of the person with the second-lowest demand and so
on. The price for the person with the highest demand would be c. Moreover, this
individual will consume the entire industry output. For this person then:

mrs = c (5.41)

so that:

�mrs > c. (5.42)

Hence, Pareto optimality is violated. We have already noted some other problems
associated with private provision.

We can extend this analysis to cover the case where there is exclusion in the
supply of public goods. But if there is exclusion then the commodity does not
remain a pure public good. It becomes an impure or a crowdable public good
which we will cover in the next chapter.

5.6 Voting models of public goods

A reading of the above should convince us that decisions about public goods are
hard to make. In all likelihood, therefore, decisions about public goods would
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be made through the political process. In democratic societies such decisions are
more often than not likely to take place through the voting process. The study of
decision-making through the voting process is a rich and varied area of economic
research and is generally collected under the rubric of ‘public choice theory’ as
opposed to ‘public economics’ which is the subject matter of this book. Interested
readers are referred to the work of Inman (1987) and Mueller (1995).

In this chapter we want to mention a few of the principal results. The first
result worth mentioning is the median voting theorem. This theorem states that
if individual preferences are single peaked, and if voters vote on the amount of the
public good they want then, under majority voting, the preferences of the median
voter shall triumph.

We depict single and non-singled peaked preferences in Figure 5.6. Essentially,
when a voter has single-peaked preferences then he has a unique most preferred
amount of the public good. We show the process of voting in Figure 5.7 with

Uniquely
preferred
outcome 

O O1 Outcomes

•

•

•
•

•

•

•

•

• Individual 2’s
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•
a
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b

•
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Ordering of
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Ordering of
preferences

Individual 3’s
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Figure 5.6 Single peaked preferences and non-single peaked preferences.
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Figure 5.7 Illustration of the median voting theorem.

seven consumers 1,…,7. O1 is the most preferred outcome for individual 1 and so
on. Society votes on each of these possible outcomes O1, . . .,O7 one outcome at
a time and votes are counted by the majority voting rule. We can tally the votes
as shown in Table 5.1. Under majority voting, O4 the outcome most desired by
the median voter wins. Thus, majority voting for amounts of the public good has
some desirable characteristics.

The absence of single-peaked preferences may give rise to a well-known
problem in voting theory known as Condorcet’s Paradox. This problem is that of
cyclical majorities. Consider a society that has three voters and three alternatives to
choose from. The preferences of the three individuals (1,2,3) over three alternatives
(a,b,c) are as follows:

aP1bP1c

bP2cP2a

cP3aP3b

Table 5.1 Tally of votes

Votes in favor Votes against

O1 1 6
O2 2 5
O3 3 4
O4 4 3
O5 3 4
O6 2 5
O7 1 6
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Now, between a and b, 2 persons prefer a to b, so we must have aPb. Between b
and c, 2 persons prefer b to c so we must have bPc. Between c and a, 2 persons
prefer c to a, so we have cPa. Hence, we get a P-cycle.

Logrolling

Under majority voting it is possible to adopt policies that are actually opposed
by a majority of voters. The process by which this may happen is known as
logrolling. Suppose there are three alternatives a, b, c and three voters 1,2,3. Each
alternative is actually preferred only by one voter and opposed by the remaining
two. The preference patterns are as described in Table 5.2.

Individual 1 prefers alternative a and the monetary equivalent of this alternative
occurring is +$200. Individual 1 will lose $100 if alternative b occurs, and so on.
If the three alternatives are put to vote no alternative would get enough votes.
Suppose, however, that individual 1 proposes to individual 3 that he (1) will vote
for c if 3 votes for a. Now a and c will win. In the case of this particular example,
society as a whole will gain. However, if the numbers were different society could
easily have lost. Thus logrolling may or may not be efficient. It is often said that
logrolling in a situation where alternatives supported by a minority group are
opposed by sections of the majority would be useful in a multi-ethnic society. The
minority group may propose support for some options supported by sections of
the majority group in order to get the support of these majority groups for causes
of interest to the minorities.

An important question that arises at this stage is whether voters will vote for
policies that are efficient, i.e., for policies whose total benefits exceed their costs.
So far as any particular voter, say voter 1, is concerned, a policy may benefit her
and have total benefits larger than total cost or it may benefit her and have total
benefits less than total costs. In the first case the policy is efficient whereas in the
second case the policy would be inefficient. Empirical evidence has it that there
are no inherent tendencies for voters to support efficient government policies.
Domestic producers can be expected to favor import tariffs (even though free
trade is in the best interest of the country); workers in declining industries may
favor tariffs on competing imports, and so on.

In practice voters rarely have the opportunity to express their preference on a
single policy issue. Instead they must choose among candidates having different
views on matters of interest to voters. Textile workers, for example, are likely to
vote for a candidate who will press for an increase in the import duty on textiles.

Table 5.2 Preference patterns

Voters a b c

1 +200 −100 −120
2 −100 +250 −80
3 −40 −100 +300
Total net effect +60 +50 +100
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These voters may rationalize their choice by saying that what is in their interest
is also in the best interest of the country. (Recall the statement that ‘What is good
for General Motors is also good for America’.) However, the fact is that usually
voters are not very well informed about public decision-making – certainly not
as well as concerning private decisions in the marketplace. This phenomenon has
come to be known as rational voter ignorance. It can easily be seen in terms of
a comparison of a private health insurance policy and a national health insurance
policy. When one is buying a private health insurance policy one is very careful
about assessing the costs and benefits of this policy because one is directly affected
by them. Consider, however, the issue of voting for or against a national health
insurance policy. A voter would have to collect a very large amount of information
about the implications of the national insurance policy, particularly for herself
and her family, before she could make an informed judgment about it. The cost of
collecting such information is likely to be prohibitive. Hence it may be rational for
the voter to remain ignorant about the implications of the national health insurance
policy. It should be repeated, however, that this ignorance is rational.

So far as politicians are concerned, there is a school of thought which argues
that they play a role similar to businesspersons in private markets. Just as
businesspersons are the moving force in private markets, successful politicians
set the agenda in administrative and public policy areas.

However, the analogy between business persons and politicians can go only so
far. A businessman cannot force someone to consume his product – so he has to
rely on advertising. However, a politician in power has the coercive power of the
state at his command. Nevertheless the politician also has to seek re-election so
that he may risk voter preferences only at his peril. All other things remaining
the same, politicians will tend to favor policies that have higher perceived total
benefits than perceived total costs. However, all other things do not necessarily
remain the same and politicians tend to take up sectarian positions at times favoring
one group of people over another.

Apart from politicians, the total supply of public goods in society is also affected
by the actions of bureaucrats. It is not very clear what bureaucrats have as their
objective function. In Chapter 24 the view that bureaucrats want to maximize the
size of the public sector budget in order to maximize their influence is considered.
In trying to increase the size of the public sector budget the bureaucrats have an
informational advantage over politicians. Bureaucrats are more likely to know of
the true costs of a project than politicians. Hence cost figures can be exaggerated
without the politicians knowing it. Thus the legislative authority may not be able
to rein in costs and reduce the size of the public budget.

Another important group of actors in the process of decision-making about
public goods is pressure groups and lobbyists. Olson (1968) developed a theory
to explain the existence of lobbying in a large number of settings. Sometimes
lobby groups can be formed to further some non-public good type of interest.
Workers, for example, pay union dues. Unions, in turn, lobby for additional jobs
and other non-public goods. Lobbies often play significant roles during the process
of rent-seeking by bureaucrats. This is discussed in Chapter 6.
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5.7 Concluding remarks

In this chapter we have examined salient aspects of the theory of pure public
goods. We derived conditions for Pareto optimality but realized that there is a
prior problem of demand revelation. We studied various approaches to solving
this problem and discovered that it is very hard to design satisfactory mechanisms
for revealing the true demand for a pure public good. We studied some voting
models of public goods as well as the inefficiency of their private supply. An
essential message from this chapter is that pure public goods will almost invariably
be publicly supplied and there will be an element of arbitrariness in such supply.

Our brief brush with public choice theory has recognized the implication of
occasional government failure. Thus if we evaluate the consequences of market
failure when dealing with externalities or public goods we must understand that
government intervention may not always improve matters. Both the market and
the political process are to be seen as mechanisms for allocating resources, each
with their own promises and pitfalls. The fact that the market is inefficient may
not imply that government intervention will make matters any better. Indeed, this
may make a bad situation worse. Similarly, simply because the government is
not performing very well in a particular area does not mean that the market will
perform better. For example, just because there is waste in the supply of national
defense does not mean that defense services should be handed over to the private
sector. In making an informed decision about which allocative mechanism to
use – government or the market – one must take all implications of this choice
into consideration. Considerably more research needs to be done on this subject.
Public choice theory also highlights the fact that government decisions depend
upon procedures and institutions in the political process. These are not written in
stone and can be altered better to serve the needs of the public. Thus a reform of
the political system always remains on the agenda. Similarly the market may be
better monitored and regulated.

In this chapter we have not discussed issues concerning public goods that are
not pure. This and some other topics are considered in the next chapter.

Additional reading

The classic in the theory of public goods is Samuelson (1956). Excellent
introductory references include Boadway and Bruce (1984); Boadway and
Wildasin (1984). A good survey is Oakland (1987) and Inman (1987). See also
Buchanan (1968) and Cornes and Sandler (1986). Good surveys of public choice
theory are available in McNutt (1996) and Pardo and Schneider (1996).



6 Topics in the theory of
public goods

Key concepts: the theory of clubs; the Tiebout hypothesis; principal–agent
model; rent seeking with public goods.

6.1 Introduction

The public goods that we studied in Chapter 5 satisfy two important criteria:

• There is no congestion or crowding out in the sense that no matter what the
population a public good caters to, everybody enjoys all of it.

• The population that the public good is catering to is not variable. These two
criteria are satisfied by pure public goods only.

Many goods do not satisfy these criteria but are still public goods in some impor-
tant sense of the term. We will study the characteristics of some of these goods in
this chapter. Since some public goods are crowdable, there will be an incentive for
groups of people to come together to enjoy the public goods and exclude others.
This is the theory of clubs which we will study here. One way of analyzing local
public goods is to think of the consuming public shopping around for the local juris-
diction that supplies a preferred local public goods/local tax package. This is the
subject of the Tiebout hypothesis which we will also study here. This chapter also
examines impure and crowdable public goods as well as public goods production
with distortionary taxation and under conditions of asymmetric information.
Finally, we recognize that since there remains an element of arbitrariness in public
goods supply and also because public goods are inherently desirable, there will be
a tendency by residents to lobby for locating public goods in their locality. This
is related to the phenomenon of rent seeking which we will consider here. Thus
a whole host of issues have to be discussed, to which we now turn.

6.2 The theory of clubs

Buchanan (1965) began a line of inquiry which gave rise to the idea of a
club. Suppose there is a public good whose services are crowdable in the
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following sense. As the number of persons enjoying the public good increases
the use value of this commodity to those already enjoying it (members of the
club) decreases, e.g., a neighborhood park. However, those in the club recognize
that an additional member will also lower the per person cost of the public good
enjoyed by the club. Hence the fact of congestion would tend to make the club size
smaller but an additional member would also lower per person cost. This would
make the club size larger. The optimal club is a balance between these two forces.
Let us formalize this somewhat.

A representative individual’s utility depends upon two things – a private good
x and a crowdable public good G. A person’s actual consumption of the public
good is G∗ where G∗ = G/�(n) where n is the size of the population enjoying the
public good and � is an increasing function of n. The individual’s utility function
is written as:

U(G∗,x) where x = w − T(G)

and T(.) is a tax function that defines the tax liability of this individual as a
function of the amount of the public good consumed by him and w is the initial
endowment. To keep things simple, suppose that an equal sharing arrangement is
in effect, i.e., T = (pG)/n = (�(n)pG∗)/n where n is, as noted, the size of the club
and p is the cost of the public good in terms of the private good. Setting up the
consumer’s utility maximization problem we have:

� = U(G∗,x) +�[x − w −�(n)pG∗/n] (6.1)

where � is a Lagrange multiplier.
First-order conditions yield:

UG∗/Ux = �(n)p/n (6.2)

(where a subscript denotes a partial derivative). This is known in the literature
as the adapted Samuelson condition (for Pareto optimal supply of a ‘crowdable’
public good).

Denote the tax price �(n)p/n by p∗ and differentiate this tax price with respect
to n to get:

dp∗/dn − (n�′p −�p)/n2

where �′ = ∂�/∂n.
The club has two objectives. First, it wants to ensure that each member satisfies

the amended Samuelson conditions for Pareto optimal supply of the public good.
This we have already done. Second, it wants to minimize the ‘effective’ price paid
by each club member. We achieve this by setting dp∗/dn = 0 to get:

[�p/n2][�− 1] = 0 or
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or � = 1 where � = (n/�)(∂�/∂n) is the elasticity of � with respect to n.
Equation (6.3) then determines the optimal size of the club.

This is Buchanan’s fundamental result. We could state it somewhat differently.
There is some fixed factor – say, land. People have to share this. The community has
to be larger than 1. Every new entrant into the community automatically satisfies
the amended Samuelson condition. He reduces the tax burden of everyone in the
community, which is a plus point. The negative point, of course, is that he also adds
to congestion. Buchanan then defines the optimal club as one where the marginal
decrease in tax liability is just balanced by the marginal increase in congestion.
This occurs when � = 1, i.e., when the elasticity of � with respect to n is equal to 1.

One should note a few facts about this result:

• Since individuals are identical in every respect in this conceptualization and
lump-sum taxes are being used, it follows that there are no distortions and
everybody shares the cost of the public good equally. If people are non-
identical and/or taxes are distortionary (we have an income or commodity
tax, for example) then optimal club size need not be determined by this
relation.

• Since n is a determinant of tax liability, the same public service can be
priced differently in different communities. Tax obligations are minimized
when p∗ takes its optimal value. If a public good that is optimally sup-
plied for n individuals is suddenly supplied centrally, tax obligations will
rise and, hence, G∗ will be lower unless the price elasticity of demand
is zero.

• Implicit in our discussion so far has been the assumption that the benefits of
the public good are confined to members of the club. But no club is an island,
so to speak, and there may be external effects from one club to another.

The analysis so far has concerned itself with a club that is a mutual benefit
club. As an illustration, let us take the case where the club is profit maximizing.
Suppose that a public good G is provided to a club membership n from a
club facility of capacity 
G. Thus we define G = G(
G,n). Clearly, G
G > 0 and
Gn < 0. Let us assume that facilities are provided at a fee of p per unit time.
We further assume the G(.) function to be strictly convex so that we can invert
and write:


G = 
G(n,G) (6.3)

with 
Gn > 0 and 
Gnn > 0.
Let us further posit a demand function of the form:

G = D(p).

The revenue for the club is:

R(G,n) = npG = nD−1(G)G (6.4)
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If we define � as the constant marginal (and average) cost of supplying the
commodity then we can write the cost of the club as:

� 
G(G,n)

so that the profit of the club is:

nD−1(G)G −�
G(G,n).

We can maximize this profit with respect to G and n. Maximizing with respect
to G we have:

np + Gn(∂p/∂G) −�(∂
G/∂G) = 0 (6.5)

which can be manipulated to yield:

np(l + 1/	) − (�
G/G)ε = 0 (6.6)

where 	 is the elasticity of demand and ε is the elasticity of 
G with respect
to G.

Maximizing profit with respect to n we have:

pG −�(∂
G/∂n) = 0 (6.7)

which can be rewritten as:

npG −�(n/
G)(∂
G/∂n)
G = 0

or, as

n[pG −�
G�] = 0 (6.8)

where � is the elasticity of 
G with respect to n.
If other factors are treated as parameters, equations (6.7) and (6.9) can be used

to solve for optimal p and optimal G. As would be obvious, it is easy to establish
a one-to-one relationship between the n derived from this model and the benefit-
maximizing club’s n.

The theory of clubs has been used to explain a wide variety of situations. See,
for example, Biswal (1996).

6.3 The Tiebout hypothesis

The theory of clubs has implicitly assumed that individuals are identical. It then
proceeds to solve for the optimal size of the club when this choice is constrained
only by the beneficial aspects of the public good in question and by the possibility
of congestion. However, an important reason why people live in different towns or
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neighborhoods is because they have different tastes. Thus, we find middle-income
families averse to living in poor neighborhoods. Zoning laws are drawn with care
in many localities. One would find very few, if any, poor families in the rich
suburbs of New York and Chicago. Whereas Buchanan (1965) emphasized the
discretionary powers of groups, nine years earlier Tiebout (1956) had emphasized
the role of the individual in defining a neighborhood. His intriguing result,
popularly known as the Tiebout hypothesis, is a central result in the theory of
public goods.

Tiebout starts by noting that most public goods are local (and not national) in
character. Most of these local public goods (sanitation, police, etc.) are provided
by local governments. Let us suppose that these local governments are small in
size but large in number. Moreover, any individual who is contemplating settling
down, knows (costlessly) the public goods package offered by each government
as well as the tax liabilities associated with each public goods package.

Individuals are mobile and there are zero transport costs. Tiebout’s consumers
are all rentiers so their decision to locate is not bound by any place of work. There
are no external effects between jurisdictions. There are fixed factors of production
(say, land) and each jurisdiction has a U-shaped cost curve. Zoning laws prevent
population of any jurisdiction from exceeding that given by the minimum point
of the community’s U-shaped cost curve.

Now, the greater the number of jurisdictions and the greater the variance among
their (local public goods) characteristics, the greater the chance that any individual
will be able to settle down in the jurisdiction of her choice. Thus the rich can live
with the rich, people who like pets can live with people who like pets, people who
dislike pets can live with people who dislike pets, and so on. In Tiebout’s scheme
of things, a community gets defined by its members and not, loosely speaking,
the other way around. As in markets for private goods, the mobile individual
is a price taker and quantity adjuster. It is implicit that taxes are lump sum
(non-distortionary), otherwise we would have to worry afresh about the welfare
properties of the Tiebout equilibrium.

The Tiebout hypothesis is very important because of the intriguing nature
of the solution offered. As would have been expected, it raised considerable
controversy. Samuelson thought that people liked variety and would be willing to
incur some welfare costs to live in heterogeneous communities. Mueller raised a
more practical issue. Tiebout claims that the larger the number of communities
and the greater the variance of their attributes, the greater is the chance that an
individual would be satisfied. Mueller argues that the number of communities
would have to be very large if considerable variety in tastes has to be satisfied.
He considers the case where a town has an open space which can be filled with
tulip plants and trees. Some people may not want tulips at all, some may want
100 per cent tulips and so on. Once we add trees the complications become
even greater. In Mueller’s particular example (101)2 clubs would be required.
Theoretically, this would be satisfactory except for the fact that in the case of, say,
produced public goods, such heterogeneity may not be able to sustain production
at minimum cost. In other words, if the cost conditions for the public good are
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summarized by a U-shaped cost curve, it is implied that a certain minimum rate
of production must take place in order to ensure that production is taking place
in the most cost-efficient manner. If, on the other hand, the requirements of the
Tiebout model are such that very few people belong to this community then it
would not be able to exercise enough demand to make production at minimum
cost a meaningful operation.

Oates has launched another fundamental attack on the Tiebout process.
Individuals, he argues, are members of two communities at the same time. One is
the local community and the other is the larger national community. The national
government is the legislatively superior government and has the authority to
create and curtail powers of local governments. Suppose the national government
functions according to a simple majority rule. The majority may find it necessary,
in order to maximize its benefits, to curtail the activities of local governments.
A major national highway may go through land earmarked for a park for residents
of a nearby community. Hence, there is no reason to suppose that automatically
homogeneous communities will emerge. The national government may also curtail
the powers of the local governments to collect taxes and affect their incentives
to invest by changing the formulae for fiscal devolution from national to local
governments.

Another serious attack on the Tiebout process comes from a number of sources:
Buchanan and Wagner (1970); Buchanan and Goetz (1972); Flatters et al. (1974),
Boadway (1979), and Atkinson and Stiglitz (1980). These contributions argue that
free movement between communities may not be Pareto optimal. The argument
is put forward in the following manner. Suppose there are two communities
A and B. They are identical in every respect except that A is larger in area.
Both A and B are producing the same local public good. Migration is costless.
Since labor has more land to work within region A, its marginal product (and,
under competitive conditions, its remuneration) will be higher in A than in B.
This will induce a movement of labor from B to A which, of course, is efficient.
This migration will go on until factor rewards are equalized across the two
regions.

Because of larger population now, total income and, therefore, total tax
collection are higher in A than in B. Hence, for the same public goods package, tax
liability per person can be lower in region A than in region B. Therefore, people
in region A will have larger consumers’ surplus which the residents of B will
recognize and this will, in turn, induce a second round of migration from B to A.
This migration is, clearly, Pareto non-optimal.

This is a powerful criticism of the Tiebout process. However, under one
condition, this criticism loses considerable force. In the long run, if land and
property constitute the tax base and capital is mobile, the fact of higher consumer
surplus in A would be reflected in higher land prices in region A relative to
B as the difference in consumer surplus gets capitalized. Any individual would
eventually attempt to optimize the joint price of land and public goods. Once this
joint price is equalized across regions A and B, the Pareto non-optimal allocation
will automatically stop.
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Despite all this, the important criticisms against the Tiebout hypothesis remain.
Some have tried to gather empirical evidence in support of it. But these attempts
have, at best, been only partially successful. Thus, although no one is suggesting
that people are not sensitive to local fiscal variables when making a decision to
settle down, the Tiebout hypothesis seems to be a rather extreme proposition.

An important deficiency of the Tiebout hypothesis is that it cannot explain the
presence of heterogeneous communities. This is most likely to happen when we
abandon the assumption of a rentier society and consider workers. It is relatively
straightforward to show along the lines of Berglas (1976) and others that if people
work and vary in skills as well as in taste, and if workers of different skills
are imperfect substitutes for each other, then heterogeneous communities will
result.

Consider a simple proof of this proposition. In a society we have two types of
individuals: skilled (s) and unskilled (n). Each group is homogeneous within itself
with respect to both skills as well as tastes. There are ns individuals of type s and
nn individuals of type n. There is a local public good G and a private good x and
individual utility functions (for a representative individual of each type) have the
form: Us(G,xs) and Un(G,Xn) where xs and xn are amounts of the private good
consumed by a typical member of each group. Total consumption of the private
good is x = nsxs + nnxn + xG and production conditions for the private good are
defined by:

x = x(nx,sx) (6.10)

where ns and sx refer to the number of unskilled and skilled workers in the
production of x. We assume xn > 0,xs > 0, sign xnn = sign xss < 0 and
x(n,0) = x(0,s) = 0. Hence marginal products are positive and diminishing and
each type of labor is essential for the production of x.

In the production of the public good the private good and labor are inputs. Here,
however, it does not matter whether labor is of type n or s.

The production function is:

G = G(xG,nG + sG) (6.11)

where xG is the amount of the private good used in the production public good
and nG and sG are the amounts of the unskilled and labor force enjoying the public
good. Equation (6.11) makes it explicit that the two types of labor are perfect
substitutes for each other. However, production of G by labor here has to be
understood in terms of crowding. The larger the size of the population enjoying
the public good, the smaller its effective supply. For a given level of production
of G an increase in population requires more of the private good x to maintain that
level of G. In other words:

[∂xG/∂(nG + sG)] |G constant > 0. (6.12)

Apart from the congestion argument advanced above, one can interpret the
production relation as saying that as population increases, the costs of servicing
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it increase as would reasonably be the case with, say, police protection and fire
services.

Let us first look at the Pareto optimum for this community. We maximize the
utility of type n individuals subject to the utility of type s individuals being at a
particular level and the production relations for goods G and x. We will here make
the realistic and simplifying assumption that the number of people of each type
who are producing the private good are the same as the number of people enjoying
the public good. Hence we set nn = nx = nG = nn. (say) and ns = sx = sG = ns

(say). Setting up the Lagrangean we have:

�= Un(xnG) +�1(
Us − Us(xs,G)) +�2[xG + nsxs + nnxn − x(nn,ns)])
+�3[G(xG,nn + ns) − G]. (6.13)

First-order conditions for an internal maximum are:

Un
G − �1Us

G −�3 = 0 (6.14a)

�2[xs − xns ]+�3[Gn] = 0 (6.14b)

�2[xn − xnn ]+�3(Gn) = 0 (6.14c)

�2 +�3GxG = 0 (6.14d)

with a subscript denoting the corresponding partial derivative. From (6.14d) we
derive �2 = −�3GxG and then substituting this for �2 in equations (6.14b) and
(6.14c) we will have:

xs − xnS = −Gn/GxG = xn − xnn . (6.15)

xs − xn is the net contribution of a skilled worker (marginal product less
congestion) and xn − xnn is the net contribution of an unskilled worker. These
are equated to each other (so that we have an optimal mix of skilled and unskilled
workers) and to the social marginal cost (−Gn/GxG). These and other first order
conditions will also yield:

ns(U
s
G/U

s
x) + nn(Un

G/U
n
x) = 1/GxG (6.16)

which is the Samuelson condition for Pareto optimality under these conditions,
i.e., the sum of the mrs equals the mrt.

The Pareto optimum condition defined here is relative to 
Us. As we parametri-
cally change Us, Un will change. As a consequence, the mix of the community,
its size, and consumption of the two groups will change. The direction of change
will depend on the relative preferences for the public good by the two types of
individuals. But that we need heterogeneous communities is clear from the very
specification of the production relations.

Suppose there exists a Us∗ for which the optimal population mix is n∗
s /n

∗
n =

S∗/N∗ where S∗ is the total number of skilled people in the country and N∗ is
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the total number of unskilled people in the country. Then the Pareto optimum
allocation from the point of view of the whole country would be to distribute
the population of skilled and unskilled people in the above exact ratio among
N∗/n∗

n = S∗/n∗
s identical communities across the country.

Let us suppose that with such a population mix, one community starts taxing
people of type s more heavily. Then the skilled workers in this community will
have a lower return and the unskilled workers a higher return. Migration across
communities will ensure that the returns to both groups of workers get equalized
across communities.

Hence, no matter how people shop for communities, heterogeneity will result. In
this stipulation there are two opposing forces. The crowding of public goods might
make for homogeneity whereas the fact that both types of workers are needed for
production necessitates heterogeneity.

The above proposition can be shown to be a little more general. By keeping
the group small and homogeneous, agreement on the amount of public good and
congestion is facilitated. On the other hand, small groups require increased outlay
for the public good because of the need for more clubs.

The problem is similar to that posed by monopolistic competition where firms
have a fixed set-up cost. The larger the number of firms, the closer the configuration
of output matches tastes, but the greater the aggregate fixed costs. The presence
of fixed set-up cost introduces a non-convexity into the analysis. The resulting
analysis is necessarily complex but it is clear that heterogeneity will prevail.

6.4 Multi-product clubs

An important problem in the theory of clubs is the following. Suppose the size
of the population is N and a typical club has n members so that there are N/n
clubs. If N/n is an integer then the entire population would have been absorbed
in clubs. If, however, N/n is not an integer then it would follow that there would
be some people who would not be members of any club. They could then be
interested in forming clubs of their own so that the existing structure of clubs
would not be stable. This is known as the integer problem in the theory of
clubs. In general, then, one has to consider the dynamics of many clubs existing
simultaneously. It is also possible to consider multi-product clubs as Cornes and
Sandler (1986) and Sandler and Tschirhart (1993) have shown. In actual practice
single-product clubs are the exception and multi-product clubs are the rule. A
sports club, for example, may offer tennis, swimming and other facilities – not
just one of these.

Suppose, to take the simplest example, each club provides two services. Each
member of each club makes one visit to the club so that crowding depends only
upon membership size – not on the number of visits that each club member may
make.1

Because only one visit per member is permitted only equal membership fees are
charged. It is also assumed that there are no barriers to entry for potential clubs.
We can now examine whether this club structure is sustainable.
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The society consists of homogeneous individuals and we deal with the
simplest possible case where there are two clubs providing two services each.
Congestion of any club service depends only upon the number of members and
we write:

ci = ci(n) (6.17)

where ci is the congestion function of club service i (i = 1, 2).
For a typical club member utility Um is written in the following linear form:

Um = Y − p + f − c1(n) − c2(n) (6.18)

where Y is exogenously given income, p is the price of club services,2 f is the
utility equivalent of gross benefits received from joining the club and ci (.) is
congestion of service i. If the individual does not join any club then his utility
would be:

U0 = Y. (6.19)

Hence, a representative individual would like to join a club only if:

Um − U0 = −p + f − c1 − c2 ≥ 0. (6.20)

This can be written in the equivalent form:

f ≥ p + c1 + c2 (6.21)

that is, the benefits from joining the club must not be outweighed by the costs. If
equation (6.21) holds as a strict inequality then people will be willing to join clubs
until it does become an equality.

If equation (6.21) holds as an equality then we can write club size as a function
of the price:

n = n(p). (6.22)

It is natural to presume that dn/dp = n′ < 0 for p1 ≤ p ≤ ph. If p < p1 then there
are too many people in the club and crowding is so high that no one else wants
to join in. If p > ph then the price is so high that no one wants to join in. For the
intermediate range as price rises, club size should fall.

The cost function of the club consists of two elements – a fixed cost and a
variable cost. If C(S) is this cost function then we write:

C(S) = S1 + S2 + F(1,2) (6.23)

where Si is the level of service of type i provided and F(1,2) is the fixed cost
function of providing these two services.
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Since equation (6.22) is single signed it is possible to invert it to write the price
function applicable to the club: p = p(n). Hence the profit (�m) of a typical club
can be written as:

�m = p(n)n − S1 − S2 − F(1,2). (6.24)

If we assume that variable costs do not depend upon the number of people
enjoying the service then we can maximize profits with respect to n in equation
(6.24) to get:

p′(n)n + p(n) = 0 (6.25)

where a prime (′) denotes the first derivative. Equation (6.25) implies that marginal
revenue equals zero. This follows from the fact that production cost is independent
of club size and congestion is reflected on the demand side by p(n).

We now define Average Cost per club member as:

AC(n) = [S1 + S2 + F(1,2)]/n. (6.26)

Equilibrium for the profit-maximizing club is denoted in Figure 6.1. Clearly the
club will make profits; break even; incur losses as p(n) > AC(n); p(n) = AC(n);
p(n) < AC(n).

Realize that AC(n) is a declining function on n. This is depicted in the lower
panel of Figure 6.1. In fact since the numerator of equation (6.26) does not depend
on n, it might well be a rectangular hyperbola. In the lower panel of this figure we
also denote condition (6.21) as an equality (p(n) = f −c1 –c2). Profit is maximized
when the vertical distance between p (n) and AC (n) is the maximum, i.e., at point
Z1 which would also imply the satisfaction of equation (6.25) at n∗. In the upper
panel of Figure 6.1 we draw the f and c schedules. The vertical difference between
these two appears as the p(n) schedule in the lower panel. It is assumed that the
interior solution (n∗) is feasible. The upper and lower limits of n(nh and n1) are
also denoted in the diagram.

If this club was member owned then the profit motive would disappear. The
relevant p(n) schedule is now drawn as pm(n) and this is the p(n) schedule vertically
lower by the amount of profit earned at Z1. To break even, the membership club
would choose Z2 with a lower price but the same club size as the profit-maximizing
club.

Given this result, an important question at this stage is whether the profit-
maximizing club is sustainable. The answer to this question is a clear no if free
entry is allowed. Potential clubs would recognize the profits being made and
enter the market. This would shift the p(n) schedule down in the lower panel of
Figure 6.1 until zero profits are being made. Thus, in order to be sustainable, a
club must make zero profits.

Furthermore, if entry is unrestricted into this market then the incumbent club
must minimize the gross price to each member. This gross price is defined as:

p + c1 + c2.
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Figure 6.1 Club equilibrium.

An incumbent club must then solve the problem:

min
p.n

p + c1 + c2 subject to p = C(S)/n.

This can be shown clearly from Figure 6.1. Any club charging a fee higher than
AC is non-sustainable. However, this is not sufficient for sustainability. At Z3

profits are zero for a non-efficient club but positive for an efficient club for which
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we can draw the p schedule given by DD. Thus, at this point, an incumbent club
will be vulnerable to potential entrants.

So far we have been assuming that each service gets charged the same price.
Suppose the club is free to charge different prices for different services. Sander
and Tschirhart (1993) call this an unrestricted club. The club charges price pi for
service i whereas the cost structure is the same as before. Profits for this club are
written as:

� =
m∑

i=1

(pini − Si) − F(S1, . . .,Sm) (6.27)

where ni is the size of the membership enjoying service i and there are m such
services. The congestion function is now written as: ci(ni,ni−1) where ni−1 is
the number of people enjoying facilities other than i. The utility function of a
representative individual is written as:

U = Y −
∑

pi + f −
∑

ci(.) (6.28)

Hence this unrestricted club must minimize � (pi + ci) in order to be sustainable.
Also it must be the case that if the solution n∗

i for the unrestricted club case is
different from the n in the case where a uniform price had to be charged, then it
would be clear that the latter would not be sustainable. The possibility of charging
different prices for different services is open only in the case of unrestricted clubs
and this would only improve their sustainability. However, since the unrestricted
club also faces potential entrants, it must produce at least cost.

Competition from single-product clubs

It might be the case that price for some services within a multi-product club
may be raised in order for prices of other services to be lowered. This is the
phenomenon of cross-subsidization. In this case there might be an incentive
for single-product3 clubs to emerge for the services that are doing the cross-
subsidization. An important problem for this club to recognize, then, is that such
clubs do not emerge. This is the problem of designing cross-subsidy free prices
and is discussed in detail in Chapter 17.

6.5 Financing pure public goods with distortionary taxes

Very rarely is it possible tofinance public goods with non-distortionary (lump-sum)
taxes. In this section we wish to study the supply of public goods when we have
only distortionary taxes at our disposal. We first study this in the case of certainty
and then consider a simplified version of a model of public goods provision under
conditions of asymmetric information.

The analysis of public goods provision with distortionary taxation under
conditions of full certainty has been considered in a paper by Mikami (1993)



134 The theory of public expenditure

who builds up on the earlier work of Hatta (1979) and others. Consider an economy
consisting of (n+2) goods. One good is leisure, another is a pure public good and
there are n private goods. Welfare changes are evaluated in terms of the utility of
a representative consumer4 which is written as:

U(l,d,G)

where l is leisure, d is a column vector of n private goods and G is the public good.
Let the consumer price vector be denoted by p and the producer price vector by
q. This consumer’s budget constraint can then be written as:

pl1 +
n∑

i=1

pidi = 0 (6.29)

where pl is the after tax wage rate. Demand functions for the private goods can be
written as di(pl,p,G), if there is no lump-sum income. The indirect utility function
for this individual can now be defined by V where:5

U ≡ V(l,p,G) (6.30)

We will assume that the public good is produced using labor alone and the
labor requirement of the public good is given by � (G). We take the pre-tax wage
as the numeraire. The production of private goods is characterized by constant
cost technology. Without loss of generality it can be assumed that these costs of
production are the same and equal to 1. Further, units can be chosen so that the
tax on leisure is zero and the producer as well as the consumer price of leisure are
both equal to 1.

We can then write:

q1 = 1

qi = 1 + ti, i = 1, . . .n

where ti is the specific tax on commodity i.
Denote supplies by si. In equilibrium, the supply and demand for each good

must be equal and the production constraint for this economy and can be
written as:

l(p,G) +
n∑

i=1

qidi(p,G) +�(G) = 0 (6.31)

First, upon differentiating the indirect utility function with respect to the vector
t and the scalar G and using Roy’s identity we derive:

(dU/dG)/� = VG − (∂d/∂t)(dt/dG) (6.32)
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where � is the marginal utility of income. Now since all tax revenue is assumed
to be spent for the production of the public good we can write the government’s
budget constraint as:

n∑
i=1

tidi = �(G) or t′d(p,G) = �(G) (6.33)

(where a prime (′) denotes a transpose).
Totally differentiating (6.33) we have:

(d′ + t′∂d/∂t)(dt/dG) = �G − t′dG. (6.34)

We will assume that expression (6.34) is positive. At issue now is the following
question: Is expression (6.32) positive when equation (6.34) is satisfied? If that is
the case then it would follow that a balanced budget increase in the supply of the
public good will increase welfare.

Mikami (1993) shows that the answer to the above question depends on two
factors:

(i) ways of changing tax rates that meet the increased public expenditure;
(ii) the substitutability/complementarity relation that may exist between the

public good and private good.

To see point (i) above index commodities such that tl < t2 < .. . < tn. Clearly this
involves no loss of generality. Consider the following rule for changing taxes in
order to finance the additional units of the public good: we raise low tax rates and
keep high tax rates unchanged.

Thus dti/dG = � > 0, for i = 1, . . .,m and dti/dG = 0 for i = m + 1, . . ., n.
Substitute this for dt/dG in expression (6.34) and solve for � to get:

� = (�G − t′dG)/
m∑

i=1

(di + t′∂d/∂ti). (6.35)

Assume that the first m commodity tax rates are the same and equal to a value tI.
Using the Slutsky equation and some results due to Hatta (1979), Mikami (1993)
shows that expression (6.32) can be written as:

(dU/dG)/� = mb −[mc − t′(∂d/∂G)]/[1 + (�− t′(∂d/∂Y)] (6.36)

where mb = marginal benefit of the public good, mc = the marginal cost and:

� =
⎡
⎣ m∑

i=1

n∑
j=0

(tj − tI)cji]/[(1 + t1)
m∑

i=1

di

⎤
⎦ (6.37)

where cji is the partial derivative of the compensated demand function of the jth
commodity with respect to the ith price.
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When the public good is financed by lump-sum taxes all ti = 0 and expression
(6.36) will reduce to [(dU/dG)/�= mb−mc]. Hence if mb > mc then it would be
worthwhile to increase the supply of the public good.

If, however, we do not have lump-sum taxes and have to rely upon commodity
taxes to finance the public good, then the marginal financing cost of the public
good is affected by the tax change (represented by the term �− t′(∂d/∂Y)) and
by the change in public goods supply (represented by −t′(∂d/∂G)).

The first term (�− t′(∂d/∂Y)) consists of two effects. The substitution effect
will, at constant utility, reduce the distortion because of the gap between the higher
and lower taxes. Hatta (1986) and Fukushima and Hatta (1989) show that the
second-best optimum involves almost complete uniformity between commodity
tax rates. Hence, this should reduce the mc and � should be negative.

However, an increase in commodity tax rates will involve a decline in income
so that the income effect should increase the mc of the public good. Hence, the
impact of this particular type of commodity tax reform on the mc would depend
on the relative strengths of these two effects.6

We can now examine the effect of the term (t′∂d/∂G) on the mc. Clearly, if
the utility function is separable7 in the public and private goods this term will be
zero. If the utility function is weakly separable in commodities, from leisure and
the public good, then the utility function can be written as:

U(1,d,G) = U(l, f (d),G)

so that commodity functions can be written as:

di[pl,p,Y − 1(p1,p,G)].
Differentiating these demand functions with respect to G would yield:

(∂di/∂G) = (∂di/∂Y) − (∂1/∂G) so that (6.38)

− t′(∂d/∂G) = t′(∂d/∂Y)(∂1/∂G).

From equation (6.38) we find that if leisure is substitutable for (complementary
with) the public good, then the term (−t′(∂d/∂G) is negative (positive) and
decreases (increases) the marginal cost of the public good.

The intuition for this result goes as follows. If commodity tax rates are higher
than the tax on leisure, then leisure is consumed more than it would be under
the lump-sum tax. Hence, when leisure is substitutable for the public good the
increased consumption of leisure is discouraged when we increase the supply of
the public good. Conversely, when leisure is complementary with the public good,
an increase in the supply of the public good would increase the consumption of
leisure.

6.6 Public goods provision with asymmetric information

The analysis that we have considered so far has made no distinction between the
agent responsible for funding the public good and that responsible for actually
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producing it. This, of course, is at variance with reality, especially in the case of
local public goods. These are often provided by agencies that are not responsible
for their funding. Examples would include hospital and education services.
Furthermore, since most of these services are provided free of cost or with only
nominal user charges, the normal disciplines of the market do not operate and there
is no reason to suppose that the agencies providing them will minimize costs.

The existence of such a problem has potential implications both for the granting
formula as well as for the optimal amount of the public service to provide. Ideally,
the granting formula would relate the amount of funding to the level of service
provided, would screen out the low-cost agencies from the high-cost agencies
as well as induce high effort from producing agencies when such effort is an
additional variable in order to reduce costs. The difficulty, of course, is that
agencies have private information about their cost structure which the funding
agency does not. Thus, this problem takes the form of a signaling problem, or a
moral hazard problem, or both.

The optimal design of the granting formula under such situations has been
considered in a paper by Boadway et al. (1999). We will consider here a simplified
version of this model and only for the problem of signaling.

There are three types of decision-makers in the economy: the government,
which makes the grant to an agency in order to get the local public good produced;
agencies producing the local public good;8 and a representative individual whose
welfare the government is interested in maximizing.

The utility of the representative individual is written as the following quasi-
linear function:9

U(L,X,G) = u(L) + X + b(G) (6.39)

where L is labor, X is a composite consumption good, and G is the amount of a
public good provided. The wage rate that this individual is given, and the choice
of G, is made by the actions of the government and the public goods producing
agencies. b(.) is the utility from the public good. The consumer, therefore, takes
G as given and maximizes utility with respect to X and L. However, these are
related by the relation: X = (w − t)L where w is the wage rate and t is the tax rate
on labor supplied.10 Hence the consumer has only one choice variable – say L.

The consumer then maximizes the above utility subject to X = (w − t)L, using
L as the choice variable. This leads to a labor supply function which can be
written as:

L = L(w − t). (6.40)

It is easy to show that:

L′ = −1/(u′′) > 0

(where a prime (′) denotes a first derivative, a double prime (′′) a second derivative
and so on. This should cause no confusion since we are not dealing with any vectors
in this section).



138 The theory of public expenditure

The consumer’s indirect utility function is, therefore:

V(w − t,G) ≡ u(L(w − t)) + (w − t)L(w − t) + b(G).

From the envelope theorem we will get:

∂V/∂t = −L(w − t) < 0 and ∂V/∂G = b′ > 0.

Revenue from the taxation of labor is used to finance the provision of the public
good. Hence the amount of subsidy is S where:

S = tL(w − t) ≡ S(t). (6.41)

By inverting this function we can obtain t(S) = S−1(t) where:

t′(S) = 1/[L(w − t) − tL′(w − t)]. (6.42)

We will assume that this expression is positive.
We can then write the indirect utility of the individual as:

V(S,G) = V(w − t(S),G) (6.43)

where it is clear that

Vs = (∂V/∂t)t′(S) = −L/(L − tL′) (6.44a)

and

VG = (∂V/∂G) = b′(G) > 0 (6.44b)

(where a subscript denotes a partial derivative).
Totally differentiating equation (6.43) we can write the slope of an indifference

curve in (S,G) space as:

(dS/dG)V=
V = −VG/VS = (L − tL′)b′/L = (1 + ε)b′ > 0 (6.45)

where ε is the elasticity of supply of labor with respect to the tax rate. This
indifference curve is upward sloping because G is desirable, whereas an increase
in the subsidy implies an increase in the tax rate and is, therefore, undesirable.

The public good is provided by the local agency. It can have two levels of costs –
high or low. We write the cost function of type i as:

Ci = Fi + ciGi (6.46)

where Ci is the total cost, Fi the fixed cost, ci the marginal cost, and Gi the
production level of agency of type i(i = 1,h), these being the low-cost and
high-cost agency, respectively. We will examine two cases: (i) where variable
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costs differ across agencies cl < ch with Fl = Fh = F. In this case the so-called
single-crossing property holds.11 (ii) where the single-crossing property does not
hold, i.e., c1 = ch = c and F1 < Fh. The profit of agency of type i is:

�i = S − Ci(G) with dS/dG|�=
� = ci.

The government does not know which agency is of which type but knows
the probability �i of the agency being of type i. The government’s problem
is, therefore, to maximize the expected utility of the representative individual∑

i=1,h [�iV(Si,Gi)] subject to two constraints.

(a) A participation constraint on the part of the agency. An agency will participate
in the public goods production program only if it makes non-negative profits.
In other words:

Si − Ci(Gi) ≥ 0 for i = 1,h. (6.47)

(b) A second constraint will be that no agency would like to mimic the behavior
of the other agency. In other words, the high (low) cost agency would reveal
itself to be the high (low) cost agency. This is known as the self-selection
constraint and is written as:

Si − Ci(Gi) − Sj + Ci(Gj) ≥ 0 for i, j = 1,h. (6.48)

The government’s problem is then a standard principal–agent problem. If
there had been no problem of asymmetric information the self-selection constraint
would not have been relevant and the Lagrangean for the government would have
been written as:

�(Si,Gi,�i) = V(Si,Gi) +�i(Si − Ci(Gi)) (6.49)

where�i is the Lagrange multiplier for the ith type agent. The first-order conditions
would be:

−Vi
G/V

i
S = Ci′(Gi) = ci.

Using equation (6.45) this becomes:

b′(Gi) = C′
i(G

i)Li/(Li − tLi) = C′
i(G

i)/(1 + εi). (6.50)

The lefthand side of this expression is the marginal benefit of the public good.
On the righthand side we have the marginal cost. This consists of two elements –
the technical marginal cost (Ci′) and the excess burden of the additional taxation
required to finance the marginal unit of the public good. This is represented by the
term (1 + εi). If the public good was financed by lump-sum taxes then εi would
be zero and we would be back with the Samuelson rule – marginal benefit equals
marginal cost.
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Optimal grants with differences in marginal cost

We now abandon the full information case and assume that the only difference
between the two types of agencies lies with respect to their variable (marginal)
costs. In this case it can be shown12 that the low-cost agency will earn a pure profit,
whereas the high-cost agency will just break even. Similarly, it can he shown that
the self-selection constraint will not be binding on the high-cost agency. Then the
Lagrangean of the government can be written as:

� = �lV(Sl,Gl) +�hV(Sh,Gh) +�h(Sh − Ch(Gh))
+�lh(Sl − Cl(Gl) − Sh + Cl(Gh))

(6.51)

The first-order conditions are as follows:

�lVl
S +�lh = 0 (6.52a)

�lVl
G −�lhCl′(Gl) = 0 (6.52b)

�hVh
S +�h −�lh = 0 (6.52c)

�hVh
G −�hCh′

(Gh) +�lhCl′(Gh) = 0. (6.52d)

From (6.52a) and (6.52b) we have:

−Vl
G

Vl
S

= Cl′(Gl) (6.53)

which means that

b′(Gl) = Cl′(Gl)/(1 + εl).

In other words, optimality conditions of the type given by equation (6.50) will
be satisfied for the low-cost agency.

For the high-cost agency from equations (6.52c) and (6.52d) we will get:

− Vl
G

Vh
S

= [�h(Ch′
(Gh) −�lhCl′(Gh)]/(�h −�lh)

= Ch′
(Gh) +[Ch′

(Gh) − Cl′(Gh)]�lh/(�h −�lh). (6.54)

It is the case that �lh > 0 (by equation (6.52a)) and (�h −�lh) > 0 (by equation
(6.52c)). Hence, the second term on the righthand side of equation (6.54) is positive
indicating that for the high-cost agency mrs of the public good for transfers exceed
the marginal cost of provision. The difference is the cost of signaling. Hence the
supply of the public good in the high-cost case will be lower than that given by
equation (6.50). The cost of signaling, or the cost of information being private,
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is further illustrated by the fact that, while the profit of the high-cost agency is
zero, that of the low-cost agency is positive. The government is precluded by the
self-selection constraint from reducing the profits of the low-cost agency to zero.

Now, substituting from (6.52a) and (6.52c) into (6.54) we will get:

b′(Gh) + Ch′
(Gh)/(1 + εh) + (�l/�h)[Ch′

(Gh) − Cl′(Gh)]/(1 + εl)

> Ch′
(Gh)/(1 + εh).

(6.55)

This clearly shows that the marginal cost of public funds for the high-cost agency
exceeds the value given by the standard expression. The difference is greater the
larger is the difference in marginal costs, the larger the probability of the agency
being low cost and the smaller is εl.

The solution to the asymmetric information case is compared with that for
the full information case in Figure 6.2. For the asymmetric information case,
the levels of public services and grants are labeled Al and Ah for the low- and
high-cost agencies. We also label the full information case with o so that Gho for
example, stands for the supply of the public good by the high-cost agency in the
full information case. From Figure 6.2 we can see that Gh < Gho where Gh is the
public goods supply in the asymmetric information case. Further, Sh < Sho. Also
while Sl > Slo,Gl could be larger or smaller than Glo.

Optimal policy when the single-crossing property does not hold

Consider now the case when the agencies differ only in their fixed costs and have
the same marginal cost. In this case the iso-profit curves will be parallel and not

S

GGh Gho Gl Glo

Ah

Al

πh=0

π1>0

π1=0

Figure 6.2 Equilibrium with asymmetric information.
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cross each other. It is easy to show that the optimal policy under asymmetric
information will be a pooling equilibrium. Furthermore, the participation
constraint of the high-cost agency will be binding, while that of the low-cost
agency will not be binding (�l = 0). The proof is relatively straightforward and is
left as an exercise for the reader.

The problem of government is to choose a common transfer level S and quantity
of public good G for the agency to supply regardless of its costs. The government
will wish to maximize expected utility subject to a non-negative profit constraint on
the high-cost agency. In this case, the household obtains the same utility regardless
of the cost type of agency. Hence, the Lagrangean of the government can be
written as:

� = V(S,G) +�h(S − Ch(Gh)). (6.56)

First-order conditions are:

(∂L/∂S) = VS +�h = 0 (6.57a)

(∂L/∂G) = VG −�hCh′
(G) = 0. (6.57b)

Eliminating �h and using equations (6.44a) and (6.44b) we have:

b′(G) = [Ch′
(G)L]/[L − tL′] = Ch′

(G)/(1 + ε) (6.58)

where ε = −tL′/L < 0 is the elasticity of labor supply with respect to the tax
rate in the pooling equilibrium. Equation (6.58) is the standard expression for
the marginal cost of public funds when the public goods are financed using a
distortionary linear tax.

We compare the equilibrium here with that in the full employment case in
Figure 6.3. With full information Si and Gi will satisfy equation (6.50). Aho is
the optimal policy combination in the high-cost case and Alo in the low-cost case.
With full information Sho > Slo. However, Gho could be greater or lower than Glo

as before. The consumer is better off in the low-cost case.
With asymmetric information the pooling equilibrium is at pho in Figure 6.3. The

government must transfer more funds to the low-cost agency than is required to
cover costs. The cost that the asymmetric information imposes on the government
is the unobservable level of profits earned by the low-cost agency. The structure
of the grants consists of announced levels of Sh and Gh which are common to both
types of agencies.

It is possible to extend this analysis to consider cases where costs depend on the
level of effort put in by agents. This is the moral hazard version of the model.
Results are discussed in detail in Boadway et al. (1999). Further extensions have
been made by, among others, Lockwood (2002).
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Figure 6.3 Equilibrium with full information.

6.7 Rent seeking

Another topic in the theory of public goods that has been quite popular is rent
seeking. Our work should have convinced us that there are no perfect guidelines
for allocation in the presence of public goods. Since this is the case and since public
goods are inherently desired by people, it would follow that groups of people would
like to influence government policy toward public goods. For example, groups of
people would like to have a public park located near their homes. Others would
like to ensure that a potentially busy highway does not run too close to their
neighborhood. Other groups might lobby for defense facilities to be located close
to them in the expectation that such facilities would help generate local jobs, and
so on. At the very least, it is likely that there will be intense competition among
groups of people about the location of public goods facilities.

Given that this is the case, then people would be willing to lobby for these
services. This is the phenomenon of rent seeking. This notion has actually come
from international trade theory where authors were trying to understand the flow
of resources into lobbying for quotas on imports. Pioneering works in this area
include Krueger (1974) who coined the phrase ‘rent seeking’ and Bhagwati (1982)
who preferred the term ‘directly unproductive activities’. To understand the basic
idea involved we present below a stylized version of the Krueger analysis.

Consider a country producing one commodity, X1,13 whose amounts are
denoted by x1. The output of this commodity depends upon the input of labor
into the production process.

x1 = g(L1), with g′ > 0 and g′′ < 0 (6.59)

(where a prime (′) denotes as before, a first derivative, and so on).
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This country, however, consumes two goods X1 (which it also exports) and
X2, which it imports. International trade, however, involves the expending of
resources.14 Resources spent here are called ‘distributive output’ (D) and, to keep
things simple, the amount of imports is set equal to D, i.e.:

D = x2. (6.60)

One unit of D entails exchanging one unit of imports for food with the
agricultural sector at the domestic terms of trade and exporting the food in
exchange for imports at the international terms of trade. In the distribution activity
we assume that labor required is a fixed fraction of output:

LD = �D,� constant. (6.61)

If imports are available internationally at price p = 1 (in terms of food)15

then domestically their price (p2) has to be higher in order to cover the costs of
distributive activity. Thus: p2 = 1 + pD.

Society’s demands for imports are written as:

x2 = f (p2,x1) (6.62)

x1 is a scale variable as it is an index of national output. Clearly, (∂f/∂p2) < 0
and (∂f/∂x1) > 0.

Since the international terms of trade between X1 and X2 have been set equal
to 1 we can write food consumption F as:

F = x1 − x2. (6.63)

The total labor available in this economy is given by L̄ so that there is an
aggregate labor constraint:

L̄ = LA + LD + LR (6.64)

where LR is the amount of labor engaged in rent seeking.
The algebra of the solution for equilibrium of this economy is relatively

straightforward but it is more revealing to look at the solution diagrammatically.
In Figure 6.4 we depict the free trade solution for this economy. If all labor is
engaged in the production of food the maximum output that is possible is OF. If
there were no distribution costs, society could choose along the line FA. However,
since society wants both goods, labor has to be withdrawn from agriculture. Every
unit of food can be exchanged for one unit of the imported good in the international
market. But, to get imports one has to expend labor in the distribution activity.
With diminishing marginal product of labor in agriculture, the domestic cost of
additional imports in terms of food rises. Hence the consumption possibility set for
this economy looks like FB. International trading opportunities are given by the
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Figure 6.4 Free trade equilibrium.

locus BB1. We have also drawn a social indifference curve Io. The economy comes
to an equilibrium such that it consumes ON1 units of food and transfers labor that
would have produced N1F units of food to distribution activity to get imports
amounting to N1C. The slope of Io at C shows the domestic rate of transformation
of X1 and X2 in equilibrium. It shows that one would have to give up more than
one unit of food to get one unit of the import even though the international relative
price is 1.

Let us now look at the consequences of restricting imports to a maximum
of N2O as shown in Figure 6.5. A quota has been imposed. This quota creates
an excess demand for imports and its domestic price (in terms of food) rises.
This would mean that importers who import at the relative price of 1 would be
able to make considerable profits at home. We further assume that there is no
lobbying (rent seeking). Equilibrium occurs at the point Eq. Society can come
only to a lower indifference curve Iq. (We have also drawn in the free trade social
indifference curve Io). But the fact that all labor is being used up in the production
of food and distribution means that the consumption possibility frontier remains
unaltered.

Let us now permit rent-seeking activity. People realize that there are extra-
normal profits to be made from selling imports and they lobby for rights to
this quota. Resources are spent in rent seeking. Since labor is the only factor
of production in this model, from equation (6.64) we get the result that the amount
of labor in the production of food and distribution is reduced. In other words, the
consumption possibility frontier shrinks.
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Figure 6.5 Consequences of restricting imports.

With reference to Figure 6.6 with a quota equal to N2O and rent seeking we
are at the point Er, within the consumption possibility frontier. The domestic
relative price will change as is shown in the diagram. The no rent-seeking quota
equilibrium (Eq) and the free trade equilibrium (Ef ) are also shown in the diagram.
Rent seeking lowers welfare and leads to a wastage of resources.

In the case of public goods, rent seeking is an important phenomenon. The
literature on rent seeking has a long and important history. See, for example,
Buchanan (1980), Bhagwati (1982), Becker (1983), van Winden (1983), Bates
(1988), van Welthoven (1989), and Pedersen (1995). The analysis here will follow,
in the main, the work of Pedersen (1995).

Suppose a bureaucrat b has been put in charge of the distribution of tax burden
associated with a public good. There are three types of individuals in society.
People of type 1 and 2 can influence the allocation of tax burden, whereas people
of type o have no influence whatsoever. The bureaucrat, implicitly or explicitly,
tries to maximize a weighted average of the welfare of people of types 1 and 2.
For these two types of consumers the budget constraint is written as:

Ci = Yi − Bi − Ti(i = 1,2) (6.65)

where Ci is consumption, Yi is income, Bi is the amount spent on rent seeking
(bribes paid), and Ti is the tax paid by individual of type i. The utility of a consumer
of type i takes the simple form:

Ui = 1nCi. (6.66)



Topics in the theory of public goods 147

Ef

Eq

Er

N2

Food

Manufactures

0

Figure 6.6 Consequences of a quota.

Since the amount of the public good produced has already been decided this
appears as a constant and is omitted from the utility function without any loss of
generality. The significant issue here is the distribution of the tax burden – not the
amount of the public good produced.

Yi is exogenous but taxes can be lowered by paying bribes. Hence, in optimum,
it must be the case that individual i will pay bribes such that:

dCi/dBi = −dTi/dBi − 1 = 0. (6.67)

When determining how much resources to spend on rent seeking, each agent
considers the amount on rent seeking by the other type of person as being given.
Hence, we can define a reaction function for each type of agent and compute the
Nash equilibrium.

Without loss of generality, it is assumed that the utility of the private person o,
who does not have any influence, is kept fixed at some level 
Uo. Taxes paid by
this agent are, simply, Yo − Co.

Aggregate private production GDPp can be written as:

GDPp = (Y1 − B1) + (Y2 − B2) + Yo (6.68)

whereas maximum (GDPm when no resources are wasted on rent-seeking) is:

GDPm = Y1 + Y2 + Yo. (6.69)
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The bureaucrat tries to maximize a social welfare function which is a weighted
average of the utility of people of types 1 and 2. This is written as:

SW = 	1 lnCe
1 + 	2 lnCe

2 (6.70)

where 	i (>0) is the weight given to the utility of the ith individual and Ce
i is the

consumption of the ith individual as perceived by the bureaucrat. It is assumed
that the bureaucrat has been instructed not to accept the agents’ perception of their
consumption. From the point of view of the bureaucrat we assume that a one-unit
increase in Bi causes a reduction in private consumption by bi units:

Ce
i = Yi − Ti − biBi. (6.71)

If rent seeking is entirely of the unproductive type then bi = 1. In general, it
would be less than 1.

The public sector’s budget equation is written as:

T1 + T2 + To = E (6.72)

where E is the expenditure on the public good which, without loss of generality,
may be set equal to zero.

The bureaucrat now maximizes the social welfare function (6.70) with respect
to T1 and T2, subject to the budget relation (6.72) and the weights 	1 and 	2. To

is determined as a residual.
The resulting tax functions are:

T1 = 	2[Y1 − b1B1]− 	1[To + (Y2 − b2B2)] (6.73a)

T2 = 	1[Y2 − b2B2]− 	2[To + (Y1 − b1B1)]. (6.73b)

Agent 2’s weight in the welfare function, 	2, can be thought of as the marginal
tax rate on individual 1 and vice versa. The bureaucrat’s perception of the
consumption of the two agents is:

Ce
1 = 	1[(Y1 − b1B1) + (Y2 − b2B2) + To] (6.74a)

Ce
2 = 	2[(Y1 − b1B1) + (Y2 − b2B2) + To]. (6.74b)

The term [(Y1 − b1B1) + (Y2 − b2B2) + To] may be thought of as the
bureaucrat’s perception of the total income and consumption that can be distributed
between agents 1 and 2.

Given these results, it would obviously be in the interest of both agents to try to
influence the weights (	s) that are assigned to them. Pedersen uses some results
of Becker (1983) to try to endogenize the 	s. He writes:

	1 = I1/(I1 + I2) (6.75a)

	2 = I2/(I1 + I2) (6.75b)

where Ii is the amount of ‘influence’ that agent i has. This could include, for
example, an index of the number of legislators who can lobby for him, the size of
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his private army and so on. Let Bx
i be some exogenous political capital or goodwill

that agent i enjoys. Then Ii would depend on Bx
i plus the amount spent on bribes.

Hence we can write:

I1 = �1(Bx
1 + B1) with Bx

1 ≥ 0 and �1 > 0 and

I2 = �2(Bx
2 + B2) Bx

2 ≥ 0 and �2 > 0.

Agent o with no political influence has �o = 0. � is a response function of the
bureaucrat to the agent’s rent-seeking behavior.

We now look at an example where 
 = �2/�1 >1 and Bx
2 > Bx

1. In this case,
agent 1 would have to spend more on bribery16 in order to get the same political
influence as agent 2. This is demonstrated in Figure 6.7. This figure illustrates how
	1 and 	2 vary with the extent of agent 1’s rent-seeking behavior. This diagram
is drawn under the assumption that the amount of rent seeking engaged in by
agent 2 is given at 	̄2 and that there is no exogenous political capital for any agent,
i.e., 	x

1 = 	x
2 = 0.17 Political reform taking the form of an increase in 	x

1 and/or a
reduction of 
 will lead to an upward shift of the 	1 schedule and a downward
shift of the 	2 schedule.

We can now write:

dT1/dB1 = −	2b1 − (∂	1/∂B1)[(Y1 − b1B1) + (Y2 − b2B2) + To] < 0
(6.76a)

Agent 1’s rent
seeking

1

β1

β2

Figure 6.7 Rent seeking equilibrium.
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dT2/dB2 = −	1b2 − (∂	2/∂B2)[(Y1 − b1B1) + (Y2 − b2B2) + To] < 0

(6.76b)

with

(∂	1/∂B1) = �1I2/(I1 + I2)2 > 0 (6.77a)

(∂	2/∂B2) = �2I1/(I1 + I2)2 > 0. (6.77b)

Equations (6.76) can be interpreted in the following manner. When determining
the extent of rent seeking (Bi) agent i perceives two types of benefits. For a given
level of �i so long as bi > 0, there is a tax reduction caused by a decline in agent
i’s tax base when Bi is increased. In the polar case when bi = 1, there is one-dollar
reduction in the tax base for every dollar spent on rent seeking. In addition, from
equation (6.77) since �i increases with rent seeking, agent i is able to capture a
larger part of total income.

Now, using equations (6.76) and (6.77) the quantity of resources used in rent-
seeking activities (B1 and B2) by agent i(i = 1,2) can be calculated. Their weights
in the welfare function 	1 and 	2 can then be computed from equation (6.75). The
distribution of tax burden will be given by equations (6.73). Consumption levels
for the two individuals are then obtained as residuals from equation (6.65).

Pedersen then does comparative static analysis of this model and also solves it
for two special cases: (i) bl = b2 = 1; (ii) bl = b2 = 0.

6.8 Conclusions

This has been a long and complex chapter. Several issues in the theory of public
goods have been considered in order to give students an idea of the range of issues
that have been discussed in the literature. Results have been hard to come by and
seem to be applicable in special cases. This is as we would expect of an area that
is inherently so difficult and so much in the center of active research. We have
considered the theory of single and multi-product clubs, the Tiebout hypothesis,
public goods supply with distortionary taxation and asymmetric information and
the theory of risk taking. The range of issues considered in this chapter, although
large, is by no means an exhaustive list of the work being done in the theory of
public goods. However, it should equip students to venture out in the world of
journals and read the work being done at the frontiers.

Notes

1 Sandler and Tschirhart (1993) show that the results here can be extended to cover the
case when the number of visits is another variable.

2 We assume that club members are price takers with regard to this price.
3 These may be single-product clubs or subsets of the number of services m.
4 Hence redistributive considerations are eschewed.
5 If there was a lump-sum payment Y then this would also enter the indirect utility function.
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6 If the additional unit of the public good was financed by increasing taxes so as to
increase the dispersion of taxes then the substitution and income effects would work in
the same direction and the mc of the public good will unambiguously go up.

7 In other words the utility function is written as U(l,d,G) = U1(l,d) + U2(G).
8 Such agencies can be of two types: high cost or low cost.
9 This is done for analytical convenience. Getting qualitative results with general utility

functions is not possible.
10 Tax is modeled in this fashion in order to minimize the algebra. It is easy to see that a

regular wage tax could easily have been accommodated.
11 See, for example, Laffont and Tirole (1993).
12 For a proof see Boadway et al. (1999).
13 Call this food.
14 These could be thought of as resources spent in collecting and processing orders for

exports as well as imports.
15 The domestic price of food is assumed to be equal to its international price.
16 If there is no rent seeking then the 	s depend upon political endowments alone.

	1 = Bx
1/(B

x
1 +
Bx

2) and 	2 = Bx
2/(B

x
1 +
Bx

2).

17 Otherwise, the 	 schedules would have an intercept.

Additional reading

The theory of public goods is well discussed in Oakland (1987) and Inman (1987).
Also useful are Mueller (1979), Musgrave and Musgrave (1982) and Lockwood
(2002). For a good treatment of the theory of clubs see Cornes and Sandler (1986)
and Brueckner and Lee (1991).





Part III

The theory of taxation



Introduction to Part III

This is the largest section of the book and contains ten chapters. Various aspects of
the theory of taxation are considered. There are several broad areas of concern in
the theory of taxation: incentive effects of taxes; tax incidence; optimal taxation
and mix of direct and indirect taxation; tax reform and international aspects of
taxation. All these facets of the theory of taxation are considered here.

Chapter 7 considers the incentive effects of taxation on savings behavior. We
begin with the effects of wage taxation in the two-period, life-cycle model of
savings and labor supply. The conflict between the income and substitution effects
in various contexts is worked out. This leads to the prediction that the elasticity
of tax with respect to the after-tax interest rate is small. We then consider the
incentive effects of taxation on savings when there are capital market distortions.
We then examine broader models of savings and taxation – in particular the work
of Summers who argues that the interest elasticity of savings is much higher in
more complex life-cycle models (and reality) than the two-period one. This result
leads to the question of whether expenditure taxes would be more suitable than
income taxes. This issue is considered in detail here. The chapter also discusses
the links between saving and social security as well as computable models of
effects of taxation on savings. A review of the empirical evidence on savings and
taxation is also provided.

Chapter 8 deals with the effects of taxation on labor supply. We begin by
considering the basic one-period model of labor supply and detail the conflict
between the income and substitution effects of an increase in the wage tax on
labor supply. The effects of various tax structures – lump sum, proportional,
progressive – are also compared. The effect of an income tax in affecting the
decision to enter the labor market is also discussed. The chapter also examines
the effect of tax progression on aggregate labor supply and closes with a review
of the empirical evidence on the effects of taxation on labor supply.

In Chapter 10 we consider the effects of taxation on investment behavior.
We begin with a discussion of the Fisherian and neoclassical approaches to the
determination of investment. Then we proceed to model the effects of corporate
taxation, depreciation allowances and the investment tax credit on investment
behavior by the firm. We compare the stimulative effects of an increase in the
investment tax credit and a cut in the corporate tax rate. The effects of inflation
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in distorting the incentive to invest are also considered. We then move to analyze
some simple financial theories of investment and the role that personal taxes play
in this. There is, in this context, a preliminary discussion of the Modigliani–Miller
theorem. Measures of the effective rate of tax due to King–Fullerton and others
are also discussed and these are extended to cover an open economy.

Chapter 10 considers the effects of taxation on risk taking. We begin by proving
Sandmo’s classic result that the elasticity of the amount of a consumer’s wealth
in the risky asset depends only upon the tax rate and not upon the return of the
risky asset or the form of the utility function. We then prove the Modigliani–Miller
theorem and consider some cases when it may not hold exactly. The chapter closes
with an analysis of the effects of increasing progression on risk taking.

Chapters 11 and 12 are concerned with tax incidence analysis. In Chapter 11 we
examine tax incidence in three models of static general equilibrium. We consider
the static two-sector general equilibrium model with full employment and derive,
in considerable detail, the factor substitution and output effects of various taxes.
We then look at a model of tax incidence in a general equilibrium model with
involuntary unemployment. Finally we consider tax incidence in a model with
one sector operating under conditions of a rate of return regulation.

In Chapter 12 we consider tax incidence in growing economies. We develop the
standard Solow model of economic growth and examine the effects of various taxes
on steady-state growth. Bonds are introduced into this model and the notion of
balanced growth path incidence – one that leaves capital–labor ratio unchanged –
is developed. We also develop the two-period Diamond life-cycle model and
discuss balanced growth path incidence as well as the incidence of redistributive
taxation. Tax incidence in more general life-cycle models like those of Blanchard
and Yaari is also discussed. Finally, two questions of lasting interest of dynamic
tax incidence theory are taken up. First, is the question of the incidence of a tax
on land and the second is the question of choice of fiscal instrument. Given that
government expenditure is to go up, how should it be financed – by issuing bonds
or by taxation?

In Chapter 13 we consider aspects of commodity taxation. We begin by proving
three important ‘elasticity’ type results in the theory of commodity taxation: those
relating to compensated and uncompensated elasticities of demand as well as the
Corlett–Hague result. These three results refer to efficiency in commodity taxation.
We then delineate the cases under which uniform commodity taxation is optimal.
Redistributive commodity taxation is also considered. We try to understand how
much redistribution is possible through commodity taxation and realize that this
extent is quite limited. There is also a discussion of the popular value added tax
(VAT) and the experience that some countries have had with it.

Chapter 14 considers optimal income taxation. We begin by deriving the
properties of an optimal redistributive linear income tax. We then consider
Ramsey–Mirrlees type optimal non-linear taxation with one as well as many
goods. Then optimal taxation with imperfect information about worker skills
is considered. We consider both cases – when the elasticity of substitution
between labor types is (alternately) infinite and finite. We then examine optimal
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intra- as well as inter-generational taxation in a dynamic model. The old direct
versus indirect tax debate is also taken up. The literature has typically emphasized
the superiority of direct taxes. Recent work which says that under uncertainty we
require a mix of direct and indirect taxes – not just direct taxes – is also discussed.

Chapter 15 discusses three important topics in tax theory. The first deals with
tax policy in a model of endogenous growth where expenditures on research and
development determine the rate of technological progress and, therefore, the rate
of growth of the economy. We then study models of income tax indexation in
an inflationary economy. This chapter also provides an introduction to the recent
theories of time inconsistency in dynamic tax policy models. We develop notions
of time-consistent and time-inconsistent equilibria and illustrate these notions in
the context of a popular model due to Stanley Fischer. The chapter also illustrates
some problems associated with tax evasion. Tax evasion by firms and households
is analyzed and the role of borrowing constraints is also discussed.

Chapter 16 is concerned with tax reform. The basic elements of recent tax
reforms in various countries are discussed. Tax reform in the Diamond Mirrlees
framework is examined. There is then some discussion of tax reform in a dynamic
context. These reforms are studied with respect both to balanced and unbalanced
government budgets. Finally we discuss the marginal approach to tax reform when
tax reforms are guided by calculations of marginal costs and benefits of public
funds that are associated with such reforms.



7 The effects of taxes on savings

Key concepts: life-cycle models of taxation and savings; aggregate effects
of taxation and savings; expenditure taxation; Blanchard–Yaari model of
consumption; social security, pensions and benefits.

7.1 Introduction

With this chapter we begin our analysis of the incentive effects of taxation. In later
chapters we consider labor supply, investment behavior, and risk taking.

The issue of how taxes affect savings is important for several reasons, most of
which deal with the importance of additional investment and, therefore, savings
for higher economic growth. This is crucial, for obvious reasons, for developing
countries but is also relevant for richer nations where sagging rates of savings have
aroused concern and led to examination of the role of taxation in the determination
of savings.

We will first study models which may be called traditional in the sense that they
present the tax (and therefore interest) elasticity of savings as the resolution of an
income effect – substitution effect conflict. One effect tends to make savings go up
when the after-tax interest rate goes up and the other tends to lower it. This branch
of the literature then suggests a relatively low interest elasticity of savings. We
will then extend this somewhat by bringing in variable labor supply and present a
more modern version of the life-cycle hypothesis where the interest elasticity of
savings can be much higher than the standard life-cycle models. We also consider
some models of savings for retirement as well as the effects of expenditure taxes
on savings. We finally review some empirical evidence on the effects of taxes on
savings.

7.2 The elementary life-cycle model of saving

In the simplest version of this model a consumer lives for two time periods
(1 and 2). In the first time period she works, consumes, and saves and in the
second time period she is retired and consumes her savings. The duration of the
working and the retirement phase are perfectly known, as is the time of death.
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There is only one rate of interest which is applied to her savings and she is paid
principal and interest at the beginning of the second period. In the simplest version
of the model labor supply is contractually fixed and there are no opportunities for
work in the second time period.

The consumer’s utility function is written as U(c1,c2), where ci is consumption
in period i(i = 1,2); and her life-time budget constraint is c1 + c2/(1 + r) = w,
where r is the interest rate and w is the income earned by the consumer in the first
time period. With a tax tr on interest income and tw on wage income the budget
constraint can be written as:

cl + c2/(l + r(1 − tr)) = w(1 − tw). (7.1)

Two points are worth observing about equation (7.1). The imposition of the wage
tax should be looked upon here as a lump-sum or non-distortionary tax since labor
supply is fixed. A wage tax does not alter the choice between the present and
the future. All that the wage tax does is to reduce lifetime wealth and, therefore,
both cl and c2. An interest tax, on the other hand, does alter the choice between
the present and future. It lowers the opportunity cost of present consumption (the
substitution effect). This, in itself, should increase present consumption and lower
savings. However, the income effect of a reduction in the net rate of interest
would tend to lower current consumption (increase savings). This is the essential
conflict between the substitution effect and the income effect which is portrayed
in Figure 7.1. In this figure we have traced the effects of a reduction in the net rate
of interest on the consumer. In case (a) savings rise after a drop in the net rate of
interest (the income effect dominates); in case (b) savings fall, which implies that
the substitution effect dominates.

Let us write p = 1/1(1+ r) as the price of consumption in the second-period in
terms of first-period consumption so that the budget constraint is written as:

cl + pc2 = w.

We can write the Slutsky equations for changes in p as:

∂c1/∂p = ∂c1/∂p
∣∣
dU=0 − c2∂c1/∂w. (7.2)

The first term of this expression is the substitution effect which goes to increase
first-period consumption, whereas the second term is the income effect which
tends to decrease first-period consumption. If we write the Slutsky equation for
c2 and assume c2 to be a normal good, we will come to the conclusion that a drop
in the rate of interest will unambiguously reduce second-period consumption as
both the income as well as the substitution effects work in the same direction.

We can now define the elasticity of substitution between first- and second-period
consumption as:

� = d1n(c2/c1)

d1n(1 + r)

∣∣
dU=0 = [∂1nc1/∂1np]∣∣dU=0 −[∂1nc2/∂1np]∣∣dU=0. (7.3)
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Figure 7.1 Effects of a drop in the interest rate on savings.

From the fact that the expenditure function is homogeneous of degree one in
prices (see Chapter 1) we know that:

∂c1/∂1np
∣∣
dU=0 + p∂c2/∂1np

∣∣
dU=0 = 0. (7.4)

Substituting equations (7.3) and (7.4) into the Slutsky equation for c1 we get:

∂1nc1/∂p = s(�− �) (7.5)
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where s is the rate of savings (pc2/(c1 + pc2)), � is the elasticity of substitution,
and � is the wealth elasticity of first-period consumption. Thus, for example, if
the utility function is of the Cobb-Douglas form: U = c�1c	2; with 1 ≥ � ≥ 0,
1 ≥ 	 ≥ 0 then � = 1 and if the income elasticity of consumption also equals
one, then, the substitution effect and the income effect will exactly cancel each
other out and there will be no change in savings following a drop in the after-tax
interest rate.

So long as the supply of labor is fixed, a wage tax will not have anything but
a wealth effect, irrespective of whether the consumer earns non-wage income or
income in the second period. In such cases, the analysis of the effects of a wage tax
will be as in Figure 7.2a and that of an interest tax as in Figure 7.2b. In Figure 7.2a a
wage tax causes a parallel shifting-in of the individual’s budget line reducing both
cl and c2. If the utility function is homothetic, then the consumption of both will,
in post-tax equilibrium, be in the same proportion as in the pre-tax equilibrium.
In Figure 7.2b the relative price of first-period consumption changes and there are
the usual substitution and income effects.

A remarkable change to this analysis occurs if labor is variable, rather than
being contractually fixed. Suppose the utility function is now written as U(cl,
c2,L) where L is leisure. The total amount of time available to the individual is
H so that time worked is H − L. The budget constraint of the individual can be
written as:

c1 + c2/(1 + r) = w(H − L) + I. (7.6)

where I is non-wage income.
Performing the maximization of the utility function with respect to cl, c2, and

L subject to the budget constraint in equation (7.6) we will obtain from the first-
order conditions: (Ui is the partial derivative of the utility function with respect
to the ith argument. All three goods – first-period consumption, second-period
consumption and leisure are desirable.)

U2/U1 = 1/(1 + r) → U2 = U1/(l + r) (7.7a)

U3/U2 = w → U3 = Ulw (7.7b)

From this we easily derive:

U3/U2 = w(1 + r). (7.7c)

Hence, we now have three commodities and essentially only two relative prices.
We can assume that the income effects are positive as before. Since all three goods
are assumed normal an increase in income would, ceteris paribus, increase demand
for all three goods. As far as substitution effects are concerned, we can safely
assume that ‘own’ effects are negative. An increase in the interest rate, with utility
held constant will raise the relative price of first-period consumption and, there-
fore, increase second-period consumption (savings). Thus: (∂c2/∂r)

∣∣
dU=0 > 0.
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Figure 7.2 Effects of a wage tax on savings.

Again, an increase in the wage rate, with utility held constant, will raise the price
of leisure and, therefore, reduce leisure: (∂L/∂w)

∣∣
dU=0 < 0.

For a constant utility level the interest rate must satisfy:

U1(∂c1/∂r)
∣∣
dU=0 + U2(∂c2/∂r)

∣∣
dU=0 + U3(∂L/∂r))

∣∣
dU=0 = 0.

Substituting from the second parts of equations (7.7a) and (7.7b) we have:

(∂c1/∂r)
∣∣
dU=0 +[1/(1 + r)][∂c2/∂r]∣∣dU=0 + w(∂L/∂r)

∣∣
dU=0 = 0. (7.8)
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From equations (7.7a) and (7.7b) it is not possible to deduce the sign of the first
term on the lefthand side of equation (7.8). If labor is fixed then the last term on
the lefthand side of (7.8) is zero and we know that the second term is positive so
that the first term must be negative. However, in the present case leisure and c2

can be Hicksian substitutes so that cl and c2 could end up being complements so
that cl could be positively related to the interest rate along the Hicksian demand
curve. Hence the substitution term for cl (the first term on the lefthand side of
equation (7.8)) is not unambiguously negative. It will be so only if leisure and c2

are Hicksian complements. This is an important result. The impact of interest and,
for that matter since labor is variable, a wage tax depends upon the exact relations,
along Hicksian demand, between cl, c2 and L.

We can easily extend the model to consider other cases. Under a general income
tax the consumer’s budget constraint can be written as:

cl + c2/(l + r(1 − t)) = w(1 − t)(H − L) + I(1 − t). (7.9)

This is the usual Haig–Simons definition of an income tax with all forms of
income: interest, wage, and other non-wage income taxed at the common rate t.
This will clearly have both income and substitution effects. If labor is variable
then substitution and income effects will apply to both wage and interest taxation.
If labor is fixed in supply, then the substitution effect will apply only to the interest
tax and the wage tax will have a pure income effect.

A general expenditure tax or an indirect tax at rate � will change the budget
constraint as:

(l + �)cl +[(1 + �)/(1 + r)][c2] = w(H − L) + I. (7.10)

Dividing through by (1 + �) we have:

cl + c2/(1 + r) = [w/(1 + �)][H − L]+ I/(1 + �). (7.11)

So an expenditure tax is like an income tax with interest income exempt. Hence,
if labor is fixed, an expenditure tax will have only an income effect. If, however,
labor is variable, then an expenditure tax will have a substitution as well as an
income effect.

From equation (7.11) it is clear that the imposition of the indirect tax or
the expenditure tax has effects equivalent to a reduction of the wage rate and
the non-wage income, leaving the net rate of interest unchanged. One might be
tempted, on this basis, to say that the income tax by distorting the interest rate
is more discriminatory toward saving. But one has to be careful about the basis
of comparison. If one uses constant utility as the basis for comparison then the
interest rate is higher under indirect or expenditure taxation but the net wage
must be lower. What is involved is a comparison of two cross-substitution effects
on present consumption, and the outcome of this cannot be decided on a priori
grounds.
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Table 7.1 Comparative static properties of alternative life-cycle models

Fixed labour supply model
U = U(cl,c2); cl + c2/(1 + r) = w + I

Decision variable
Parameter increasing cl c2

w or I + +
r (compensated) − +

Variable labour supply model
U = U(cl,c2,L); cl + c2/(1 + r) = w(H − L) + I

Decision variable
Parameter increasing cl c2 L
I + + +
r (compensated) ? + ?
w (compensated) ? ? −

There is another important aspect which we should discuss – the optimal tax
treatment of savings. This is explored in a series of papers: e.g., Ordover (1976),
Ordover and Phelps (1979), Atkinson and Sandmo (1980), and M. King (1980).
We pick up this theme in Chapter 14. In Table 7.1 we compress our principal
results on the effects of taxes.

7.3 Capital market imperfections and the life-cycle model

In this section we study a simple model of imperfections in the capital market
along the lines of Jaffee and Russell (1976), Stiglitz and Weiss (1979), Atkinson
and Stiglitz (1980), Sandmo (1987a). This problem is studied in Figure 7.3.

Suppose the consumer earns income wl in the first time period and w2 in the
second. Let us denote lifetime earnings as E = wl + w2/(1 + r). In Figure 7.3
AAl is the budget line under the assumption that capital markets are perfect – the
borrowing and lending rates of interest are the same and the consumer is free to
lend and borrow any amount at this rate of interest – and no taxation of interest
income. We will denote by p = (1/(1 + r)) the relative price of consumption, as
before. Equilibrium in the absence of taxation occurs at P.

If we have a tax on interest income the budget line to the north-west of the
no-borrowing, no-lending point Q will tilt anti-clockwise denoting the fact that
the after-tax rate of return on savings (lendings) has fallen. If the consumer is a
borrower in the first time period and if interest payments are tax deductible, then
the budget constraint south-east of Q remains QA1. If interest payments are not
tax deductible, however, then the budget line will have a kink at Q and the portion
south-east of Q will shrink to QB. As before, the Slutsky equation for this problem
can be written as:

∂ci/∂p = ∂ci/∂p
∣∣
du=0 − (c2 − w2)∂ci/∂E.
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Figure 7.3 Effects of tax on saving if borrowing and lending rates of interest differ.

If c2 is nearly equal to w2 then the substitution effect will dominate and the
imposition of the tax will lower savings.

If there is no deductibility of tax paid on interest then people to the right of
Q (net borrowers) are unaffected by the tax. If the borrowing and lending rates
(rb and rl) are different, typically rb > rl, then, under certain conditions, people
will neither borrow nor lend. Atkinson and Stiglitz (1980) study the following
constant elasticity utility function:

U1−(1/�) = c1−(1/�)
1 +[1/(1 + �)]c1−(1/�)

2

where � is the ‘subjective’ discount factor. This utility function is maximized
subject to the following budget constraint:

c1 + c2/(1 + r) = w1 + w2/(1 + r)

where r = rb (if the consumer is a borrower) and r = rl (if the consumer is a lender).
The optimal consumption plan will satisfy:

[c2/cl] = [(1 + r)/(1 + �)]�.
As can be seen from Figure 7.4, as we consider larger values of � the chosen

point moves toward the kink. Let us suppose that people have different discount
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rates (�1 for lenders and �2 for borrowers). At some values of �1 and �2 we will
have:

[(1 + rl)/(1 + �1)]� = w2/w1 = [(1 + rb)/(1 + �2)]�.

w2 and wl are assumed to be the same for both borrowers as well as lenders. Hence,
individuals with � in the range �1 ≤ �≤ �2 will choose to be neither borrowers nor
lenders. This is a well-known result of Stiglitz and Weiss (1979) that in imperfect
capital markets some consumers would choose neither to lend nor to borrow.

7.4 Broader life-cycle models of savings and taxes

It is a relatively straightforward matter to extend the analysis to a multi-period
framework. Suppose that an individual expects to live for T time periods.1 Thus
he is interested in maximizing his utility U(cl, . . .,cT). The wage income in period
t is wt. If the (constant) interest rate is r then the individual consumer’s budget
constraint can be written as:

T∑
t=1

wt

T∑
t=1

(1 + r)t−1

=

T∑
t=1

ct

T∑
t=1

(1 + r)t−1

(7.12)

P

Lending rate

Borrowing
rate

Rising δ

c2c1

Q

c1

W2

c2

W1

Figure 7.4 Effects of a change in the discount rate.
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This framework can easily be extended to include bequests received (B0) and
bequests left behind (BT). Both get included in the budget constraint, whereas the
latter will also have to figure in the consumer’s utility function. The problem can
then be written as: Max U(c1, . . . ,cT,BT) by choosing c1, . . . ,cT,BT subject to:

T∑
t=1

wt/(1 + r)t−1 + B0 =
T∑

t=1

ct/(1 + r)t−1 + BT/(1 + r)T (7.13)

Any pair of taxes (t1, t2) that affect the lefthand side and righthand side of the
budget constraint in the same manner are equivalent in their effects on consumer
choice. Thus a proportional tax tl on wage income plus inheritance reduces net
resources and alters the budget constraint to read:[

T∑
t=1

wt/(1 + r)t−1 + B0

]
(1 − t1) =

T∑
t=1

ct/(1 + r)t−1 + BT/(1 + r)T. (7.14)

A proportional tax at rate t2 on consumption plus bequests would increase gross
expenditure and the budget constraint would read:

T∑
t=1

wt/(1 + r)t−1 + B0 =
[

T∑
t=1

ct/(1 + r)t−1 + BT/(1 + r)T
]

(1 + t2). (7.15)

If the nominal effects of the two taxes are the same (i.e., if the imposition of
t1 reduces receipts by the same amount as the imposition of t2 increases gross
expenditure) then the two sets of taxes have equivalent effects on the consumer’s
equilibrium. In a completely analogous manner one can speak of other pairs of
equivalent taxes, e.g., taxes only on bequests and inheritances or on wage income
and consumption, etc. It should be remembered, however, that the assumption of
perfect capital markets is central to this analysis. Imperfect capital markets will
disturb this equilibrium in a profound manner (see, for instance, Jha 1986).

It would be a relatively simple manner to extend the analysis to consider variable
labor supply. Suppose the consumer works for l time periods l < T. With variable
labor supply, the consumer’s utility function can be written as:

U(c1, . . . ,cT;L1, . . . ,Ll,BT)

and his budget constraint is written as:

T∑
t=1

ct/(1 + r)t−1 + BT =
l∑

t=1

(Ht − Lt)wt/(1 + r)t−1 + B0.

7.5 Aggregate savings and taxation

The analysis that we have conducted so far would generally tend to predict a
low elasticity of savings with respect to the interest rate. However, there are
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good reasons why the life-cycle models detailed above may be inappropriate for
analyzing the behavior of savings in the aggregate. This problem was addressed
in an important paper by Summers (1981).

Summers argues that the standard two-period formulation of the savings
decision obscures two important points. First, savings are carried on to finance
future consumption. Eventually each saver will dissave all his savings. Positive
savings arise because the young who save are more numerous and more affluent
than the old who are dissaving. Second, the standard model does not have a good
treatment of future labor earnings – in particular it does not recognize the fact that
in a growing economy the future earnings of the individual are going to increase
steadily.

Individuals choose a consumption plan to maximize an intertemporal utility
function, subject to a lifetime budget constraint.

max

T∫
0

U(ct)e
−�tdt subject to

T∫
0

Cte
−rtdt =

V∫
0

wte
−rtdt (7.16)

where � is the individual’s discount rate, r is the rate of interest, V is the age of
retirement, and T is the lifespan of the individual. The analysis is carried out with
a constant elasticity utility function so that the Lagrangean for the individual can
be written as:

�=
T∫

0

c�t e−�tdt −�

⎡
⎣ T∫

0

cte
−rtdt −

V∫
0

w0egte−rtdt

⎤
⎦ if � �= 0

=
T∫

0

ln cte
−�tdt −�

⎡
⎣ T∫

0

cte
−rtdt −

V∫
0

w0egte−rtdt

⎤
⎦ if � = 0 (7.17)

where � is the elasticity of the marginal utility function. The expression 1/(1−�)
corresponds to the intertemporal elasticity of substitution. It is assumed that the
economy is in steady-state equilibrium and growing at a constant rate. Now, it is
a well-known result that in a neoclassical growth model the only kind of neutral
technical progress that is consistent with steady-state growth is Harrod neutral
or labor-augmenting technical progress (see, for example, Burmeister and Dobell
1970). Such technical progress amounts to a growth in labor productivity and
therefore, under competitive conditions, a rise in the wage rate at a rate equal to the
rate of labor augmenting technical progress. In the case above, labor augmenting
technical progress is assumed to occur at the rate g. Hence, wages are assumed to
be growing in steady state at the rate g.
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The first-order condition is:

∂�/∂ct =
T∫

0

�c�−1
t e−�tdt −�

⎡
⎣ T∫

0

e−rtdt

⎤
⎦= 0 (7.17a)

which implies that:

c�−1
t = [�e−rt]/[�e−�t] or that ct = [�/�]1/(1−�)e[(r−�)/(1−�)]t

so that:

ct = c0e[(r−�)/(1−�)]t. (7.18)

Upon differentiating the Lagrangean with respect to �we get ∂�/∂�= 0 which
implies that:

T∫
0

cte
−rtdt =

V∫
0

w0e(g−r)tdt.

Substituting for ct from equation (7.18) and integrating on both sides we have:

[
c0

e{(r−�)/(1−�)−r}t

{(r − �)/(1 −�) − r}

]T

0

=
[

w0
e(g−r)t

(g − r)

]V

0

or,

c0
e{(r−�)/(1−�)T − e0

{(r − �)/(1 −�) − r} = w0
e(g−r)V − e0

(g − r)

where e0 = [�/�]1/(1−�)

so that:

c0 = w0{e(g−r)V − 1}{[(r − �)/(1 −�)]− r}
{e{[(r−�)/(1−�)]T} − 1}(g − r)

. (7.19)

Hence, we get the final value for ct by substituting for c0 from equation (7.19) in
equation (7.18).

Now, in the aggregate, we can write savings, S, as:

S = wage income + capital income − consumption

= wL + rK − C

where K is aggregate capital and C is aggregate consumption.
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Since savings are added to the capital stock we have:

S = (n + g)K (7.20)

where n is the rate of growth of the population. Thus, (n + g)K = wL + rK − C,
or K = (wL − C)/(n + g − r). Hence, aggregate saving as a proportion of wage
income is:

[S/(wL)] = (n + g)K/(wL) = [(n + g)/(wL)][(wL − C)/(n + g − r)]
= (n + g)[{C/(wL)}− 1]/(r − n − g). (7.21)

Substituting for C/(wL) from equations (7.18) and (7.19) we get the aggregate
savings rate:

S/(wL)= [(r−�)/(1−�)−r][e(g−r)V −1][e([(r−�)/(1−�)]−g−n)T −1]n(n+g)

[(r−�)/(1−�)]−n−g][g−r][e[(r−�)/(1−�)−r]T −1](1−e−nV)(r−n−g)

−(n+g)/(r−n−g)

.

(7.22)

Equation (7.22) shows that the life-cycle hypothesis gives rise to a steady-
state aggregate savings function which may be represented as zero propensity to
save out of capital income and variable propensity to save out of labor income.
Summers then goes on to demonstrate that with this savings function and plausible
values of the parameters �, �, T, and V the elasticity of savings with respect to the
interest rate is quite high. The following general conclusions are warranted from
Summers’ numerical calculations:

(i) For given � the economy saves more at higher interest rates.
(ii) Higher taxes on savings would reduce effective rate of return to saving.

which, in turn, would result in a decline in the propensity to save.
(iii) For a given� the higher the intertemporal elasticity of substitution, the greater

would be the saving by younger people and older people would dissave more.
With higher intertemporal elasticity of substitution, the young are more able
to substitute future consumption for current consumption, thus increasing
savings, ceteris paribus.

It would thus appear that an important instrument to improve the savings rate
would be the net rate of return on savings. Thus lower interest tax rates would
be advised if the objective were to improve rates of saving and investment and,
ultimately, the rate of economic growth.

At this point, then, it becomes natural to ask whether complete exemption of
savings taxation would be a useful policy option. This is possible, as we have
seen, by a substitution of the income tax by a consumption tax. We turn to some
issues of the desirability and feasibility of the consumption tax.



170 The theory of taxation

7.6 A consumption/expenditure tax

We now proceed to a detailed comparison of the income, consumption and
expenditure tax. We will also have opportunity to comment on the administrative
feasibility of the expenditure tax. We follow the work of Kay and King (1990).

Suppose that an individual lives and works for T years and spends income at the
rate of ct. His assets at time t are written as At and, in the absence of bequests, assets
at the beginning and end of one’s life span are zero: A0 = AT = 0. The individual
earns a wage w per time period and the rate of interest is r per time period. Hence
asset accumulation (Ȧ) (a dot (.) above a variable represents a derivative with
respect to time) can be written (on dropping time subscripts which just clutter up
the notation without adding any insight) as:

Ȧ = w + rA − c. (7.23)

so that assets at time t are:

At =
T∫

t

(c − w)e−r(�−t)d�

t∫
0

(w − c)er(t−�)d� (7.24)

where the integration over time is written as �. Let us call a labor tax tl and a
consumption tax tc. Now, it can easily be seen that a labor tax and a consumption
tax are identical if tl = tc/(1 + tc).

To see this realize that with a tax on labor income equation (7.23) can be
written as:

Ȧ = (1 − tl)w + rA − c (7.25a)

whereas with a consumption tax we will have:

Ȧ = w + rA − (1 + tc)c. (7.25b)

With a tax on labor income a consumption plan ct is feasible if:

T∫
0

[(1 − tl)w + rA − c − Ȧ]e−rtdt ≥ 0 (7.26)

i.e., if

T∫
0

(1 − tl)we−rtdt ≥
T∫

0

cte
−rtdt (7.27)

since A0 = AT = 0.
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With a consumption tax, ct is feasible only if:

T∫
0

[w + rA − (1 + tc)c − Ȧ]e−rtdt ≥ 0 (7.26a)

which amounts as above to saying:

T∫
0

[we−rtdt] ≥
T∫

0

cte
−rtdt. (7.27a)

Hence the two taxes are identical only if:

(1 − tl) = 1/(1 + tc) so that tl = tc/(1 + tc).

If this condition holds then the same consumption plan will be chosen under
both tax regimes. It can further be shown that the tax collections under the two
cases will be the same. The present value of tax revenue under the labor income
tax is:

tl

T∫
0

we−rtdt

while under the consumption tax the present value of tax revenue will be:

tc

T∫
0

ce−rtdt = tc/(1 + tc)

T∫
0

we−rtdt.

Hence, if tl = tc/(1+ tc) then the two taxes yield the same present value of tax
revenue.

Let us now study the case of a comprehensive income tax (ty) wherein both
wage and interest incomes are taxed. With such a tax asset accumulation will be
given by:

Ȧ = (1 − ty)[w + rA]− c. (7.28)

Suppose the pattern of labor earnings over one’s lifetime is fixed. Then tax
revenue from the income tax will be:

Ry =
T∫

0

ty(w + rA)e−rtdt
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whereas under the labor tax it will be:

Rl =
T∫

0

tlwe−rtdt.

So, if the present discounted value of assets (
∫ T

0 Ae−rtdt) is greater than zero then
an income tax applied at the same rate as the consumption tax will yield higher
revenue. The value of (

∫ T
0 Ae−rtdt) denotes how late in lifetime an individual

chooses to consume his assets given that he starts out with zero assets and dies
without leaving bequests. The later an individual runs down his assets, the greater
will be the income tax on him.

We can then define a consumption plan c1t to be later than an alternative c2t if:

T∫
0

c1te
r(�−t)dt ≤

T∫
0

c2te
r(�−t)dt

for some �0 and all � ≤ �0. This definition is intuitively plausible. Discounted
value of consumption under c1 is lower than that under c2 over some horizon �0.

It is straightforward, then, to prove the intuitively plausible result that an
individual with a later consumption plan would pay a higher tax and have a
lower present value of lifetime consumption under an income tax as opposed
to a consumption tax.

With an income tax, asset accumulation will be given by:

Ȧ = (1 − ty)(w + rA) − c (7.29)

If w is fixed, then it must be the case that the difference between asset
accumulation will be given by:

Ȧ1 − Ȧ2 = (1 − ty)r(A1 − A2) − (c1 − c2). (7.30)

Hence over any two points in time T1 and T2 it must be the case that:

T2∫
T1

(Ȧ1 − Ȧ2)e−rtdt = (1 − ty)r

T2∫
T1

(A1 − A2)e−rtdt −
T2∫

T1

(c1 − c2)e−rtdt

so that

[
(A1 − A2)e−rt]T2

T1
= −tyr

T2∫
T1

(A1 − A2)e−rtdt −
T2∫

T1

(c1 − c2)e−rtdt. (7.31)
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We can show that the consumption path c2 cannot cross c1 as in Figure 7.5. The
proof proceeds by contradiction. Suppose there is some Tc such that:

Tc∫
0

(c1 − c2)er(Tc−1)dt = 0. (7.32)

Then by setting T2 = Tc in equation (7.31) we will have:

[A1 − A2]e−rTc = −tyr
∫ T

Tc
(A1 − A2)e−rtdt (7.33)

and also by setting T2 = T and T1 = Tc in equation (7.31) we will have:

−[A1 − A2]e−rTc ≤ −tyr

T∫
Tc

(A1 − A2)e−rtdt.

Hence, we must have:

T∫
0

(A1 − A2)e−rtdt ≤ 0. (7.34)

End of
horizon

0

c2

c1

Figure 7.5 Alternative consumption paths.



174 The theory of taxation

If we set T2 = T and T1 = 0 in equation (7.31) we will get:

tyr

T∫
0

(A1 − A2)e−rtdt =
T2∫

T1

(c2 − c1)e−rtdt (7.35)

which leads to:

T2∫
T1

c2e−rtdt >

T2∫
T1

c1e−rtdt (7.36)

Thus, in Figure 7.5 we need only consider cases where:

�∫
0

(c1 − c2)e−rtdt < 0 for all � ∈ (0,T).

If we now set T1 = 0 and T2 = T in equation (7.31) we will immediately realize
that c2 involves a higher present value of lifetime consumption and a lower present
value of lifetime tax payment. Thus our claim is proved.

Differences in earnings profiles

We can now work with different earnings profiles. Early and late earning profiles
can be defined in essentially the same manner as early and late consumption
profiles. We will say that an earnings profile w1t is earlier than an alternative
w2t if:

�∫
0

w1e−r(�−t)dt ≤
�∫

0

w2e−r(�−t)dt for some �0 and all � < �0.

The income tax penalizes early earners among those with the same pattern
of lifetime consumption. We can prove this much like the proposition about
differences in consumption patterns. We start with:

Ȧ1 = (1 − ty)(w + rA) − c with c being fixed.

Hence, we have:

(Ȧ1 − Ȧ2) = (1 − ty)(w1 − w2) + r(A1 − A2) (7.37)

so that:

[(A1 − A2)e−rt]T2
T1

= (1 − ty)

T2∫
T1

(w1 − w2)e−rtdt − tyr

T2∫
T1

(A1 − A2)e−rtdt.

(7.38)
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Hence, the result is proved.
Some straightforward extensions of these results are possible. Suppose we have

inheritances (I) as well as bequests (B). Then it can be shown that a tax on labor
income and inheritances at rate tl is equivalent to a tax (tc) on consumption if
tl = tc/(1 + tc). The consumer’s budget constraint under the income tax can be
written as:

(1 − tl)I +
T∫

0

(1 − tl)we−rtdt ≥
T∫

0

cte
−rtdt + B. (7.39)

With the consumption tax the budget constraint of the consumer can be written as:

I +
T∫

0

we−rtdt ≥
T∫

0

(1 + tc)cte
−rtdt + (1 + tc)B. (7.40)

Hence it is clear that the two sets of taxes will have identical effects if tl =
tc/(1+ tc). It can also be shown that the revenue would be the same under the two
taxes.

Thus it is seen that there are a large number of equivalence results for the income
and consumption/expenditure tax. Some of these propositions extend to the case
of uncertainty as well. However, it is to be remembered that these equivalence
results do not hinge upon utility comparisons but are done only for the case of
budget constraints. This is not as important as the fact that expenditure taxes are
notoriously hard to administer. We discuss some of these difficulties below.

Difficulties in measuring the base of an expenditure tax

(a) The direct method

How does one calculate directly the base of an expenditure tax? How does
one determine how much an individual has spent during a certain period
of time? In this electronic age, credit cards, internet transactions, and data
processing can be used to manage the vast problem of direct calculation of
individual period expenditure. One would have to replace ‘anonymous’ money
(banknotes and coins) with individualized money (that which is held in the
forms of accounts only) and to assign a personal number to any resident
of the country. In that case no economic transactions should be paid for by
cash. One must use credit cards, internet transfers, checks, and other similar
devices. All objects of economic transactions may then be classified easily
and earmarked as to whether they are liable to an expenditure tax or not. All
other administrative problems then get reduced to a matter of electronic data
processing.

An objection to this method is that the state will have access to a consider-
able amount of information about the individual and privacy could be at stake.
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Another disadvantage is that the administrative requirements would be beyond
the realms of possibility for less developed countries. Third, any use of cash for
purposes of expenditure would paralyze the system.

(b) An indirect method: the cash-low approach

In this method expenditure during a period is computed as period income from all
sources less gross savings plus all dissavings. The administration of an expenditure
using this method would require the keeping of meticulous asset registers by all
taxpayers to control for current consumption financed by dissaving. Otherwise,
it would be possible to evade taxes altogether by saving all of current income
and financing current consumption by dissaving. Under this cash-flow method
registers are kept in nominal terms. This means that the cash-flow method takes
into account only realized capital gains or windfall gains in the very period that
they are realized.

(c) The wealth-accrual method of expenditure tax administration

This method of expenditure tax administration is essentially the same as the cash-
flow method but requires that asset registers be kept in constant rather than current
prices. This would mean that it requires rather complicated revaluations of all
taxpayers’ wealth at any time period. This also implies a periodic reassessment
of the market value of all firms. Because of this rather formidable amount of
computation, most proposals for an expenditure tax advocate the use of the cash-
flow method.

However, notice that neither the cash-flow method nor the wealth-accrual
method of calculating the base of an expenditure tax can afford to avoid meticulous
accounting and adequate control by tax inspectors in order to prevent untaxed flow
of funds or commodities in kind from businesses to shareholders.

(d) Business-cash-flows-cum-wages method of expenditure tax

This method is inspired by considerations of national income accounting. Let Y
represent GNP, I investment, C consumption, and W labor income. Then, since

Y − I = C

it must be the case that

(Y − I − W) + W = C.

This suggests that consumption can be taxed equally as well by taxing business
cash flows and wages.

As macroeconomic identities hardly ever translate immediately into individual
tax bases the above argument is of dubious quality. Everything will go well so
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long as wage earners consume all income and only entrepreneurs possibly save.
In this case (Y − I − W) is roughly equivalent to that part of the profits which is
consumed by the entrepreneurs. But when a wage earner saves part of her income,
her tax burden is not reduced, as should properly be done under an expenditure
tax. Rather the tax burden of the enterprise into which her savings were invested
would be reduced and it is up to this individual to negotiate with this enterprise a
tax reduction for herself.

The treatment of consumer durables – the most significant drawback

The greatest administrative complication of a consumption tax under any method
of base calculation is the treatment of consumer durables. This is similar to the
problem of treatment of depreciation under the income tax. Consumer goods
are bought in one time period but they create a consumption stream spreading
over many time periods. This would imply an exorbitant burden under the
expenditure tax.

Several methods have been proposed to gear the periods of the virtual
consumption stream to the time pattern of taxation.

(i) Tax averaging. All consumer durables are taxed in the period of acquisition.
A tax-averaging method is put in place to remove fluctuations in taxation
due to irregular acquisition of consumer durables as in Vickrey (1947:
Ch. 6). Using this method, however, it is not possible to eliminate the
systematic bias inherent in consumer durables, as the period of acquisition
precedes the periods representing the greater part of the consumption
stream.

(ii) Depreciation method. This method allows the taxpayer to spread the amount
expended on consumer durables over a greater number of periods. The
number of periods is chosen either at the discretion of the taxpayer or
following some guidelines issued by the tax authorities.

(iii) User charges. For very expensive durables, such as housing, and consumer
durables not subject to wear and tear, such as jewelry, an annual user charge
could serve to capture the consumption stream of a period and should form
part of the period expenditure.

One should state, however, that consumer durables create problems for an
income tax as well and we shall discuss these in a later chapter. Suffice it to
say here that whenever a consumer durable is acquired a consumption stream
extending into the future is implied. The individual will acquire the consumer
durable only if its present value is non-negative. But in order for it to be treated
consistent with capital goods, the interest associated with the future consumption
streams of consumer durables should also be taxed as well under an income tax.
Otherwise, an income tax will be distortive as as inequitable.

However, it should be noted that although consumer durables plague an income
tax as well, the problem is less severe in that case because it is only the ‘interest’
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that calls for an appropriate treatment and not the ‘capital’ itself, as is the case
with the expenditure tax.

7.7 Savings by firms

We now leave our discussion of firms to return to the main theme of savings.
Corporations save in the form of retained earnings. There are at least two views on
how to treat this. One view taken by Feldstein (1973, 1978), called the ‘Keynesian’
view, argues that retained earnings of corporations should be included in the
disposable income of the household sector since households themselves will take
inadequate notice of this. A second view with origins in Fisher (1930) argues that
households see through the ‘corporate veil’ and adjust savings to incorporate the
effects of retained earnings by corporations. The flow of capital income has no
effect on personal saving. This view is also taken by modern life-cycle theories.
Empirical work on US data sets by Bhatia (1979) gives qualified support to the
Fisherian view.

7.8 Social security, pensions, and savings

Social security and public and private pensions should be regarded as forms of
compulsory saving. In return for contributions to social security and pensions the
individual gets an income stream in old age. Suppose such a pension or social
security scheme is imposed in a situation where consumers have already made
their optimal consumption plans. What effect may this be expected to have on the
total volume of savings?

The answer to this question depends upon what use the government makes of
the amount collected. If the government uses this amount for current consumption
then, clearly, the total volume of savings will fall. If, however, the proceeds
are left in a fund to accumulate then the rate of saving should stay constant
or even rise. It may rise for two reasons. First, there may be some external
effects in savings mobilization which are overlooked by individual savers.
Second, given the large amounts collected by the government these may be
invested in properly diversified portfolios and thereby earn a larger rate of
return.

To analyze these issues we go back to the simple life-cycle model of savings.
Let S be social security benefits received in period 2 (the retirement period) and
� be the contribution paid in period 1. If the contribution is paid in a lump-sum
manner then the consumer’s budget constraint is:

c1 + c2/(1 + r) = w1 + w2/(1 + r) −�+ S/(1 + r) (7.41)

where we are assuming that the individual earns wi in period i, i = 1,2.
We now assume that S is calculated as a multiple of some reference contribution

�0. If the multiplicative factor is (1+�) then we can write: S= (1+�)�0 and rewrite
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the budget constraint as:

c1 + c2/(1 + r) = w1 + w2/(1 + r) −�{1 −[(1 + �)/(1 + r)][�0/�1]}. (7.42)

From this we may conclude the following:

(i) If �0 = � and � = r then the social security scheme will have no effect on
aggregate savings. Thus personal savings will fall by an amount exactly equal
to the rise in public savings.

(ii) If �0 = � and � �= r then there is an income effect on consumption in both
periods which is positive or negative depending on whether � > r or � < r.
If marginal propensities to save are positive and less than one, savings will
change in the same direction as consumption.

(iii) If � = r and � �= �0 then we would have similar types of income effects. In
some countries benefits increase less than proportionately with contributions,
so that there may be positive income effects for low income savers.

(iv) Feldstein (1976) has argued that the assumptions on which this model is based
are very restrictive. He argues, for example, that the date of retirement is a
choice variable for the individual and leisure belongs in the utility function.
If there is a pension plan then individuals might be tempted to save more
today and prepone the date of retirement in order to enjoy more leisure. This
would come in addition to the ‘replacement effect’ in point (i) and would
tend to make the net effect indeterminate.

(v) The yield on social security might be more certain because the government
can have a properly diversified investment portfolio.

(vi) Suppose that each generation cares about its descendants. The next generation
does so too. In effect, then, each person behaves as if he was infinitely
lived. This is the ‘Ricardian Equivalence’ argument of Barro (1974) and
others. Suppose now an unfunded pension scheme is introduced with the
immediate effect of reducing private savings. The current generation will
realize that when they are old there will be an additional burden on the young
of the next generation to fulfil the second-period consumption plans of their
predecessors. This increased liability will be reflected in the calculations of
the generation today and private savings will go up as a consequence.

(vii) The formula in equation (7.42) assumes that social security payments are
financed through lump-sum taxes. If distortionary taxes are used then this
may affect, for example, the net rate of interest and savings.

Feldstein (1977) has used international cross-section data to study the effects
of social security on private savings. He confirms the existence of a negative
relation and interprets this as evidence that the replacement effect outweighs
the induced retirement effect. Kurz (1981) used a much more representative
sample of households and concluded that there is no effect of social security
on private savings. On the other hand, he finds that private pension plans do
have effects on saving, but that these are rather complex. Other work confirming
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complex and often conflicting relations between social security and saving have
been reported by Green (1981), Browning (1982), Hemming and Harvey (1983),
and Dicks–Mireaux and King (1984).

From a purely theoretical point of view the relation between saving and
social security becomes increasingly complex as we move from the simple life-
cycle framework discussed above. It is not surprising, therefore, that clear-cut
econometric evidence should not be forthcoming.

7.9 The extended life-cycle models of savings

Scarf’s algorithm (1973) for computable general equilibrium models had a
particularly invigorating influence on research on the effects of taxes on savings. A
particularly useful example of this is the computable dynamic general equilibrium
which was studied, among others, by Auerbach (1987). Auerbach’s model
encompasses economy-wide computation. We wish to outline here the life-cycle
model of savings that is embedded in his work.

A representative consumer starts planning at a young age. He expects to live
and work for the next 55 years. His utility function is specified as:

U(c, l) = [1/(1 −�)]
55∑
t=1

(1 + �−(t−1))[c(1−1/�)
t +�l(1−1/�)

t ](1−1/�)(1−1/�)

(7.43)

where c is consumption, 1 is leisure, � is the discount rate, � is the intensity
parameter of leisure (the higher is � the greater is the preference for leisure, ceteris
paribus), � is the elasticity of substitution between consumption in different time
periods, and � is the elasticity of substitution between consumption and leisure in
any time period. Students will recognize equation (7.43) as a Constant Elasticity
of Substitution (CES) form of utility function.

The budget constraint of this individual is written as:

55∑
t=1

{
t∏

s=2

[1 + rs(1 − �̄ys)

}−1

(1 − �̄yt)wtet(1 − lt)

≥
55∑
t=1

{
t∏

s=2

[1 + rs(1 − �̄ys)

}−1

ct. (7.44)

This budget constraint allows for changes in the interest rate, the wage rate as well
as general non-proportional taxes different for savings and wage incomes. rs is
the gross interest rate in period s, wt is the wage in period t (in output units), �̄ys is
the average tax rate faced by the household. The et terms are included to reflect the
accumulation of human capital. These terms describe how many units of ‘standard’
labor the household supplies per unit of leisure are forgone in any given year.
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Thus wtet may be interpreted as the individual’s gross wage rate. The human capital
profile is the same for all individuals. Auerbach considers a particular form of the
profile. Labor supplied by different generations, after adjustment for efficiency, is
homogeneous. Hence the same assumption of Harrod-neutral or labor-augmenting
technical progress is being made here as in the Summers model.

The following constraint is imposed on the model:

lt ≤ 1 for all t.

First-order conditions for an internal maximum are:

(1 + �)−(t−1)�tc
−1/�
t = �

{
t∏

s=2

[1 + rs(1 − �̄ys)]
}−1

�t (7.45a)

(1 + �)−(t−1)�t�l−1/�
t = �

{
t∏

s=2

[1 + rs(1 − �̄ys)]
}−1

w∗
t �t (7.45b)

where

�t = [c(1−1/�)
t +�l(1−1/�)

t ](1/�−1/�)/(1−1/�) (7.46)

�t =
t∏

s=2

[1 + rs(1 − �̄ys)]/[1 + rs(1 − �̄ys)] (7.47)

w∗
t = wtet(1 − �yt) +�t (7.48)

where �t is the Lagrange multiplier for the period t labor supply constraint and
�yt is the marginal tax rate.

From equations (7.45a) and (7.45b) we have:

lt = [w∗
t /�]−�ct. (7.49)

Substitute into equation (7.46) and solve for �t in terms of ct and then substitute
back into (7.45a) to get the transition equation:

ct = {[1 + rt(1 − �yt)]/(1 + �)}�[vt/vt−1]ct−1 (7.50)

where

vt = [1 +��w∗(1−�)
t ](�−�)/(1−�). (7.51)

Similarly,

lt = {[1 + rt(1 − �yt)]/(1 + �)}�(vt/vt−1)(w∗
t /w

∗
t−1)−�lt−1. (7.52)
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The production sector

One single output is produced with a constant elasticity of substitution (CES)
production function:

Yt = A[εK(1−1/�)
t + (1 − ε)L(1−1/�)

t ](1/(1−1/�) (7.53)

where Yt, Kt and Lt are output, aggregate capital, and aggregate effective labor.
A is a scaling constant, ε is the capital intensity parameter (Auerbach assumes
it to be 0.25), � is the elasticity of substitution between capital and labor. Kt is
deduced by a recursive equation that dictates that the current capital stock equals
the inherited capital stock plus current private savings.

Perfect competition in the output and factor markets assures that:

wt/rt = [(1 − ε)/ε][Kt/Lt]1/� (7.54)

(wage–rental ratio equals mrt).
Further, because we have perfect competition and a constant returns to scale

production relation, it must be the case that (from the Euler equation)

rtKt + wtLt = Yt. (7.55)

The government sector

The government finances a stream of public expenditure Gt that grows at the
same rate as the population. Aside from various taxes, the government uses one-
period debt to help finance current expenditure. If Dt is defined as the value of the
government’s debt, government tax revenue at the end of period t is:

Rt = �̄yt[wtLt + rt(Kt + Dt)]+ �̄ctCt + �̄wtLt (7.56)

where �̄yt, �̄ct, and �̄wt are aggregate average tax rates on income, consumption,
and wages, respectively, and Dt is depreciation

The intertemporal budget constraint of the government is, therefore:

∞∑
t=0

[
t∏

s=0

(1 + rs)

]−1

Rt =
∞∑
t=0

[
t∏

s=0

(1 + rs)

]−1

Gt + D0. (7.57)

Auerbach solves this model by first solving for the initial steady state. This
steady state is perturbed by a tax or taxes. Then the path of adjustment to the new
steady state is worked out. Values of the parameters �, �, �, �, A and the human
capital vector e are fixed exogenously.

7.10 Empirical evidence on effects of taxes on savings

To estimate the effects of taxes on savings, one often looks at the aggregate
consumption function, but the effects of taxation on savings are postulated in terms
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of individual not aggregate behavior. We know from theory that the conditions for
perfect aggregation of demand relationships are extremely stringent. Essentially
we require that all consumers have identical homothetic utility functions. If this
is satisfied then, clearly, any redistribution of resources between consumers will
leave aggregate consumption unchanged. This also requires that we assume that
all consumers face the same vector of prices. This is a reasonable assumption
for atemporal consumer choice, but not for intertemporal choice which involves
forming expectations of future inflation and interest rates. For example, with
progressive taxation, richer individuals will face lower effective interest rates
than poorer ones. Moreover, different types of individuals may face different
types of quantitative constraints in the labor and credit markets. Under such
circumstances, aggregation of individual consumption demands is an exercise
fraught with considerable danger.

Despite these difficulties the estimation of the consumption function has been
an active area of empirical research. Wright (1969) neglected the aggregation
problem and provided evidence of a significant negative substitution effect of the
interest rate on present consumption. He calculated the compensated elasticity (for
the USA) to be around −0.03. Wright emphasized that this result had significant
implications both for the Keynesian view of effectiveness of monetary policy
(a change in the money supply would change the interest rate which would then
go on to affect saving and, hence, aggregate demand by the above amount) as
well as the calculation of the excess burden of taxation.2 Blinder (1975), again
working with US data, explicitly took the distribution of income into account and
found the value of the compensated elasticity to be much lower – only about a
tenth of that calculated by Wright. However, Blinder did not take into account the
effect of the tax on the net rate of interest. He further found that an equalization
of incomes would lower aggregate consumption expenditure.3 From this we may
surmise that the presumed equivalence between tax changes on the one hand and
interest rate changes on the other should be treated with caution. The distribution
of the income effects across the population may be very different for changes in
the rate of interest and for changes in taxation.

We have already discussed Summers’ (1981) result where he claims that a
proper treatment of the life cycle will lead to higher values for the interest elasticity
of savings. The work of Boskin (1978) and Boskin and Lau (1978) also seems to
agree with Summers. Their preferred value of the saving elasticity for the USA
is 0.4 which corresponds to a consumption elasticity of around −0.3 which is
ten times the value estimated by Wright. Later work of Boskin and Lau extended
the theoretical model to an integrated model of savings and labor supply. They
found significant cross-effects of interest and wage changes on labor supply and
consumption.

At this point it should be stated that much of the evidence for tax substitution
effects on consumption and savings is indirect because these are inferred from the
estimated interest rate effects using as base their equivalence from the theoretical
models. Ideally one would like to see a direct test which, so far, has not been
forthcoming. One should recognize that there is disagreement about the measure
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of the rate of interest to use. Earlier studies have used nominal before-tax interest
rates; the increases in both the rate of inflation as well as the marginal tax rate have
led more recent work to use the real after-tax interest rate. The relation between
the two could be quite complex as has been pointed out by Jha et al. (1990).

Another important measurement problem concerns the choice of the appropriate
nominal interest rate. In the real world we observe different borrowing and lending
rates and borrowers having different degrees of access to capital markets. There
is disagreement about which interest rate to use. Blinder, for example, chooses a
weighted average of rates paid on time deposits by financial institutions. Boskin
(1973b) and Christensen and Lau (1973) compute rates of return to the household
sector, computed as income from assets divided by asset value. However, all
these rates of return are annual. In the case of the life-cycle model it would be
more appropriate to have a measure of a long-run rate of interest. We know, for
instance, that when the results are used to comment on the move from an income
to an expenditure tax the purpose is to forecast the effect of a long-run shift in the
real after-tax rate of return.

Another popular area of empirical work on the effects of taxation on saving has
been the influence of social security and pensions. Feldstein (1974a) found that
for the USA during the period from 1929 to 1971 social security reduced private
saving by about 40 per cent. However, if one takes the postwar period (1947–71)
this conclusion is far less clear. Feldstein (1977) has used international cross-
section data to study the effect of social security on savings. The results confirm
the negative association noted for time series data for the USA. However, this
conclusion has not been universely accepted. Munnell (1976) found a negative
association, but Kotlikoff (1979) found the results to be mixed. Kurz (1981)
concludes that there is no effect of social security on private saving. Private pension
plans affect saving in complex ways with differences between men and women,
and so on.

Barro and MacDonald (1979) re-examined the international evidence on a basis
of mixed cross-section and time series data for sixteen OECD countries for the
period from 1951 to 1960. Again the results are inconclusive. Dicks–Mireaux and
King (1984) have studied cross-section data for Canadian households for 1977.
They conclude that there is a small negative effect. Using time series evidence for
the UK, Browning (1982) found that public pensions tend to increase consumption.

With this as background, we realize that firm conclusions from the empirical
work are hard to draw. It seems to be the case that the relative price effects are quite
substantial and the consequences of taxation for saving incentives go beyond those
of a reduction in real disposable income. Nevertheless, it should be emphasized,
yet again, that conclusive statements must await the availability of much better
data sets and estimation techniques.

7.11 Conclusions

This is the first chapter in this book on the incentive effects of taxes. We recognize
that the decision to save is essentially an intertemporal decision. We considered
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various models of savings supply. We began with the simplest life-cycle model and
then integrated labor supply decisions. The effects of capital market imperfections
were also examined. We also considered Summers’ argument that in all such
models there is a tendency to understate the importance of the effects of the
interest rate on the supply of savings. We also outlined the more complex life-
cycle model proposed by Kautlikoff and others as well as some empirical evidence
on the effects of taxes on savings supply.

Our principal conclusions are that taxes do affect savings significantly.
Moreover, the effects of taxes are more complex than a simple reduction of income
as postulated in the theoretical models. Considerable work remains to be done to
refine both the theoretical approach, particularly in light of measurement problems,
as well as developing better data sets.

Notes

1 Yaari (1964) considers the continuous time analog of this problem where T is stochastic,
i.e., the individual is uncertain about his longevity. He proves the following important
result. Suppose the probability of death causing events is well described by a Poisson
process with parameter�. If the consumer is maximizing a utility function with stochastic
T and discount rate �, then the individual is actually maximizing utility over an infinite
horizon with discount rate �+�. This assumption of death causing events being described
by a Poisson distribution is, strictly speaking, valid only for young people. More recent
work on this area include Blanchard (1985) and Blanchard and Fischer (1991).

2 This is discussed in some detail in Chapters 13, 14, and 15.
3 The traditional Keynesian argument has been that this would raise aggregate demand

since (less affluent) workers, presumably, have higher propensities to consume than
(affluent) capitalists.

Additional reading

A good treatment of the expenditure taxation can be found in Ahsan (1976).
See also Boadway and Wildasin (1984), Auerbach and Kotlikoff (1987), Mintz
and Purvis (1987), Dardanoni (1988). For social security Feldstein (1974 a,b),
Feldstein et al. (1983), King and Fullerton (1984), Giovannini et al. (1993), and
Breyer and Straub (1993) are useful. Additional useful texts include Mieszkowski
(1978), Bosworth (1984), Boskin (1988), Slemrod (1990b), and Fullerton and
Rogers (1993).



8 Taxation and labor supply

Key concepts: income and substitution effects of a wage tax; reservation
wage; tax progression and labor supply; optimal income tax; taxation and
aggregate labor supply; commodity taxation and labor supply.

8.1 Introduction

We have already examined some effects of taxes on labor supply in the context of
the life-cycle model of Chapter 7. In this chapter we want to examine the effects of
taxes on labor supply in models that are not necessarily intertemporal. We begin,
however, with the basic model of labor supply in the absence of taxes. Next we
compare the effects of lump-sum and proportional taxes on labor supply and the
effect of taxation on the decision to enter the labor market. We then examine the
effects of increasing progression on labor supply and then present a summary of
the empirical results on the effects of taxation on labor supply.

8.2 The basic model of labor supply

Consider a consumer-worker who is making a decision about how much labor to
supply during a particular time period. She has non-wage income (I) and the wage
rate is w per hour of work. Her utility function is U(c,L) where c is consumption
and L is hours worked. Total time available is H so that (H − L) is leisure. The
consumer derives utility from consumption and leisure but more consumption can
be had only by sacrificing additional leisure. We assume that the worker is free
to choose hours of work. The consumer good is the numeraire and its price is set
equal to one for convenience, and without loss of generality.

We depict the consumer’s equilibrium in Figure 8.1. On the horizontal axis
we measure leisure. At the maximum she can enjoy H units of leisure when
her income and consumption will be equal to her non-wage income I. As she
sacrifices an additional hour of leisure she earns w and is entitled to consume
w units of the consumption good. Hence, the vertical axis measures the amount of
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Figure 8.1 Labour-Leisure choice.

the consumption good or income. The slope of the budget line ZZ is w. As the wage
rate changes, say due to an imposition of a tax, this budget line is going to change.
A wage tax will spare non-wage income and twist the budget line as in Figure 8.2a.
The consumer’s budget constraint would then look like: w(l− tw)L+ I = c where
tw is the proportional tax rate on wages. With an income tax both the wage as well
the non-wage incomes are lowered and the consumer’s budget constraint will look
like: [wL + I](1 − ti) = c where ti is the rate of the income tax. This is shown in
Figure 8.2b.

In both Figures 8.2a and 8.2b we realize that the tax has two effects. One is
the substitution effect. If the after-tax wage falls, then the opportunity cost of
leisure will go down and the substitution effect will make the consumer consume,
at constant utility, more of leisure (supply of labor would fall). However, the
income effect would make the consumer work harder to earn more to protect
consumption and, on this count, labor supply should rise. As in Section 7.2,
the income and substitution effects work in opposite directions. The alert reader
would have noticed that since there are only two commodities in the consumer’s
utility function, the substitution effect is decidedly negative. What determines
whether the labor supply curve is upward sloping (the substitution effect
dominates)?

We study this problem in the case of a simplified utility function. Suppose the
consumer’s utility function is separable in consumption and leisure:

U = U1(wL + I) + U2(H − L). (8.1)
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Figure 8.2 Effects of a wage tax and an income tax on labour supply.

Differentiating with respect to L we have (with a prime (′) denoting a first
derivative and a double prime (′′) denoting a second derivative and so on, we have
(for optimality):

U′ = wU′
1(wL + I) − U′

2(L) = 0. (8.2)

Now differentiating with respect to w we have:

wU′′
1 [L + w(∂L/∂w)]+ U′

1(wL + I) + U′′
2(∂L/∂w) = 0,or

[∂L/∂w][w2U′′
1 + U′′

2] = −U′
1 − wLU′′

1 .

Taking w/L common on the lefthand side (in order to define the elasticity of labor
supply with respect to the wage rate) we have:

[w/L][∂L/∂w] {wU′′
1 L + U′′

2L/w} =
− U′

1[1 −{wL/(wL + I)}{−U′′
1(wL + I)/U′

1}]. (8.3)
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If the utility function is well behaved, which we assume to be the case, then the
term in the curly bracket {.} on the lefthand side of equation (8.3) is negative. The
sign of the (uncompensated) elasticity of labor supply with respect to the wage rate
(we know from the Slutsky equation that the compensated elasticity is negative)
would depend on the sign of the righthand side.

On the righthand side wL/(wL+I) is the share of wages in total income, whereas
the term [−U′′

1(wL + I)/U′
1] = ∈l is the elasticity of marginal utility of income.

Hence, we come to the conclusion that the elasticity of labor supply with respect
to the after-tax wage rate is positive or negative as ∈l times the share of labor
income in total income is less than or greater than unity. Thus if ∈l = 1 (Ul is
logarithmic) then the labor supply curve is upward sloping provided I > 0 (there
is some non-wage income). Remember, however, that this result is valid only for
the separable utility function assumed here. If the utility function is not separable
then the marginal utility of consumption would depend on leisure and vice versa
and the above derivation would be inappropriate.

8.3 Comparison of the effects of various types of taxes

In this section we compare the effects of a lump-sum tax and a proportional income
tax. One has first to make the basis of comparison clear. Some authors have argued
in favor of using a utility calculus, i.e., we compare taxes that reduce utility to the
same extent. The tax that yields the higher revenue for the government is, then,
the better tax. Others have argued that one should not make an unobservable such
as utility the basis for comparing taxes. They would prefer to compare taxes that
yield the same revenue.

In Figure 8.3 we present a case where either of these criteria would yield
equivalent results. The budget line for the consumer is AA′ before any tax.

The consumer comes to equilibrium at a point like S1. After a proportional
income tax, the budget line is BB′ and the consumer comes to equilibrium at Si.
The amount of revenue collected is the difference between pre and post income
at S1, i.e., the vertical difference between AA′ and BB′ (say S1Sf ). A lump-sum
tax with the same tax collection would not have distorted the choice between
leisure and consumption. Hence the budget constraint of the consumer under an
equal yield lump-sum tax would be parallel to AA′ and go through Sf (this is
the line K1K1 in Figure 8.3). With this budget line the consumer could have
attained a higher level of utility (indifference curve passing through Sg) than in
the case of the income tax (indifference curve passing through Si). Alternatively,
if we reduced consumer utility to the indifference curve passing through Si but
imposed a lump-sum tax to collect revenue, then the amount of revenue collected
would have been higher by the vertical distance between K1K1 and K2K2. Thus,
no matter what basis of comparison we use – utility or revenue – a lump-sum
tax is better than a distortionary tax. With equal revenue, the difference in utility
between the lump-sum tax case and the distortionary tax case can be thought of as
another measure of the ‘excess burden’ or the ‘deadweight loss’ associated with
the tax.
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Figure 8.3 Effects of a lump sum tax and a proportional tax on labour supply.

8.4 Taxation and the decision to enter the labor market

So far we have focused on the decision about the number of hours worked by an
individual worker. It may be the case that a tax affects the decision of the worker
to enter the labor market. We will study two cases here – one dealing with the
decision of an individual worker and the other with the decision of a family to
send an additional member into the labor force.

Consider a situation in which work hours are not open to choice. You either
work at least 40 hours a week or not at all; 40 hours is the usual work week. If
a person works longer than that then he gets overtime wages. This is the usual
situation in the labor market. One does not have much freedom about the hours
worked.

Consider the situation depicted in Figure 8.4. The individual has to work a
minimum of HM hours. The indifference curve F1F1 goes through the point where
the individual does not work at all and the point T on the individual’s budget line
when the individual works HM hours and faces a wage rate w1. Clearly, then, if
the market wage rate is w1 the individual will be indifferent between working and
not working. w1 is the individual’s reservation wage. Only for wages higher than
w1 will the individual consider working.

A tax on wages will lower the returns from working. If the tax rate is ti then
the wage rate will have to be at least w2 to induce the individual to work where
(w2 + I)(1 − ti) = w1 + I or w2 = (w1 + I)/(1 − ti) − I > w1 becomes the new
reservation wage. Thus, when labor is not truly variable, as is the case here, then
the tax rate has the effect of increasing the reservation wage. Hence, the income
tax here will reduce participation in the labor market.
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Figure 8.4 Effect of taxes on decision to enter the labour force.
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Figure 8.5 Effect of taxes on decision on the amount of overtime.

An income tax will also affect decisions on the amount of overtime. We analyze
this case in Figure 8.5 which starts off as being a replication of Figure 8.4. The
current after-tax wage rate is w3 where the individual works HM hours at this
wage (point T′ on the budget line).
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If the individual is to work still more the net wage will have to be higher. The
individual faces the budget line T′U (which is equal to the after-tax overtime wage
rate) and chooses to work an additional MR hours. We are making the realistic
assumption that one is free to choose the amount of overtime work. Clearly, as
the tax rate rises, the substitution effect will make the amount of overtime work
decline. The income effect will make overtime rise. However, since the amount
of leisure sacrificed here is already quite high, it could well be the case that the
substitution effect will dominate unambiguously.

Let us now consider the family (rather than the individual) as the decision-
making unit. Let us suppose that one member of the family (member 1) is already
in the workforce. The family is debating whether a second member (member 2)
should also enter the workforce. Thus, the husband may be in the labor force and
the family may be debating whether the wife should also enter the labor force.

The utility of the family may be written as a function of the net total income
earned by husband and wife and the leisure time available to each. We will
make the simplifying assumption that this utility function is separable. Thus
we write:

U = Ua[(I − ti)(w1L1 + w2L2)]+ Ub(H − L1) + Uc(H − L2) (8.4)

Ua is utility from family income which, in turn, is (1− ti)(w1L1 +w2L2). Ub and
Uc are, respectively, the utility from leisure of the husband and the wife.

The first-order condition for the choice of L2 is that:

(1 − ti)w2U′
a ≤ U′

c (8.5)

with L2 = 0 when the strict inequality holds. From this we can see the effect
of income taxation on the participation decision. Suppose that, in the absence of
taxation, only the primary worker has a job and that the hours of work are fixed.
The effect of the tax on the lefthand side of (8.5) may be seen by differentiating
with respect to ti taking account of the fact that U′

a depends on ti.

If − w2U′
a − w2(1 − ti)L1U′′

a > 0 (8.6)

then the lefthand side of equation (8.5) increases with ti. Dividing (8.6) by w2U′
a

and rearranging we get as the condition for the lefthand side of (8.5) to rise:

−(1 − ti)w1L1U′′
a /U

′
a > 1

or, that, ∈a> 1 where ∈a is the elasticity of the marginal utility of family income.
If this is greater than one then an increase in the tax rate will induce the second
member of the household to join the labor force.

This result makes eminent sense. If family income is valued highly (∈a> 1)
then the family will supply more labor (the second member of the household will
decide to enter the labor force). If ∈a is low then the family will reduce labor
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supply (the second member of the household will not enter the labor force). The
fact that the family utility function is separable in the three arguments implies that
this decision is independent of the leisure of the primary worker. This would be
a good assumption to make if work hours are fixed so that leisure can essentially
be taken as a constant.

8.5 Effects of a progressive tax on labor supply

Let us now look at the case of a progressive tax. There are various definitions of
a progressive tax, but the following are quite commonly used.

(i) A linear progressive tax: in this case, the marginal rate of tax is constant
although the average rate rises with income. This is shown in Figure 8.6. The
tax liability T(Y) of an individual with income y can be written as:

T(Y) = 	(Y − G) (8.7)

where G(> 0) is an exemption limit of the tax. 	 is the marginal rate of
the tax (dT/dY) and is a constant whereas the average rate of the tax is
	(Y − G)/Y = 	− G/Y which clearly rises as income rises.

(ii) General non-linear income tax: here the tax schedule can be written as
T(Y) with T′ > 0 and T′′ > 0 for a progressive tax. This is also shown in
Figure 8.6.

(iii) Particular forms of the general non-linear tax are:

(a) rising average rate of taxation d(T/Y)/dY > 0 (this is one form of the
progressive linear income tax).

(b) rising marginal rate of taxation T′′ > 0 (already discussed).
(c) liability progression: (d/dY)[T′/(T/Y)], i.e., the behavior of the ratio of

the marginal rate of tax to the average rate of tax as income rises.
(d) residual income progression, i.e., the behavior of the ratio

[(I − T′)/(1 − T(Y)/Y)].
We now compare a progressive and a proportional income tax yielding the

same revenue. This is done in Figure 8.7. We make the simplifying assumption
that there is no non-wage income. In Figure 8.7, AA′ is the pre-tax budget line
with a slope equal to the wage rate. The consumer comes to equilibrium at point
d on the indifference curve I0.

With a linear progressive tax, there is an exemption limit of A′B and then the
tax has to be paid. Hence, the budget line with the tax is: A′BC. The consumer
comes to equilibrium at point e on the indifference curve I1. The vertical distance
between the budget lines without the tax and with the linear progressive tax (ef )
represents the revenue collected from the progressive tax. Let us draw the line JJ′
parallel to AA′ but passing through point e.Thus all points along JJ′ denote the
same revenue as that from the progressive linear income tax.
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Figure 8.6 Tax liability with alternative taxes.

In Figure 8.7 we have also drawn the price consumption curve (PCC) A′P
for changes in the wage rate. As the wage rate (alone) changes, say due to a
proportional wage tax, the consumer equilibrium would move along this PCC.
With a proportional tax which yields the same revenue (ef) as the progressive
income tax we would be at the point z on the indifference curve Ip. Thus it would
appear that, for the same revenue collected, a progressive tax would involve a
greater loss in utility.

We should be careful about reading too much into this result. The idea of
a representative consumer is alien to a progressive tax system whose main
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Figure 8.7 Comparing the effects of a proportional and a progressive tax on labour supply.

purpose is to differentiate between consumers. The income tax seeks to reduce
inequalities of income and, hence, must necessarily not deal with any notion of a
‘representative’ consumer.

Effects of progression on labor supply

We now want to confront the question of whether increased progression leads to
a drop in labor supply? This question was addressed in an important paper by
Sandmo (1983) and here we follow his work. Sandmo extends the above analysis
by recognizing that the role of the income tax is to be redistributive so that a
representative agent model is hardly satisfactory. He also tries to articulate within
this context the notion of an optimal income tax (something which we will analyze
at considerable length later on) and its impact on labor supply.

There are H individuals in society indexed by h = 1, . . . ,H and each individual’s
utility function can be written as:

Uh = Uh(Ch, lh) (8.8)

where Ch is consumption and lh is leisure with Lh being labor. There is a
progressive linear income tax in place so that the tax liability of the individual can
be written as:

Th = twhLh − I0 (8.9)

where wh is the wage rate (determined by marginal product of labor), t is the
marginal tax rate, and I0 is the exemption limit of the linear tax. Hence, the
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average tax rate is rising and the tax structure is progressive. Clearly:

Lh + lh = 1. (8.10)

The consumer’s budget constraint is, therefore:

Ch = whLh − Th = (1 − t)wh(1 − lh) + I0.

Setting up the Lagrangean for utility maximization we have:

� = Uh(Ch, lh) −�h[Ch − (1 − t)wh(1 − lh) − I0] (8.11)

where �h is the Lagrange multiplier.
Differentiating the Lagrangean with respect to Ch and lh we have:

(∂Uh/∂Ch) −�h = 0 (8.12a)

− (∂Uh/∂lh) +�h(1 − t)wh = 0. (8.12b)

From these first-order conditions we can derive the labor supply function:

Lh = Lh[(1 − t)wh, I0] (8.13)

and the indirect utility function:

Vh = Vh((l − t)wh, I0). (8.14)

The Slutsky equation for a change in the tax rate is:

(∂Lh/∂t) = (∂Lh/∂t)|dU=0 − whLh(∂Lh/∂I0). (8.15)

It might well be argued that the Slutsky term (the first term on the lefthand side
of equation (8.15)) will definitely show that an increase in tax progressivity lowers
the supply of labor. But it should be remembered that an increase in the tax rate t
in equation (8.15) amounts to a simultaneous increase in the marginal as well as
the average rate of the tax. So the basis for comparison is not clear.

Some methods have been devised to get around this difficulty. One is to increase
progression while leaving the utility of the individual unchanged. Thus when the
marginal rate of tax is increased, the individual is compensated for the income loss
by an increase in the exemption limit of the tax. This is depicted in Figure 8.8. The
original budget line is 1aa′, and with increased progression it changes to 1bb′. The
movement in the optimum from A to B will imply a decrease in the labor supply,
which is simply the substitution term in equation (8.15).
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Figure 8.8 Impact of a change in the exemption limit of an income tax.

Constant utility may be a difficult standard to effect in practice. Another method
to isolate the pure effect of an increase in progression would be to consider
an increase in progression that leaves total government revenue from the tax
unchanged. This is demonstrated in Figure 8.9.

In Figure 8.9 the no tax budget line is la′. With a linear income tax the budget
line becomes lab and the consumer comes to equilibrium at point A. The line cAc′
is parallel to la′ and goes through point A – hence it is the locus of all points giving
the same tax revenue as the income tax represented by the line lab. Suppose we
now move to a more progressive income tax represented by the budget line lc′′d′.
At point B on this line we get the same amount of tax revenue as at point A with
the less progressive tax. At point B, once again, labor supply is lower. Increased
progressivity and equal tax revenue could also make us move to a point like G on
budget line 1fg involving higher tax progressivity. At G labor has increased but it
can be checked; at G we are treating leisure as a Giffen good.

Whereas the constant tax revenue does make the effect of an increase in tax
progression more ambiguous, it is the single consumer framework that makes the
analysis of the effects of an increase in tax progressivity that is unsatisfactory.
Hence, we move to the effects of the tax on aggregate labor supply.

Effects of increased progression on aggregate labor supply

Two methods of aggregating labor supply could be used. One is to add unweighted
hours worked by different people. The other is to weight labor by wages (an index
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Figure 8.9 Effects of an increase in progression with revenue unchanged.

of productivity) to arrive at a more effective measure of aggregate labor supply.
Sandmo uses the latter. Aggregate labor supply could then be written as:

J =
H∑

h=1

whLh. (8.16)

Totally differentiating this we have:

dJ =
∑
h=1

wh(∂Lh/∂t)dt +
∑

h

wh(∂Lh/∂I0)dI0. (8.17)

Equation (8.17) makes clear the fact that a change in hours worked could come
from changes in the marginal rate of tax as well as a change in the exemption limit
of the tax.

The government requires an amount T0 in tax revenue:

T0 = t
∑
h=1

whLh − HI0. (8.18)
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If tax rates are to be changed subject to the amount of tax revenue being held
constant then, upon totally differentiating equation (8.18), we must get:

dT0 = t
∑
h=1

wh(∂Lh/∂t) +
∑

h

whLhdt + t
∑

h

wh(∂Lh/∂I0)dI0 − HdI0 = 0.

(8.19)

Solving for dI0/dt we get:

dI0/dt =
[

t
∑

h

wh(∂Lh/∂t) +
∑

h

whLh

]
/

[
H − t

∑
h

wh(∂Lh/∂I0)

]
.

(8.20)

Substitute this for the second term on the righthand side of equation (8.17) and
divide through by dt to get (in a situation where tax revenues are constant):

(dJ/dt)|dT=0 =
∑

h

wh(∂Lh/∂t) +
∑

h

wh(∂Lh/∂I0)

[∑
h

whLh

+ t
∑

h

wh(∂Lh/∂t)

]
/

[
H − t

∑
h

wh(∂Lh/∂I0)

]
. (8.21)

An increase in the progression of the tax would lower work effort only if
equation (8.21) is negative. Multiplying through by [H − t

∑
h wh(∂Lh/∂I0)] and

rearranging terms this requires that:

H
∑

h

wh(∂Lh/∂t) +
∑

h

wh(∂Lh/∂I0)
∑

h

whLh be negative.

Substitute for (∂Lh/∂t) from the Slutsky equation (8.15) to get:

H
∑

h

wh{(∂Lh/∂t)|dU=0−wh Lh(∂Lh/∂I0)}+
∑

h

wh(∂Lh/∂I0)
∑

h

whLh <0

or, collecting terms, that:

H
∑

h

wh(∂Lh/∂t) |dU=0 − H
∑

h

(wh)2(∂Lh/∂I0)

+
∑

h

wh(∂Lh/∂I0)
∑

h

whLh < 0.

On dividing this through by H2 we can rewrite this expression as:

{1/H}
∑

wh(∂Lh/∂t) |dU=0 − cov[wh(∂Lh/∂I0),whLh] < 0.

The first term on the lefthand side is the weighted mean of the substitution
effect across all workers and ‘cov’ stands for covariance. Hence, we can write: an
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increase in the progression of the tax with constant tax revenue decreases labor
supply if and only if:

cov[wh(∂Lh/∂I0),whLh] > wh(∂Lh/∂t |dU=0 (8.22)

where the bar (-) stands for arithmetic mean. The righthand side of inequality (8.22)
is the mean substitution effect. By the earlier reasoning this must be negative.
Hence, a sufficient condition for the labor supply to fall is that the cov term be
non-negative. With an increase in progression with total tax revenue held constant,
everyone faces a higher marginal tax rate. The substitution effect from this will
make everyone work less. However, the average tax rate falls for people with low
incomes and rises for people with high incomes. The income effect will make the
less well-off work less (consume more leisure) and the more well-off will work
more. If this positive income effect on the more well-off outweighs the negative
income effect on the less well-off as well as the negative substitution effect for
everyone, the supply of labor in the economy will actually rise.

8.6 A summary of the empirical evidence on effects of lower
taxes on labor supply

Income taxes, progressive or not, normally tax only income from market activities
and thus do not tax leisure directly, though consumption taxes might tax activities
complementary to leisure more heavily, for instance, vacations.1 To focus on the
income tax, let us assume that this is not the case. In this situation the substitution
and income effects work in opposite directions. Empirical studies on which effect
dominates have been summarized in Break (1974), Atkinson and Stiglitz (1980),
and Stiglitz (1986). The consensus seems to be that these two effects tend to cancel
each other out. Moreover, a zero effect on labor is to be expected for the widely
used logarithmic utility function for work and leisure (Atkinson and Stiglitz 1980:
36). As has been discussed in this chapter, however, tax rates may influence the
decision of spouses to enter the labor market. In addition, it is likely that with lower
tax rates labor will flow from the underground economy to the regular economy.
Illegal transactions in labor will decline. It would appear that these labor increasing
effects of lower taxation (women and workers in the underground sector) will be
most likely in the service sector where wages are quite low. At the same time a
less progressive tax schedule (with the same average tax rate) when applied to the
lower wage section of the wage distribution will probably imply higher taxation
in this segment. This would tend to reduce supply of labor in the service industry.

Some substitution of an intertemporal nature is also possible. Ippolito (1985)
argues that higher tax progressivity may stimulate workers to postpone retirement
and enjoy additional leisure during work life. Moreover, it is possible that highly
paid managerial staff may work longer at yet higher wages. Moreover, overtime
labor supply may rise with a drop in the marginal tax rate.

In this section we will examine some of the empirical results on the effects
of taxes on labor supply. Consider, first, income taxation and income support.
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Econometric analysis here would begin with a sample of individuals. For example,
we may be interested in asking the question whether individuals in a particular
sample change their supply of labor when fiscal variables change. If individuals
cannot react then policy changes become easier to understand. The larger the
change in the individuals’ behavior, the more difficult it becomes to analyze the
effects of policy. Changing the structure of a non-linear tax and benefit scheme
will only produce behavioral responses if individuals are not constrained. Hence,
it is important to assess the importance of constraints in a market for which policy
is being formulated.

As Brown et al. (1986) and Ham (1986) show, constraints on short-run behavior
are quite evident in the labor market. An econometric model must, therefore,
describe the way in which these constraints operate and cannot be based purely
on the assumptions of the theoretical model. Hence, many researchers focus on
groups of individuals for whom significant response to policy changes is possible.
In the case of the labor market an obvious group for such analysis is ‘married
women’. There are several reasons for this. First, this group tends to move in and
out of the labor force (for obvious reasons). Second, these women make up the
bulk of those in part-time employment and thus face the most complex portions
of the income tax regulations as well as the income support systems. Even so, it
is unlikely that these individuals can choose exactly the hours they want to work
or can move in and out of the workforce at will. In such cases one often estimates
a labor supply function by married women as:

L∗ = 	0 + 	1Yi + 	2Wi + 	3Z (8.23)

where L∗ is desired hours of work, Yi is the net income, Wi is the marginal wage
(part-time workers are often paid differently; often there might be overtime work),
and Z is a set of characteristics such as level of education, the number of children,
and so on. The 	s are parameters to be estimated.

Despite its simplicity equation (8.23) provides a suitable model for illustrating
the econometric issues involved. Indeed, it was used in the pioneering works of
Heckman (1974) and Hausman (1979). The first important point to be thought
about here is the specification of the error term in equation (8.23). The error
term could enter in one of two ways. It might be the case that one or more of
the parameters – the 	s – may vary randomly across the population reflecting
heterogeneity in tastes. If we take the 	s to be constant then we will get biased
estimates. Alternatively, we may argue that actual hours of work (L) may differ
from desired hours of work, L∗. This second specification of the error term was
used by studies on US micro data by Hausman (1978), and on Swedish and
British micro data by Blomquist (1983) and Zabalza and Arrufat (1986). The
first specification of the error term has been used by, among others, Ham (1982,
1986), Blundell and Walker (1986). Hausman (1985) provides a useful summary
of the models applying the two types of error terms.

To get a feel for some of the results we refer to the work of Blundell and
Walker (1986). They show that labor force participation of married women is
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quite sensitive to the net wage. Moreover, their labor supply is far more elastic
than men’s. Elasticity of labor supply rises with age of the women and reaches a
peak at age 35–40 before dropping off again. It would, therefore, appear that
the labor supply of this control group is quite sensitive to changes in direct
tax rates.

Commodity tax rates and labor supply

We will now consider the interaction between commodity demands and labor
supply. The relationship between any commodity and non-market time in the
household is crucial in any evaluation of the mix of direct and indirect taxation.
In empirical work care has to be exercised not to over-restrict behavior or to
precondition optimality results. A good example of this would be the Stone–Geary
utility function which yields the linear expenditure system. Although this utility
function has several desirable properties, it assumes direct separability between
goods and leisure and is, therefore, inappropriate. A specification for empirical
application must be chosen that does not restrict itself to additivity and allows for
secondary workers.

In principle relaxing additivity is quite straightforward. Under additivity wage
rates affect all commodity demand in the same manner. Under non-separability
there will be a differential effect as some commodities will be substitutes for and
others complements with leisure. Under additivity or separability all commodities
become substitutes for non-labor market time.

The linear expenditure system is generated from Stone–Geary preferences
in which households are assumed to have Cobb–Douglas utility functions
defined over ‘uncommitted’ consumption or consumption in excess of ‘minimum
requirement’. In other words if Xi represents the consumption of good i (be
it leisure time or commodity consumption) and if �i is the necessary level of
precommitted consumption (this may be zero), then utility is defined over (Xi−�i).
Given total income I and prices Pi expenditures are defined by:

piXi = �ipi + �i

⎛
⎝I −

∑
j

�jPj

⎞
⎠ (8.24)

for i = 1, . . . ,n goods and where �i is the marginal income effect for commodity i.
Including time allocations among the Xi simply leads to an interpretation of the
corresponding prices as wages. One should note from equation (8.24) that if Xi
and Xj are commodities and Xn is leisure, the wage rate (pn) will affect Xi and
Xj in the same way. The household’s indirect utility function in the Stone–Geary
case (see Deaton and Muellbauer 1980: 165) is simply:

V =
⎛
⎝I −

∑
j

�jPj

⎞
⎠/(�jP

�j

j ). (8.25)
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Since all goods enter preferences symmetrically, it is straightforward to
incorporate secondary workers. Utility-based decisions are cast in terms of non-
market time so that hours of work can be calculated by subtracting this measure
from the total time available. Income, I, in equation (8.25) is, therefore, defined
as ‘full income’.

Atkinson and Stern (1980) extend the Stone–Geary preferences by assuming
that each commodity is consumed with a given amount of ‘leisure time’. Since
they use a single labor supply or time allocation decision, defining tj to be the time
component for consumption of the jth good implies a marginal cost of consuming
of the jth good equal to Pj + tjPn (the nth good is leisure). The indirect utility
function in this case relaces Pj by (Pj + tjPn) in equation (8.25) to get:

V =
⎛
⎝I −

∑
j

�j(Pj + tjPn)

⎞
⎠/[�j(Pj + tjPn)�j ] (8.26)

where tn = 0.
In an extreme form of this model, pure leisure is assumed to have no separate

value and leisure enters utility only through the parameters, tj. Atkinson and
Stern use this assumption in their application of the model to male labor supply
and disaggregated commodity demand in the UK. For female non-market time,
‘pure leisure’ has considerable separate value in, for example, looking after
young children and could not be modeled using the Atkinson–Stern approach.
Nonetheless, the idea of associating demand for time with the time spent in
consumption is an attractive one.

The commodity expenditures associated with equation (8.26) are:

PiXi = Pi�i + �∗i

⎛
⎝I −

∑
j

�j(Pj + tjPn)

⎞
⎠ (8.27)

where �∗i = �iPi/(Pi + tiPn) for i = 1, . . . ,n − 1.
The factors tjPn represent the ‘time price’ for consumption of commodity i

and would be negative if the commodity is time saving (e.g., certain durables,
such as vacuum cleaners, microwave ovens, etc.). In the estimation of Atkinson
and Stern (1980) durables and transportation have negative time prices. The only
negative parameter that is significant is that associated with services. A significant
tj parameter is sufficient to reject the additive Stone–Geary utility function and,
therefore, the optimality of uniform commodity taxation.2 The results of Atkinson
and Stern refer to a sample of 1,600 households drawn from the 1973 UK Family
Expenditure Survey. In this survey detailed records of household consumption
expenditures are kept. In Table 8.1 we report some of the results of Atkinson
and Stern.

Table 8.1 shows the results of a simulated percentage change in expenditure on
selected commodity groups that would result from a 10 percentage point rise in



204 The theory of taxation

Table 8.1 The effect of indirect taxation on expenditure

Commodity group Percentage change Percentage rise
in expenditure in price

Food 0.2 1.2
Tobacco 7.7 9.0
Clothing and footwear 1.7 8.3
Transport and vehicles –0.1 3.3
Services –2.0 5.2
Labour supply (hours) 0.06 –5.0

Source: Atkinson and Stern (1980) Table 5.

indirect tax rates (VAT) for a household with wage rate a little above average but
with otherwise average characteristics. The real wage drop of 5 per cent brought
about by the indirect tax increase has only a small (but positive) effect on males’
hours of work.

Blundell and Walker (1982) extend the Atkinson–Stern study to include the
labor supply of married women. They do not have commodity specific time price
coefficients but the marginal wage of both husband and wife is allowed to have a
separate effect on each of the commodity expenditures. This permits them to test
for additive separability as well as the complementarity/substitutability of each
good with respect to time. The last two goods n and n − l refer to female and male
non-market time, respectively. The indirect utility function is written as:

V =
⎛
⎝I

∑
j

�∗
j Pj

⎞
⎠/

⎛
⎝∏

j

P
�j

j

⎞
⎠ (8.28)

where �∗
j = �j for j = 1, . . . ,n − 2 and

�∗
n−1 = �n−1

n−2∏
j

P
	1j

j and �∗
n = �n

n−2∏
j

P
	2j

j .

In this case Pn and Pn−l represent the wage rates for female and male work-
ers, respectively, and the Stone–Geary model is generated by the restriction
	1j = 	2j = 0 for all j = 1, . . . ,n−2. Commodity expenditures then have the form:

PiXi = Pi�i +�n−1	1iPn−1 +�n	2iPn + �i

⎛
⎝I −

∑
j

�∗
j Pj

⎞
⎠ (8.29)

for i = 1, . . . ,n − 2. 	1i and 	2i represent the commodity-specific time effects of
the husband and wife, respectively. A strongly negative 	2i denotes complimen-
tarity whereas a positive 	2i denotes substitutability between the ith good and
female time.
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The parameter estimates of the model indicate that a number of �n−l	1i
and �n	2 terms differ significantly from zero. Thus services are a significant
complement to female time whereas clothing is a substitute.

In any estimation of commodity demands from survey data some further
econometric complexities arise. For example, if the survey has a short duration
then we may record ‘no purchase’ for some consumer durables. Kay et al.
(1984) discuss the estimation of the linear expenditure system with infrequency
of purchase and Keen (1986) presents a useful instrumental variable estimator.

At a more disaggregated level, zero expenditures may arise as a result of corner
solutions whereby at given prices a household decides not to consume one or more
commodities. Although this problem is easy to tackle at a theoretical level, there
are severe problems at the empirical level (see Lee and Pitt 1986). Along similar
lines Deaton and Irish (1984) provide a useful way of dealing with commodities
(such as alcohol and cigarettes) whose demand is typically under-reported.

8.7 Conclusions

In this chapter we have examined various aspects of the effects of taxation on labor
supply. We began with the simple atemporal model of representative consumer
behavior. In this context we studied the effects of lump sum, proportional and
progressive taxes. We then developed models where taxation affects decision to
enter the labor market and the extent of overtime put in. We also studied the effects
of increased progression in the tax structure on labor supply in a model where the
notion of a representative consumer is eschewed. We discussed some empirical
models that tend to quantify the effects of taxation on labor supply. Some ideas
for further research are also advanced.

Notes

1 We must keep in mind, however, the drawbacks of the consumption tax. These are
discussed in Chapter 7.

2 In Chapter 13 it is explained that if the utility function is additive separable a uniform
commodity tax may be optimal. This is a result due to Atkinson and Stiglitz (1976).

Additional reading

Allan (1971) provides a useful framework for analyzing the incentive effects of
taxes, as do Atkinson and Harrison (1978). Cowell (1981, 1985) provides useful
reviews of effects of taxation on labor supply under uncertainty.

Appendix

In this appendix we discuss an additional aspect of Sandmo’s model of effects
of increased progression of taxation on labor supply. He considers the incentive
implications of the income tax when set optimally. Suppose taxes are set by a
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social planner to maximize a utilitarian social welfare function:

W =
∑

h

Uh =
∑

h

Vh (A8.1)

where Vh is the indirect utility function. This is maximized subject to the
government budget constraint (equation 8.18) and an exogenously given tax
requirement T0. The Lagrangean for the social planner is:

� =
∑

h

Vh((1 − t)wh, I0) +�

[
t
∑

h

whLh − HI0

]
. (A8.2)

Maximizing this with respect to I0 and t we get:

∑
h

(∂Vh/∂I0) +�

[
t
∑

h

wh(∂Lh/∂I0) − H

]
= 0 (A8.3)

and

∑
h

(∂Vh/∂t) +�

[∑
h

whLh + t
∑

h

wh(∂Lh/∂t)

]
= 0. (A8.4)

From the properties of the indirect utility function we have that:

(∂Vh/∂I0) = �h (A8.3a)

(∂Vh/∂t) = −�hwhLh (A8.4a)

where �h is the Lagrange multiplier in the consumer utility maximization
problem discussed in equation (8.11). Substituting in equations (A8.3) and (A8.4)
we have:

∑
h

�h +�

[
t
∑

h

wh(∂Lh/∂I0) − H

]
= 0 (A8.3b)

−
∑

h

�hwhLh +�

[∑
h

whLh + t
∑

h

wh(∂Lh/∂t)

]
= 0 (A8.4b)

Now substitute the Slutsky equation for (∂Lh/∂t), multiply equation (A8.3b)
by �h whLh/H2 and divide (A8.4b) by H. Then add the two equations to get:

−cov(�h,whLh)�t[wh(∂Lh/∂t) |dU=0 − cov(wh(∂Lh/∂I0),whLh)] = 0
(A8.5)
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so that we can solve for the optimal tax rate (t∗) to get:

t∗ = cov(�h,whLh)/[�{wh(∂Lh/∂t) |dU=0 − cov(wh(∂Lh/∂I0),whLh)}].
(A8.6)

Hence, the marginal tax rate is positive only if the numerator as well as the
denominator in equation (A8.6) have the same sign. It can be shown that if
the consumer’s utility function is twice continuously differentiable and strictly
concave (not just quasi-concave) and if consumption and leisure are both normal
goods, then it is the case that cov(�h,whLh) < 0. Hence it would follow that if
the optimal tax rate is positive, then progression is pushed to the point where it
reduces labor supply in the aggregate.

An interpretation of this result could proceed as follows. If the social welfare
function is inequality averse then the marginal tax rate is positive only if
condition (8.22) holds. Given this and the government revenue requirement, it
can be shown that I0 ≥ 0 as well.



9 The effects of taxes on investment
behavior

Key concepts: Fisherian and neoclassical views of investment; the Penrose
effect; economic and technological rate of depreciation; neutral corporate
tax; effects of inflation; the Modigliani–Miller theorem.

9.1 Introduction

In this chapter we discuss the effects of taxation on investment behavior. The
first point to be understood about investment is that it is always an intertemporal
decision. A firm sets aside resources for future use in order to derive more
profits later.

In the literature two approaches to investment have been discussed. One is the
Fisherian general equilibrium approach after the work of Irving Fisher (1930).
The essence of this view is to build up models of ‘representative’ consumer and
firm behavior and then analyze the ways in which taxes impinge upon these
decisions.

The second is the aggregate approach which tries to build models of
representative firms and then aggregate these decisions to get a macro model
of investment and the movement in the capital stock. Both approaches serve very
useful purposes in understanding investment behavior as well as the effects of
taxes on investment. Needless to say, the two approaches are not necessarily in
conflict with each other. We begin this chapter with an examination of them.
Then we study two specific examples – the Keynesian and Jorgenson models of
investment behavior. A number of related issues are taken up here, for example,
the incentive effects of taxes on investment behavior and the notion of ‘effective
tax on capital’.

9.2 The Fisherian model

This model lays emphasis on three factors:

(i) the role of technology in transforming current resources into future resources;
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(ii) the role of tastes, particularly the rate of time preference, in determining the
amounts of resources to be transformed to future uses;

(iii) the role of capital markets in facilitating borrowing and lending. Capital
markets are seen as intermediaries between lenders (the savers) and borrow-
ers (firms and businesses).

The technology is represented by a production possibility curve between present
and future goods as depicted in Figure 9.1. Total production in each period is given
by a production function that involves inputs of capital and labor and a productivity
shock. Thus, in period 1 the output can be written as:

Q1 = f (K1,L,�1) (9.1)

where Q1, K1, and L are, respectively, output, capital, and labor in period 1. �1

is the realization of a productivity shock for period 1. F is a standard neoclassical
production function with positive but falling marginal products.

In period 1 capital is given exogenously. Investment decisions in period 1 will
affect the availability of capital in period 2. A part of output in period 1 is saved
(and invested): Q1 = C1 + I1 where C1 is consumption in period 1 and I1 is gross
investment since it is assumed that a fraction � of the capital depreciates each time
period. Hence, the capital stock in period 2 can be written as:

K2 = K1(1 − �) + I1. (9.2)

In the simplest version of the intertemporal model period 2 is thought of as the
future. Hence, time ceases to be an important factor after period 2 and all capital

Future
goods

slope = −mrt

Point of
optimality

goods 

Production
possibility

frontier

slope = −(1 + r)

0
Present goods

Figure 9.1 Fisherian equilibrium.
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in period 2 will be consumed. Hence, we can write second period consumption,
C2 as:

C2 = Q2 = F(K2,L,�2) + (1 − �)K2. (9.3)

Consumption in period 2 is equal to production plus the undepreciated portion of
the capital stock.

In Figure 9.1 the absolute value of the slope of the production possibility frontier
reflects the rate at which present goods can be transformed at the margin into future
goods (the marginal rate of transformation or mrt). Now:

mrt = −dQ2/dQ1 = (∂F/∂K2) + 1 − � = 1 + (∂F/∂K2 − �). (9.4)

On the righthand side of equation (9.4) the only variable is the marginal product
of capital in period 2. As we produce more in period 2 (given that labor is
unchanged) more capital must be used which means that the marginal product
of capital must fall. Hence the mrt must fall. Let us now look at the optimization
problem of a representative firm.

The representative firm maximizes the present value of cash flows. Hence the
firm chooses the level of investment to maximize:

V = (Q1 − w1L − I) + (Q2 − w2L)/(1 + r). (9.5)

The first term on the righthand side is the value of cash flow to the firm in the
first time period. L is labor supply and r is the rate of interest. In the second
period, there is no investment to be made. Cash flow is (Q2 − w2L) which has
to be discounted at the going rate of interest in order to make it comparable with
the cash flow of the first time period. w1 and w2 are the wage rates of labor in
periods 1 and 2, respectively. Furthermore Q1 is fixed by initial conditions and Q2

is given by equation (9.3). Performing the maximization of V we get the first-order
condition:

∂F/∂K2 = (�+ r) (9.6)

or, as:

∂F/∂K2 − � = r.

In other words, the net rate of return to capital (marginal product less the rate of
depreciation) in period 2 is set equal to the interest rate. This simple rule will be
encountered on other occasions in this chapter and has a rather intuitive appeal.
The net rate of return to capital is what the entrepreneur earns from the marginal
unit of capital. The rate of interest is the marginal cost of borrowing capital or,
more generally, the opportunity cost of using capital as investment in this firm.
So long as the net rate of return to capital is larger than the interest rate, the
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yield from the investment in this firm would be more profitable at the margin and,
hence, more investment in this firm is warranted. As more investment is made,
the marginal product of capital falls and the gap between the net rate of return
from investing in this firm and the opportunity cost of such investment, is reduced.
Optimal investment is clearly given by equation (9.6).

So far as tastes are concerned, the analysis proceeds exactly along the lines
of the discussion in Section 7.2 (without the taxes). An individual has a utility
function U(C1,C2) defined over consumption in the two time periods whereas his
budget constraint is simply that the discounted sum of consumption equals the
discounted sum of earnings (where the rate of discount is the interest rate r). We
write the budget constraint as: C1 + C2/(1 + r) = Y1 + Y2/(1 + r) where Yi is
income in period i(i = 1,2). The condition for optimality is that the mrs (which
is the negative of the ratio of marginal utility of first-period consumption and
that of second-period consumption) should equal 1 plus the interest rate. This is
shown, even at the risk of being repetitive, in Figure 9.2 by the tangency of the
indifference curve to the budget line at the point Z.

−U1

U2
= mrs = (1 + r). (9.6a)

The way the Fisherian model is set up, the household is indifferent between
the time patterns of income receipts – all that matters is the present value of such
receipts. This supposes that this economy has a well-organized capital market
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Present
goods
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0

Figure 9.2 Allocating between present and future goods.
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where individual agents who have a surplus of current consumption can lend to
individuals who wish to borrow in the current period in order to consume in excess
of first-period resources. In the next period, consumption goods are repaid to the
individuals who made the loans in the first period. The ratio of the quantity of
future goods repaid to current goods lent is one plus the rate of interest (1 + r).

General equilibrium in the Fisherian model

Suppose now that there are a large number of firms and households – those
whose behavior is as we have characterized above. Equation (9.6) describes
aggregate investment behavior and equation (9.6a) consumption behavior. In each
period households receive income from the sale of labor services as well as from
investment income (dividends). Hence the present value of household earnings is:

(w1L) + (w2L/(1 + r) + (Q1 − w1L1 − I) + (Q2 − w2L)/(1 + r)

= Q1 − I + Q2/(1 + r). (9.7)

Market clearing requires that C1 = Q1 − I and C2 = Q2 and this is shown in
Figure 9.3. The optimal allocation will be jointly determined by the technology
of transforming current into future output and by tastes as represented by the
indifference map of the representative consumer. Pareto optimality is achieved
when the rate at which current production can be transformed into future

(Optimum
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Present
goods

C1
*0

Future
goods

C2
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Figure 9.3 Optimum allocation between present and future goods.
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consumption and is equal to the rate at which consumers are willing to substitute
current for future consumption, i.e., when the mrt in production equals mrs in
consumption.

If the mrt > mrs then a reduction in consumption today would yield a return in
terms of future consumption that would exceed the amount required to compensate
consumers for the loss of consumption. Hence, the economy should allocate more
resources to investment and less to first-period consumption. Conversely, if the
mrt < mrs then the economy is investing too much and should consume more at
the margin.

9.3 The aggregate approach

The aggregate approach stresses the stock-flow dynamics that flow out of the
interaction between the demand to own the capital stock and the flow supply of
newly produced investment goods. The focus is on the determination of gross and
net investment. Two examples of this are studied here – the Keynesian and the
neoclassical approaches.

To Keynes in the General Theory the fundamental determinant of investment
is what he calls the ‘marginal efficiency of capital’ (MEC). The MEC is the rate
of discount which, when applied to the stream of returns from an investment, will
make the present value (so computed) of these yields just equal to the present value
of cost of investment (computed using the interest rate as the rate of discount).
Keynes then argues that investment is a declining function of the MEC. Moreover,
optimizing the rate of investment calls for equating the MEC with the rate of
interest. Hence, the rate of investment is a declining function of the rate of interest.1

Keynes explained this relationship in terms of a rising supply curve of capital
goods. As the rate of investment rises, the price of capital goods rises since the
capital goods industry has an upward-sloping supply schedule. Hence, cost of
investment rises. But, given the nominal stream of returns from the investment,
the MEC must be lower to equate the present value of returns to the present value
of costs. Since the MEC is set equal to the rate of interest, the rate of investment
is a declining function of the rate of interest.

This, by way of an opening remark, helps keep a potential source of confusion
at bay. We will do well to remember this when we start thinking of the channels
of effects of taxes on investment.

The starting point of the neoclassical theory of investment is an aggregate
demand for capital equation, derived as an aggregate representation of the
Jorgenson cost of capital relation for the individual firm. We proceed to discuss
this now.

We have to make a number of assumptions. Certain assumptions are specific
to the particular model being studied and they are best listed there. The more
general assumptions are enumerated here. Almost throughout, we work within a
partial equilibrium framework. We assume that firms are perfectly competitive
and, therefore, that when studying the problems of investment, we will find it
sufficient to study the behavior of a ‘representative’ firm. Moreover, by and large,
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we will concentrate on a world with certainty. We make the standard neoclassical
assumption of a frictionless world. Armed even with this kit of assumptions, the
going is tough.

The neoclassical theory of investment is available in two forms: Jorgenson’s
model and Tobin’s q theory. The two are equivalent under a wide variety of
conditions. The second approach places emphasis on financial markets whereas
the first has a more product market orientation.

The neoclassical model recognizes the fact that difficulties exist both at the level
of predicting the future and that of adjusting to new capital.2 The firm must predict
the future stream of costs and returns associated with an investment. Investment
thus invariably involves prediction of future events – or at least intelligent guesses
about them. What we assume about the telescopic faculty of the entrepreneur has
an important bearing on the type of investment function we end up with. Usually
the assumption of long-run perfect foresight has been made and we will essentially
confine ourselves to this case.

Even within the relatively simple framework with which we are working,
the nature of investment matters for the results we get. Thus, we could have
investment with zero or positive adjustment/installation costs. Investment could
involve adjustment within the firm and it matters whether these costs of adjustment
are convex or concave, separable or non-separable from the cost of output. It
matters whether investment is of the putty-putty, putty-clay, or clay-clay type.3

In this chapter we attempt to accommodate various types of costs. We start with
the simplest version of the Jorgenson model with taxation.

Consider the decision problem of an investing firm which has perfect foresight.
Capital equipment, once installed, has two types of costs. One is an external
cost – the price of the capital good, for example. The second is an internal cost
of adjustment to the higher capital stock. The latter is known as the Penrose
effect after Edith Penrose (1963) who introduced it into the investment literature.
We capture both these costs through a cost of investment function C(1) with C′,
and C′′ both positive. We define the cash flow of a firm at time t as:

Rt = [ptQt − wtLt](1 − t�) − (1 −�− t�xt)C(It) (9.8)

where Rt is cash flow at time t, pt, wt, Lt, and It are, respectively, the price of
output, the quantity of labor hired, and the quantity of investment undertaken.
t� is the corporate profit tax rate, � is the fraction of C(I) that is paid back to the
firm as investment tax credit. We further suppose that for one unit of capital aged
n the government allows D(n) as depreciation allowance. The firm is visualized as
having capital of different vintages and they fetch depreciation allowance as per
the form of the function D(n). The present value of such deductions is xt where:

xt =
∫ t

0
D(s)ersds. (9.9)

At time t, xt is a constant.
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Hence the total cash inflow due to depreciation is xt�C(I). Therefore, there is
a net outflow because of capital cost which is equal to total investment cost less
investment tax credit and depreciation allowance. The net cash outflow of the firm,
on account of investment, is therefore (1 −�− t�xt)C(I).

The firm wants to maximize the discounted sum of this Rt over an infinite
horizon. It knows, with full certainty, the values of pt, and wt for all time. This
discounted sum can be written as:

V =
∫ ∞

0
Rte

−rtdt

where r is the exogenously determined rate of discount.4 The constraint on this
optimization is as follows:

K̇ = I − �K. (9.10)

Net addition to the capital stock (K̇) equals gross investment (I) less depreciation
(exponential rate of depreciation (�) multiplied by the capital stock (K)). A dot (.)
over a variable denotes a derivative with respect to time.

We define output to be given by a production function of the type F(L,K) = Q
which is assumed to be of the constant returns to scale variety and satisfies
all regularity conditions including twice continuous differentiability and quasi-
concavity. We define � as a costate variable in the Hamiltonian:

H = {Rt + �(I − �K)}. (9.11)

We now work through the first-order conditions:

∂H/∂I = −(1 −�− t�xt)C
′(I) + � = 0. (9.12a)

This means that:

C′(I) = �/[1 −�− t�xt]. (9.12b)

The righthand side of equation (9.5b) is Tobin’s q – the ratio of the shadow price
of installed capital (�) to the tax-adjusted cost of replacement. Hence, marginal
cost of investment, in optimum, is equated to (marginal) q. Furthermore, since
C′(I) > 0 it follows that investment is an increasing function of q. We can then
proceed to get:

∂H/∂L = (pt∂F/∂L − wt)(1 − t�) = 0 (9.12c)

so that

∂F/∂L = wt/pt

(marginal product of labor equals the real wage rate).
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K is a state variable in the model and the canonical equation for � is:

�̇ = r�− ∂H/∂K = r�−{pt[∂F/∂K](1 − t�) − ��} = �(r + �) (9.13)

− pt[∂F/∂K](1 − t�)

so that

∂F/∂K = {�(r + �) − �̇}/[pt(1 − t�)]. (9.14)

This is the crucial equation of the Jorgenson model of investment. It states that
the marginal product of capital (the lefthand side) is equal to the real user cost of
capital. The term in the numerator of the righthand side is the nominal user cost
[interest plus depreciation evaluated at the shadow price of investment (�(r + �))
less the capital gain, �̇]. The term in the denominator of the righthand side is the
after-tax (or net) price of a unit of the capital good.

There are two dynamical equations for this model. One is the equation (9.13) for
the behavior of the costate variable. The other from equation (9.10) is the equation
for the behavior of the state variable. From the latter we can write:

K̇ = C′−1[�/(1 −�− t�xt)]− �K. (9.15)

In steady state �̇= K̇ = 0 so that steady state � is:

� = pt[(∂F/∂K)][1 − t�]/(r + �). (9.16)

For given values of other parameters this is a declining function of K since the
marginal product of capital falls as the amount of capital rises.

Steady state K from equation (9.15) is (upon setting K̇ = 0):

K = C′−1[�/(1 −�− t�)]/�. (9.17)

Since C′ > 0 steady state K is an increasing function of �. We draw
equations (9.16) and (9.17) in the phase diagram in Figure 9.4. The steady state A
is a saddle path stable equilibrium. K∗ (given by the intersection of K̇ = 0 and
�̇= 0 schedules) is the optimal capital stock. Whenever the actual capital stock is
lower than the optimal capital stock, investment will occur. If the actual capital
stock equals the optimal capital stock, investment will be zero. Changes in any of
the parameters (in particular the tax; parameters t� and �) will change the optimal
capital stock and the pattern of investment.

An alternative interpretation

We do not need the notion of adjustment to new capital to derive the Jorgenson
rule for investment or the user cost formula. Suppose, for the sake of simplicity,



The effects of taxes on investment behavior 217

K = 0

A

0

θ

θ = 0

K

Figure 9.4 Optimal capital stock and its shadow price.

that output depends upon capital alone. The production-function is F(Kt) and the
cost of investment goods is zt. The firm’s maximand is, then:

W =
∫ ∞

0
e−rt{ptF(Kt) − ztIt}dt (9.18)

which is maximized subject to the relation:

Kt = It − �Kt.

Substituting for It in equation (9.18) we have:

W =
∫ ∞

0
e−rt{ptF(Kt) − zt(K̇t + �Kt)}dt. (9.19)

The Euler–Lagrange condition for a maximum is: with a prime (′) denoting a
partial derivative:

ptF
′ − zt�− ztr + żt = 0 (9.20)

so that the marginal product of capital (F′ ) is such that:

F′ = (zt/pt)[r + �− ż/z]. (9.21)

The righthand side is the familiar real user cost of capital. We can derive an
alternative interpretation for the above condition by subtracting and adding the
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current rate of inflation (ṗ/p) to the term within the square brackets on the righthand
side to get:

F′ = (zt/pt)[r − (ṗt/pt) + �−{d/dt(zt/pt)/(zt/pt)}]. (9.22)

An interpretation of equation (9.22) is as follows. In output units, the total earnings
at date t from an investment are (pt/zt)F′ (the gross marginal product of capital)
plus the real change in asset value: −{�−[d/dt][zt/pt]/(zt/pt)}. These must equal
the real interest rate (r− ṗ/p). The term {�−[d/dt][zt/pt]/(zt/pt)} is the economic
rate of depreciation as opposed to the technological rate of depreciation, �. The
economic rate of depreciation takes account of changing relative prices. If capital
goods are expected to rise in price relative to output, this represents a capital gain
that will oppose the effect of depreciation in lowering the asset’s value.

Effects of taxes

We look now at the effects of various taxes. There is a single corporate tax assessed
at rate t� on cash flow (ptF(Kt)) less depreciation allowance on existing capital.
In addition, let us suppose that there is an investment tax credit at the rate � on
new capital goods purchases. We ignore the additional complication of personal
taxes and the special treatment of debt. Thus we are thinking of the representative
firm as being a self-financed entrepreneur.

Letting Dt be the depreciation allowance given to a unit of capital originally
purchased for a dollar, we obtain the following value for the firm’s maximand:

V =
∫ ∞

0
e−rt{(1 − t�)ptF(Kt) − zt(1 −�− t�xt)It}dt. (9.23)

In equation (9.23) we are making the harmless assumption that the firm began
operation at time zero. Otherwise we would have to add a constant to the righthand
side of equation (9.23) denoting depreciation provisions between (−∞) and zero.
At time zero this is a constant and can be ignored without changing any of the
results.

Solving the Euler equation we have:

F′ = (zt/pt){r − (ṗt/pt)+
[�−[d/dt((zt/pt)]/(zt/pt)](1 −�− t� − x�)/(1 − t�)}. (9.24)

The two factors (�+ xtt�) and t� represent the extent to which the effective
purchase price of capital is lowered by the investment credit and depreciation
allowance and the extent to which future cash flows are lowered by the corporate
tax. If �+ xtt� = t� or t� = �/(1 − xt) then the incentive to invest is unaffected
by the tax. This may be called a neutral corporate tax.

We can think of an alternative condition for the optimum capital tax. A marginal
product is one for which the marginal product of capital equals the user cost (say ct).
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Hence the gross return from such a project t years after purchase will be cte−�t

in units of output or ptcte−�t dollars per unit of capital. Therefore, the discount
rate � that results in the project’s gross flows having a zero net present value (the
project’s internal rate of return) is defined implicitly by the equation:

z0 =
∫ ∞

0
e−�tptcte

−�tdt. (9.25)

Substituting for ct from the righthand side of equation (9.24) we have:

� = [r − (ṗt/pt) +{�− (d/dt)(zt/pt)/(zt/pt)}](1 −�− x� − t�)/(1 − t�)

−[�− (d/dt)(zt/pt)/(zt/pt)]+ ṗt/pt. (9.26)

Since � is determined by the nominal cash flows, it is the nominal cost of capital.
The real cost of capital would express the return in constant dollars, multiplying
them in the expression for z0 by the initial price p0, rather than the actual price pt.
This would yield a discount rate of �− (ṗt/pt).

Equation (9.26) can now be interpreted to say that the real before tax return
(� − (ṗt/pt)) plus economic depreciation [� − (d/dt)(zt/pt)/(zt/pt)] must equal
the cash flow net of tax: {[r − (ṗt/pt)+ (�− (d/dt)(zt/pt)/(zt/pt)] adjusted by the
term (1−�−x�− t�)/(1− t�) which accounts for the tax}. This is another useful
interpretation of the optimum capital stock condition.

For the simple case where inflation is zero and depreciation allowances do
follow economic depreciation (xt = �/(r + �)), the cost of capital � is constant
only if the investment tax credit satisfies ϕ = ϕ0(1 − �/(r + �)) where ϕ0 is the
credit that applies to assets for which �= 0. This require a tax credit that increases
with the productive life of the asset (decreases with �).

Effects of inflation

Let us now extend this analysis to cover inflation. Since nominal depreciation
allowances typically do not change with the price level, there is decline in real value
during inflationary periods. In other words, there is an increase in the effective
taxation5 of capital income and in the cost of capital. To see this, suppose that
economic depreciation is not indexed for inflation. Hence, assuming that all prices
rise at the same rate �(= (żt/zt) = (ṗt/pt), and the price of capital goods at time
t is zt = e�tz0, then the economic depreciation of an asset purchased at time zero
for z0 can be written as:

zt�e
−�t = z0e��t�e−�.

The present value (xe) of economic depreciation per dollar of assets purchased
at time zero is:

xc = (1/z0)

∞∫
0

e−rtz0e�t�e−�tdt = �/(r −�+ �). (9.27)
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With depreciation allowances based on prices in the year of purchase, the present
value of depreciation allowance is:

Vf = (1/z0)

∞∫
0

e−rtz0e�t�e−�tdt = �/(r + �). (9.28)

Thus, for a fixed real discount rate (r−�), xe is fixed but xf declines with inflation.
An interesting question is what happens to (r −�) when � rises. This could go
either way (see Jha et al., 1990).

Personal taxes

Most countries do not have integrated corporate and personal tax structures. There
are several reasons for this:

(i) Personal income taxes have progressive rate structures whereas corporate
taxes typically do not.

(ii) Capital gains are taxed (if at all) at a lower rate than dividends and that too
on realization rather than on accrual.

(iii) Corporations can deduct interest payments for tax purposes but not dividends
paid out.

(iv) No price level adjustments are made to account for the fact that nominal
interest payments and capital gains include inflation premia that do not
represent real income to the receiver.

Let us consider some implications for the cost of capital in a discrete time
framework.

Let us define gross profits (St) as value of output minus cost of variable inputs
(say labor):

St = ptF − wtLt. (9.29)

New bond issues are (Bt+1 − Bt) where Bt denotes bonds outstanding at the
beginning of t. New equity issues are (Et+l − Et) where Et denotes equities
outstanding at time t.

The corporation pays out dividends (Dt) and interest payments to bond holders
(rBt). Investment expenditure is It. Revenues must equal disbursements so that:

St + Bt+1 − Bt + Et+l − Et = Dt + It + rBt (9.30)

(in other words, gross profits plus additional resource gathered through bond
and equity issue must equal all disbursements toward dividends, investment, and
payments to bond holders).
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Let us define retained earnings (REt) as:

REt = St − rBt − Dt (9.31)

that is, profits not distributed as interest or dividend. Hence, it follows that:

It = REt + (Bt+1 − Bt) + (Et+l − Et) (9.32)

that is, investment is financed by retained earnings, borrowings, or new issues.
In the absence of taxation, the net financial flow from the corporation to the

personal sector is:

Yt = Dt + rBt − (Bt+i − Bt) − (Et+i − Et). (9.33)

This is equal to St − It. In other words, net flow is determined by St − It and does
not depend upon the financial policy of the firm. This is the so-called Modiglani–
Miller theorem: in the absence of taxation and bankruptcy, corporate financial
policy is irrelevant and has no effect on the value of the firm. We discuss this
theorem briefly again in Section 9.5 and in some detail in Chapter 10.

We now introduce a tax system with the following provisions:

(a) corporate profits are taxed at the rate t�;
(b) interest payments by corporations are deductible for tax purposes;
(c) interest payments by individuals are deductible at the personal tax rate tp;
(d) dividends and interest received by individuals are taxable at the rate tp;
(e) capital gains are taxed at the effective rate tg(tg < tp).

We can now write down the following financial identity:

St(1 − t�) + (Bt+1 − Bt) + (Et+i − Et) = Dt + It + r(1 − t�)Bt. (9.34)

For the personal sector, there is liability for income tax and capital gain tax so that
the net financial flow after tax is:

Yt = (Dt + rBt)(1 − tp) − (Bt+1 − Bt) − (Et+i − Et)

− capital gains tax liability. (9.35)

Let us consider a simple perturbation. Suppose that the firm reduces both Dt

and (Et+1 − Et) by $1. The former costs the personal sector $(1 – tp) whereas
the effect of the latter depends upon the capital gains tax and can be seen to be
$(1− tg). Since tg < tp this represents a net gain to shareholders and bond holders
are no worse off. A question that naturally arises here is: Why pay dividends?

Consider now a perturbation of financial policy such that the firm increases
dividends by $1 in period 1 financed by borrowing, with the interest and principal
being repaid in period 2 by a reduction in dividends. The reduction in dividends
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Table 9.1

Shareholders Bondholders

Period 1 +(1 − tp) −1
(dividend) (lending)

Period 2 −(1 − tp)[1 + r(1 − tp)] +1 + r(1 − tp)
(dividend) (repayment of principal and interest)

in period 2 is (1+ r(1− t�)). If initially we assume that tg is zero, then the change
in wealth is as described in Table 9.1.

The effect on the individual depends on his rate of discount or the opportunity
cost of funds which we write r(1 − �). If he reduces his borrowing on receiving
$(1 − tp) in dividends or if he increases his lending then � = tp. If he increases
his saving in a tax-exempt medium (e.g., pension funds) then � = 0. For the
shareholder, the increase in borrowing is desirable when:

(1 − tp)[1 + r(1 − �)] ≥ (1 − tp)[1 + r(1 − t�)]. (9.36)

The condition is simply, therefore, that t� ≥ �. Essentially, the individual
is substituting corporate borrowing for personal borrowing since interest is
deductible. Whether this is desirable depends on where tax savings are greatest.

9.4 Comparing the effects of an investment tax credit versus
a corporate tax cut: a Cobb–Douglas example

Suppose we are interested in finding out the relative effects of an investment
tax credit and a corporate tax cut in stimulating investment. In making this
comparison we shall work with the Jorgenson model with a Cobb–Douglas
production function.

Let t�1 and t�2 be the corporate profits tax rates before and after the corporate
tax cut, and �1 and �2 be the investment tax credit before and after the tax credit
increase. Now define R� as R� = tax collection at new tax rate – investment tax
credit paid at old rate. Thus:

R� = t�2

∞∫
0

p(∂Q/∂K)Ke−rtdt − (�1 + t�2x)

∞∫
0

C(I)e−rtdt. (9.37)

If we use the Cobb–Douglas production function Q = L�K1−� we will have:

∂Q/∂K = (1 −�)L�K−� = (1 −�)(L/K)�. (9.38)

From the first-order conditions we get:

MPL = w/p = �L�−1K1−� or L/K = (W/�p)1/(�−1). (9.39)
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Substituting into equation (9.37) and then into dQ/dK we have:

R� = t�2

∞∫
0

p(1 −�)(w/�p)�/(�−1)Ke−rtdt − (�1 + xt�2 )

∞∫
0

C(I)e−rtdt

(9.40)

Along similar lines we define R� as government revenue before tax credit change
minus the amount paid out as tax credit and derive for a change in the investment
tax credit:

R� = t�1

∞∫
0

p(1 −�)(w/�p)�/(�−1)Ke−rtdt − (�2 + t�1x)

∞∫
0

C(I)e−rtdt (9.41)

Hence,

R� − R� = (t�1 − t�2 )

∞∫
0

(1 −�)p(w/�p)�/(�−1)Ke−rtdt

−{(�2 + t�1x) − (�1 + t�2x)}
∞∫

0

C(I)e−rtdt. (9.42)

We need a basis for comparing the loss in tax revenue in the two cases. The
simplest and most appealing case is where the capital stocks are the same in the
two cases. This will be the case when:

(1 − t�1 )/(1 −�2 − xt�1 ) = (1 − t�2 )/(1 −�1 − xt�2 )

or, when

(�2 + xt�1 ) − (�1 + xt�2 ) = (t�1 − t�2 )[1 − (�2 + xt�1 )].
Substituting in equation (9.42) we have:

R� − R� = [(t�1 − t�2 )/(1 − t�1 )]
⎧⎨
⎩

∞∫
0

(1 − t�1 )(1 −�)p(w/�p)�/(�−1)Ke−rtdt

−(1 − (�2 + xt�1 ))

∞∫
0

C(I)e−rtdt

⎫⎬
⎭ . (9.43)

Realize that the expression inside braces ({.}) is the maximized present value
of cash flow under investment tax credit increase. Let us denote this by V�.
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Further V� > 0; thus:

R� − R� = (t�1 − t�2)/(1 − t�1)V� > 0 since 1 > t�1 and t�2 > 0.

Thus, with an increase in investment tax credit the government loses less revenue
than an equivalent corporate tax cut. We can, therefore, conclude that a permanent
increase in the investment tax credit is better than a permanent reduction in the
corporate tax rate.

9.5 Decisions on the financing of investment expenditure

Unlike the real theory of investment, which we have just gone through, the financial
theory is essentially static. Efforts have been made to extend it to cover dynamic
situations (Merton 1982, for example). From a general viewpoint, one may well
argue that it is probably better to study the real theory of investment and its
financing at the same time.

The separation of the investment and the financing decisions, which we
have implicitly been making, is a reflection of the Modigliani–Miller theorem,
henceforth known as MM (see Modigliani and Miller 1958) which argued that
financial policy is irrelevant to determining the present value of the firm’s earnings.
Since then two strands of the literature have grown up – one that supports the MM
result and the other which shows that it does not hold in more general situations.

The Modigliani–Miller theorem

When financing investment, firms have three sources: retained earnings, debt, and
new equity. The first is referred to as an internal source whereas the latter two are
called external sources. Finer classification is possible, for example, long debt and
short debt, but we will ignore these.

The MM theorem makes a number of assumptions that make a straightforward
application of the Jorgenson model untenable. These assumptions and the MM
theorem are discussed in detail in Chapter 10.

9.6 The effective rate of taxation and the cost of finance

In assessing the implications of the tax structure for investment, the notion of an
effective rate of tax is often used. In this section we develop the notion and also
comment on how it could be measured in practice.

A typical derivation of the effective rate of taxation on capital (see Boadway
et al., 1986) starts off with the neoclassical theory of the investing firm as discussed
earlier in this chapter. This firm formulates expectations about the future and then
adjusts its capital stock, perhaps subject to adjustment costs. The typical analysis
assumes that the tax structure is expected to be unchanging over time. The taxes
usually considered are corporate and personal taxes, as has already been done
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in this chapter. Other taxes that have been considered are resource taxes and
commodity taxes.

The firm maximizes the market value of its equity or, alternatively, the present
value of cash flow which is equal to the total value of equity plus debt. As we
have seen earlier, the optimal capital stock is characterized by the equality of the
marginal product of capital and the real user cost of capital – suitably adjusted.
We have seen modifications due to costs of adjustment. We can also incorporate
additional modifications due to the characteristics of the tax structure. Several
approaches have been tried in the literature. These include those by King and
Fullerton (1984), Boadway et al. (1986) and Gerard (1994). The approach taken
here is suggestive of their work.

We concentrate on firms that have an infinite horizon, and use only one factor
of production – capital. We further assume that the firm is initially unlevered, that
there is no uncertainty, and that firms are owned by households who are residents,
i.e., firms are not owned by foreigners. We shall relax this last assumption
subsequently.

Let rp be the before-tax return and before payment for financial liabilities
(interest payments, dividends, etc.) on a marginal investment project, after
accounting for depreciation. We also let �′ be the post-tax real rate of return
to the dominant shareholders in the firm and �′′ the post-tax real rate of return
to the supplier of funds (this may also be the dominant shareholders). Then the
marginal effective tax rate (te) can be defined as:

te = [rp −�′ −�′′]/rp. (9.44)

Here the effective tax rate is defined as the difference between the pre-tax rate
of return and the sum of the after-tax rate of return to dominant shareholders and
financiers. If te = 0 then all taxes on returns from this project are absorbed by
dominant shareholders and financiers. This is one definition of the effective tax
rate. There are others as well. Boadway et al. (1986), for example, define the
effective tax rate as the difference between the rate of return paid out by the firm
and the rate of return received by households.

It seems natural to require that:

�′ ≥ 0 (9.45)

since a dominant shareholder will not invest in the project unless he makes no
losses. Similarly, it can be assumed that:

�′′ ≥ (1 − ti)(r +�) −� (9.46)

where ti is the tax rate on interest income, �, as before, is the rate of inflation,
and r is here the real rate of interest. (r +�) is then the nominal rate of interest
and the first term on the righthand side of equation (9.46) denotes the after-tax
rate of return on savings. The value of this gets eroded because of inflation so
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that the righthand side of equation (9.46) is the after-tax real rate of return on
savings. If financiers are to fund the project in question then they should get a rate
of return from the project equal to at least the real after-tax return from savings. In
competitive equilibrium, it is possible that people would be indifferent between
putting their money in this project and ordinary savings accounts because (9.46)
may hold as an equation rather than a weak inequality.

Value of a marginal project

The value of a marginal project is the difference between the discounted flow
of benefits that the project generates for both the owners of the firm as well as
the creditors. For every dollar invested, the marginal value of the project can be
written as:

MV = (1 − td)

[∫ ∞

0
(1 − t�)(rp + �)e−(�+�−�)tdt + S − F

]
+ R − 1 (9.47)

or, upon performing the integration:

MV = (1 − td)[{(1 − t�)(�+ �)/(�+ �−�)}+ S − F]+ R − 1 (9.48)

where � = rate of discount,
t� = the corporate tax rate (as before),
S = present value of tax yields,
R = present value of net income for the supplier of funds,
F = present value of net corporate liabilities,
td = the personal tax rate on dividend defined by

(1 − td) = [(1 − ti)(1 − t� + yt�)/(1 − t�)]+ (1 − tc)(1 − v)

where ti = marginal personal income tax rate on interest income,
y = imputation ratio, 0 ≤ y ≤ 1,
v = pay-out ratio,
tc = tax rate on accrued capital gains.

Due to the definition of the value of a project that we have utilized we can
rewrite equation (9.48) as:

MV = [(�′ +�′′ +�)/�− 1] (9.49)

so that:

�′ = (1 − td)[{(1 − t�)(rp + �)/(�+ �−�)}�+ �(S − F)] (9.50)

and:

�′′ = �R −�. (9.51)
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Clearly, there is a link between F and R which depends on the way the project has
been financed and the arbitrage equation (9.46).

Let us now consider three alternative ways of financing the project: by issuing
new shares, by issuing new debt, and by retained earnings.

New shares

In case of the issue of new shares the return to the saver will be characterized by:

�R = (1 − td)�F. (9.52)

Hence using equations (9.51) and (9.49) (interpreted as an equality) we can write:

�F = (1 − ti)(1 − td)(r +�) = i/� (9.53)

where i is the nominal interest rate and:

� = (1 − t� + yt�)v/(1 − t�) + (1 − tc)(1 − v)(1 − ti). (9.54)

In the classical tax system (Haig–Simons definition) capital gains are taxed at
the same rate as any other income. Furthermore, y = 0 and tc = ti so that�= 1 and
�F = i. Several countries have tried combinations of these tax rules. For instance,
in Germany tc = 0. It turns out that one way to render F independent of v is to
set y = 0 and tc = ti. In this case we will get back to the ‘irrelevance’ of dividend
policy discussed by the Modigliani–Miller theorem.

New debt issue

Suppose the marginal project is financed by new debt rather than new equity issue.
Since interest liabilities are usually deductible against the corporate tax base, we
will have:

�R = [(1 − ti)/(1 − t�)]�F (9.55)

and by equations (9.51) and (9.59) again:

�F = i(1 − t�). (9.56)

It is well known that under a cash flow tax system, equation (9.56) becomes
�F = i as interest is no longer deductible against the corporate tax base. Thus, a
classical tax system provides neutrality with respect to equity and debt finance
under conditions of full distribution.

Using retained earnings

Now consider the case where retained earnings are used to finance the marginal
project. This financing policy enables the supplier of funds (now also the owner of
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the firm) to avoid taxation on distributed profits and capital gains at the personal
level. Then:

�R = (1 − td)�F (9.57)

but as the sacrifice is (1− td) rather than 1, the arbitrage condition will imply that:

�R = (1 − td)(1 − ti)i (9.58)

and

�F = (1 − ti)i. (9.59)

Once again, ti = t� might be a condition of tax neutrality with respect to corporate
financing policies.

Return to a project and the marginal effective tax rate

As a result of the optimality conditions under different financing methods depicted
by equations (9.53), (9.54), and (9.56) the return from a project to the owner of
the corporation can be written as:

�′
j = (1 − td)[{(1 − t�)(�+ �−�)}�+ �S −�ji] (9.60)

where

�ij =
⎡
⎣1/� for j = 1, financing by new shares,

1 − t� for j = 2, financing by new debt,
1 − ti for j = 3, financing by retained earnings

⎤
⎦

whereas for the supplier of funds the return is:

�′′ = (1 − ti)i −� (9.61)

which is, clearly, independent of the mode of financing the marginal project. Now,
from the fact �′ ≥ 0 we have:

rp ≥ [�ji/�− S][�+ �−�](1 − t�) − �. (9.62)

Equations (9.60), (9.61), and (9.62) are central to the analysis of marginal effective
tax rates. In view of equation (9.44) the marginal effective tax rate also depends
upon the method of financing and can be written as:

te = 1 − (1 − td)[{(1 − t�)(�+ �)/(�+ �−�)}�+ �S −�ji]/rp
−[(1 − ti)i −�]rp (9.63)

This is the generalized version of the marginal effective rate of taxation.
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The King–Fullerton method of measuring marginal effective tax rates assumes
that, at the margin, the project gives no returns to the owner. In that case �′ = 0
for all methods of financing. With this substitution equation (9.62) becomes the
strict equality:

rp = [(�ji/�) − S][(�+ �−�)/(1 − t�)]− � (9.64)

so that the King–Fullerton measure of marginal effective rate of taxation becomes

tKF
e = 1 −[(1 − ti)i −�]/rp (9.65)

where rp is given by equation (9.64).

Extension to an open economy

Let iw be the highest net of tax nominal interest rate that is available anywhere
in the world (called country w) to a domestic saver. In that case, the domestic
interest rate (ignoring exchange rate fluctuations) should be such that:

(1 − ti)i = iw. (9.66)

In order to be competitive, the net of tax interest rate at home must be equal to the
best interest rate available abroad. If the tax rate on interest income in country w
is twi then the gross of tax interest rate must be igw where:

igw(1 − twi ) = iw. (9.67)

Hence, the domestic interest rate is:

i = igw(1 − twi )/(1 − ti) (9.68)

so that the domestic interest rate has become a predetermined variable. Hence,
equation (9.46) will become:

�′′ = igw(1 − tw) −�. (9.69)

Costs of transnational investment

Consider a prospective dominant shareholder who is a resident of the home
country. He considers investing in country s. The investor has to provide the
supplier of the funds with a return equal to (1 − twi )iw which is the best rate of
return available. Let us consider the same three alternative sources of finances:
equity finance, debt finance, and retained earnings.

With new shares we will have:

�F = igw/�
S (9.70)
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with

�S = [(1 − tSd)/(1 − twi )]v + (1 − tSc )/(1 − twi )(1 − v) (9.71)

where tSd is the withholding tax rate on dividend in country S and tSc is the
withholding rate on capital gains on accrual basis.

With new debt we will have:

�F = (1 − tS�){(1 − twi )/(1 − tSi )}igw. (9.72)

Where ts� and tsi stand for the corporate tax rate and the withholding tax on interest
income in country S.

With retained earnings, the investor will take into account his own net sacrifice
in terms of unpaid dividend or immediate capital gain. However, unlike the saver,
he cannot avoid personal income tax in either his country of business or his
country of residence. Hence his net sacrifice per unit of capital is (1 − tSr ) where
tSr is the repatriation tax rate on dividend and capital gains paid in country s and
taxed possibly both in the country of origin, s, and the country of residence of the
shareholder. This rate is a statistic encompassing relevant provisions of the tax
treaty between the home country and country s. Hence, we will have:

�F = (1 − tw)igw. (9.73)

As a consequence of equations (9.70) to (9.73) we can write the return on a project
in country s with the owner resident in the home country as:

�′
j = (1 − tSr )[{(1 − t�)(rp + �)/(�+ �−�)}�+ �SS −�S

j igw] (9.74)

with

�S
j =

⎡
⎣1/�S for j=1, equity finance,

(1−tS�)(1−twi )/(1−tSi ) for j=2, debt finance,
1−twi for j=3, financing by retained earnings

⎤
⎦.

Thus, in view of equation (9.45) we must have:

rp ≥ [(�S
j igw/�) − SS](�+ �−�)/(1 − tS�) − � (9.75)

so that the marginal effective tax rate on transnational investment now becomes:

te = 1 − (1 − tSr )[{(1 − tS�)(rp + �)/(�+ �−�)}�+ �SS −�S
j igw]/rp

−[i(1 − twi ) −�]/rp (9.76)

which can be compared to the effective tax rate in a closed economy derived in
equation (9.63) and the effective tax rate of the King–Fullerton variety derived in
equation (9.65).
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In the case of the open economy the King–Fullerton measure of effective tax
rate will become:

tKF
e = 1 −[igw(1 − twi ) −�]/r∗p (9.77)

where

r∗p = {(�S
j iw/�) − SS}(�+ �−�)/(1 − tS�) − �. (9.78)

An interesting aspect of the King–Fullerton result is that the arbitrage condition
means that the repatriation tax drops out of the formula for the effective tax rate.

9.7 The impact of subsidies on incentives for R&D

We now consider a model of the impact of subsidies on incentives for investing
in Research and Development (R&D). We first study a simple canonical model
and then extend it to include scale economies and spillover effects. As earlier,
the firm’s objective is to maximize discounted stream of profits. Final goods and
technology capital are produced via the same production function f (G,L) where
G represents technology stock and L represents a variable input, labor, paid at the
wage rate, w.

The tax rate on profits is t� and the existence of tax incentives implies that
NPV of deductions of R&D expenditure to differ from one. Each dollar invested
in R&D reduces tax liability by A dollars so that after tax relative price of R&D
can be written as:

� = (1 − A)p (9.79)

where p is the gross price of R&D. Technology stock depreciates at the exogenous
rate � so that we can write:

Ġ = R − �G (9.80)

where R represents R&D expenditure. The current value Hamiltonian is given as:

H = (1 − t�){f (G,L) − wL}− (1 − A)pR +�(R − �G) (9.81)

where � represents a co-state variable. The first order conditions yield:

∂H

∂R
= �− � = 0 (9.82a)

�̇− r� = −∂H

∂G
⇒ (1 − t�)fG = (�+ r)�− �̇. (9.82b)

Together equations (9.82a) and (9.82b) imply:

fG(.) = �

(1 − t�)

[
r + �− �̇

�

]
= ct. (9.83)
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Equation (9.83) shows that the investing firm will invest to equate the marginal
revenue product of technology stock with the opportunity costs of holding or
‘renting’ it for one period. This is the ‘user cost of capital’ (UCC) already defined
earlier. The UCC is equal to the after-tax purchase price multiplied by the net
required rate of return, which is the market required rate of return, plus depreciation
less capital gains.

With static expectations equation (9.83) can be written as:

ct = (r + �)
(1 − A)

(1 − t�)
p. (9.84)

Equation (9.84) implicitly defines an optimal technology stock G∗, which is
achieved instantaneously. For a CES production function f (G,L) = (kG−� +
(1 − k)L−�)−� optimal G∗ would be:

G∗ = k�f (.)c−�
t (9.85)

where �= 1/1 +� is the elasticity of substitution between G and L. In empirical
studies on R&D investment dynamics have been modeled by using the user cost
of capital variable in a fundamentally ad hoc partial adjustment model. Using this,
Chirinko (1993) writes the R&D investment model as:

Rt = �Gt−1 +
n∑

j=0

�j
(Yt−j) +
n∑

j=0

	j
(ct−j)

where Yt−j refers to output. The coefficients in this model represent a combination
of both expectational and structural parameters and the model is, therefore, subject
to Lucas’s critique of parametric invariance (Lucas, 1976).

9.8 Conclusions

The effects of taxes on the rate of investment is an exceedingly complex topic. In
this chapter we have tried to understand some aspects of this problem. We began by
detailing the dominant theories of investment – the Fisherian model and the related
Jorgenson model. We modeled extant aspects of tax policy such as corporate tax,
investment tax credit, and historical depreciation allowance. We then examined
the effects of changing some of these instruments on the incentive to invest or, for
stationary capital stock, on the amount of government revenue from the tax. We
also discussed the financial aspects of investment. The Modigliani–Miller theorem
was cited in support of separating financial from real decisions. However, some
exceptions were considered. We also developed the notion of an effective rate of
tax on capital.

The discussion in this chapter is only indicative of the type of research being
done in the general area of the effects of taxation on capital investment. Much of
the literature suggests that the process of capital formation is quite sensitive to
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tax rules. There has been considerable work on the effects of the capital gains tax –
particularly the decision to realize the capital gain.6 Work has also been done (see
Auerbach and Hines 1987, for example) on the process of forming expectations
about tax changes and the effects of such changes. International aspects of taxation
and effects on investment at home and abroad are increasingly important (see
Giovannini et al. 1993). Calculations of effective tax rates and their effects on
investment also abound.

Notes

1 Recall that in standard textbook exposition the MEC is a declining function of the rate
of investment because the marginal product of capital falls with addition to the capital
stock. However, current investment is too miniscule a fraction of the capital stock for
this to serve as an adequate explanation for the aforementioned relation.

2 See, for instance, Lucas (1976), Merton (1978), or Abel (1978).
3 Putty–putty means capital/labor ratio can be changed before and after the investment.

Putty–clay means the capital/labor ratio is alterable before investment – not after it and
clay–clay means the capital/labor ratio is fixed both before and after investment.

4 We have more to say on this discount rate later in the chapter.
5 For a discussion on the notion of ‘an effective rate of tax’ see Section 9.7.
6 There is some disagreement about whether capital gains should be taxed on realization

or on actual accrual. If one uses the realization criterion then it might be the case that
many people would face liquidity crises in the process of paying the tax. Think of a house
owner whose asset value goes up because of inflation or some other reason. If he had to
pay capital gains tax every year (even, though he retained the house) he would find the
going difficult. If, however, capital gains are taxed on realization, then there might be a
tendency to postpone indefinitely the sale of an asset – merely in order to avoid having
to pay the capital gains tax.

Additional reading

The survey by Mintz and Purvis (1987) is very useful. Boadway et al. (1986)
provide an excellent example of the use of the theory for policy purposes. See also
King and Fullerton (1984) and Gordon (1985).



10 Taxation and risk taking

Key concepts: Modigliani–Miller theorem; taxation and the MM theorem;
tax progression and risk taking.

10.1 Introduction

In this chapter we discuss the effects of taxation on the taking of risk. Does the tax
system discourage risk taking and the supply of funds to finance it? Taxation may
influence risk taking at two levels. It may affect portfolio decisions by households
or institutions and, hence, the availability of funds, or it may affect real investment
decisions made by firms.

Needless to say, there are several dimensions to the effects of taxation on
risk taking. In this chapter we study these effects in some simple models of
portfolio choice. We then proceed to prove the Modigliani–Miller theorem on the
irrelevance of capital structure at the level of the firm. If the capital structure of the
firm is irrelevant then taxation may not affect its financing decisions. This naturally
leads to a consideration of the set of conditions under which the Modigliani–Miller
result would not hold. In particular we pay attention to the effects of uncertainty
and the presence of non-linear corporate tax structures. The chapter closes with
some concluding comments.

10.2 Effects of taxation on risk taking by households

To start, consider a simple example due to Sandmo (1987a). Suppose there are
two types of assets: a safe asset with zero return (say cash) and a risky asset with
return x. Initial wealth is A0. The individual wants to maximize terminal wealth:
A = A0(1 + ax) where a is the fraction of wealth in the risky asset. Suppose that,
as per the individual’s calculations, the optimal fraction is a∗.

Suppose now that we introduce a proportional wealth tax at the rate of th. Let us
suppose that losses can be offset against taxes so that after tax return is x(1 − th)
where x can be positive or negative. To get the same terminal wealth as in the
no-tax case the individual needs to increase the proportion of wealth in the risky
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asset to â where:

â = a∗/(1 − th). (10.1)

In this example private risk taking as measured by the net of tax risk [â (1 − th)]
is the same as before, however, social risk taking has increased because the
proportion of wealth in the risky asset has risen.

In this version of the model there is a simple result due to Sandmo (1987a) and
others which can be easily derived. Suppose individuals have a utility function
U(W) defined over terminal wealth. Initial wealth W0 can be split up into the
amount held in the riskless asset money (m) and the risky asset (a) so that the
budget constraint of the individual is:

m + a = W0. (10.2)

Final wealth of this wealth-holder is:

W = a[1 + x(1 − tw)]+ m (10.3)

assuming that money pays no interest nor does it depreciate in value due to
inflation. We will assume that x is continuously distributed on the interval
[−1, ∞) so that expected utility is:

E(U(W)) =
∫ ∞

−1
U{a[1 + x(1 − tw)]m}f (x)dx (10.4)

where f (x) is the (known) distribution of returns from the risky asset. Upon
substituting from equation (10.2) we have:

E(U(W)) =
∫ ∞

−1
U(W0 + ax(1 − tw))f (x)dx. (10.5)

The wealth-holder chooses a to maximize the above utility function for which
the first-order condition will be:

E(U′(W0 + ax(1 − tw))x(1 − tw)) = 0. (10.6)

If the utility function is concave, the second-order condition for an internal
maximum will be satisfied. Arrow (1970) has shown that a > 0 only if E(x) > 0.
If we are to proceed further, we will have to assume that this is the case.

We would now like to find out how the investor would react to changes in the
tax rate tw. To do this we will have to differentiate the first-order condition (10.6)
with respect to tw. Performing this we have:

E[U′′(W){∂a/∂tw)x(1 − tw) − ax}x(1 − tw) − U′(W)x] = 0. (10.7)
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In view of equation (10.6) the last term in this expression is zero, in optimum.
Hence, we must have:

(∂a/∂tw)x(1 − tw) = ax

or, that

(∂a/∂tw) = a/(1 − tw) or that (tw/a)(∂a/∂tw) = tw/(l − tw). (10.8)

In other words, the elasticity of the amount of wealth in the risky asset depends
only on the tax rate in the manner shown in equation (10.8). In particular, this is
independent of both the return on the risky asset (x) and the form of the utility
function.

The rule in equation (10.8) has a simple interpretation. The individual is
interested in keeping the value of final wealth constant at the level given by
equation (10.6). Hence, when the tax rate rises, the individual will invest more in
the risky asset in order to compensate for the loss in wealth because of taxation.

There are a couple of quite strong assumptions associated with the analysis so
far. We mention two here: first, that money carries no interest; second, that the
size of savings is not affected by an increase in taxes.

Suppose we abandon the first assumption and allow money to carry an interest
of r. Clearly, a rational wealth-holder will hold wealth in the risky asset only if
E(x) > r.

We will assume that this is the case. It is easy then to extend the previous
analysis to cover a positive interest rate on money. If both interest income as
well as the return from the risky asset are taxed at the rate tw we can write final
wealth as:

W = a[1 + x(1 − tw)]+ m[1 + r(1 − tw)]
= W0[1 + r(1 − tw)]+ a(x − r)(1 − tw). (10.9)

The wealth-holder wishes to maximize U(W). We can proceed as before. We
differentiate U with respect to tw and set U′(W) equal to zero. Then to get a
condition parallel to equation (10.8) we differentiate U′(.) with respect to tw and
set it equal to zero to discover the optimal response of the wealth-holder to a
change in tw.

We discover that:

(∂a/∂tw) = E[U′′(W)(x − r)]
E[U′′(W)(x − r)2]

Ar

(1 − tw)
+ a

(1 − tw)
. (10.10)

Now, since:

(∂a/∂W0) = −[1 + r(1 − tw)/(1 − tw)][EU′′(W)(x − r)/{EU′′(W)(x − r)2}]
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we substitute into equation (10.10) to get:

(∂a/∂W) = [W0r/(1 + r(1 − tw))](1 − tw))][(∂a/∂W0)]+ a/(1 − tw)

or, in elasticity form:

(∂a/∂tw)(tw/a) = −{twr/(1 + r(1 − tw))}{(1 − tw))](∂a/∂W0)(W0/a)}
+ tw/(1 − tw). (10.11)

The last term of equation (10.11) is the same as the righthand side of
equation (10.8). In addition, we now have (the first term on the righthand side
of equation (10.11)) as an income effect which depends upon the wealth elasticity
of holding wealth in the risky asset. This income and the earlier substitution
effect are in conflict with each other. However, the substitution effect is likely to
dominate the income effect for reasonable values of the parameters.

A special case of the above is the net tax case where only the earnings from
the risky asset in excess of the return from the safe asset are taxed. Then terminal
wealth is:

W = a(1 + x) + m(1 + r) − a(x − r)tw

= W0(1 + r) + a(x − r)(1 − tw). (10.12)

Differentiating with respect to tw we have:

E[U′(W)(x − r)(1 − tw)] = 0 (10.13)

and upon differentiating, once again, to find the optimal response to a change in
tw we will get equation (10.8) back again.

If there are many risky assets the results of the net tax case carry over. In other
words, if only the returns in excess of the return on the safe asset are taxed, then
for the ith risky asset we must have:

(∂ai/∂twi) = (ai/(1 − ti)) and (∂ai/∂twj) = 0 for i �= j (10.14)

where ai is the amount invested in the ith risky asset. This has been demonstrated
by Sandmo (1977). No considerations about the joint probability distributions of
the returns of assets is necessary. Nothing concrete can be said, however, about
the gross taxation case when all assets – risky as well as non-risky – are subject
to the same rate of tax.

Other forms of taxation

Suppose that instead of returns from assets, terminal wealth is taxed. Final wealth
would then be:

W = (W0(1 + r) + a(x − r))(1 − ty) (10.15)
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where ty is the tax rate on final wealth. The first-order condition for final utility
maximization can be written as:

E[U′(W)(x − r)(1 − ty)] = 0 (10.16)

and upon differentiating once again with respect to ty we obtain:

(∂a/∂ty) = [1/(1 − ty)]E{U′′(W)W(x − r))}/{EU′′(W)(x − r)2(1 − ty)}.
(10.17)

We now assume that the utility function is of the constant elasticity of the
marginal utility of wealth form or constant relative risk aversion in the Arrow–
Pratt sense. In that case: −U′′(W)W/U′(W)) = � (a constant). Substituting into
equation (10.17) and using (10.16) we will have:

(∂a/∂ty)= (1/(1−ty))[−�E{U′(W)(x−r)}]/{E[U′′(W)(x−r)2(1−ty)]}=0.
(10.18)

Thus, the wealth tax has no effect on the composition of the wealth-holder’s
portfolio. In cases where constant relative risk aversion does not hold, an increase
in the tax will raise (lower) the amount held in the risky asset according to whether
relative risk aversion is increasing (decreasing).

10.3 The Modigliani–Miller theorem and decisions on the
financing of investment expenditure

One major source of risks for households, of course, is the holding of risky assets
issued by firms. Unlike the real theory of investment, which we went through
in Chapter 9, the financial theory of investment is essentially static. Only very
recently have efforts been made to extend it to cover dynamic situations (Merton
1982, for example). From a general viewpoint, one may well argue that it is
probably better to study the real theory of investment and its financing at the
same time.

The separation of the investment and the financing decisions, which we
have implicitly been making, is a reflection of the Modigliani–Miller theorem,
henceforth known as MM after Modigliani and Miller (1958) which argues that
financial policy is irrelevant to determining the present value of the firm’s earnings.
Since then two strands of the literature have grown up – one that supports the
MM result and the other which shows that it does not hold in more general
situations.

When financing investment firms have three sources: retained earning, debt and
new equity. The first is referred to as an internal source whereas the latter two are
called external sources. Finer classification is possible, for example, long debt and
short debt, but we will ignore these.
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The MM theorem makes the following assumptions:

(i) Competitive markets for risky assets. Although in our discussion of the
Jorgenson model we have assumed perfect foresight, it would be quite
opportune to say that firms face a variety of risks. For instance, they may
face uncertainty about the demand price, or prices of factors of production
and so on. Households that ultimately own all wealth in the economy can
reduce risk by holding risk-bearing assets issued by various firms. As will
be shown below, the price of risk faced by the firm is determined by an
equilibrium in which firm-specific risk is measured as the covariance between
the firm’s returns with the individual wealth-holder’s portfolio income. In the
MM theorem, each firm may be characterized by a well-defined risk ‘class’.
Further, each firm is competitive in that its risk premium is unaffected by the
amount of securities it issues.

(ii) The second major assumption of the MM theorem is that firms never become
bankrupt. This implies that the contractual interest payable on bonds is certain
so that the bondholders earn a safe rate of return on their investments in
private bonds. At the same time, households do not go bankrupt and can
borrow at a safe rate of interest.

(iii) Neither firms that issue securities nor households who buy them incur
transaction costs during these sales/purchases. Firms do not have any inherent
advantage over households in issuing securities and the borrowing and
lending rates of interest are the same.

(iv) All households have the same information about the future profitability of
each firm. Further, households can costlessly monitor the effort undertaken
by managers and workers of every firm so that financing considerations are
irrelevant when compensating workers or managers for their effort.

(v) There are no taxes.

We are now in a position to prove the MM theorem. The model we choose to
study is an old one (Diamond 1967, which is also discussed in Mintz and Purvis
1987) but has been used by other authors in much more recent work. Consider an
economy that is populated by N firms indexed by j. Each firm has a capital stock
(Kj) a fraction 	j of which is financed by bonds and (1−	j) by equity. Thus 	j is
the debt–capital ratio of the firm. The firm produces during the period and sells its
output at the end of the period. It earns uncertain net revenues equal to Rj(Kj,�)
where � is the state of nature, unknown to the households, when investment and
financing decisions are made. From these revenues the firm pays bondholders:
r	jKj where r is the rate of interest.

Now, let us consider the budget constraint of each household. Each household
(indexed by i) makes portfolio decisions at the beginning of each period,
purchasing bonds and equity assets. The initial wealth of the household is Ai

0
which includes the value of equity held in firms before the stock market opens.
When trading occurs, each individual obtains a share �ij of the jth firm’s equity.
The total value of equity in firm j is equal to the amount of financing net of debt
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issues, required by the firm plus the present value of future profits expected to be
earned by the firm. Let us denote the present value of pure profits of the jth firm
as Hj and the total amount of equity issued by the firm as Hj + (1 − 	j)Kj.

At this point we should make the important distinction between the replacement
value of the firm’s capital (Kj) and the value of the firm which is equal to pure
profits plus the replacement value of the capital stock (Hj +Kj). Only when firms
earn zero expected future pure profits will the market value of the firm be equal
to the replacement value of the capital stock of the firm.

Households use their wealth Ai
0 to buy bi, bonds and equity worth �j�ij(Hj +

(1 − 	j)Kj). In equilibrium the sum of all individual purchases must equal total
equity, that is, �j�ij = 1 (for each firm j) and, further, the total supply of bonds
must equal the total demand for bonds so that∑

i

bi =
∑

j

	jKj.

Letting ci(�) be the consumption of household i in state of the world � we can
write the budget constraint of the household as:

ci(�) =
∑

j

�ij(Rj(Kj,�) − r	jKj) + rbi (10.19)

where

bi = Ai
0 −

∑
j

�ij[Hj + (1 − 	j)Kj)]. (10.20)

The household maximizes expected utility Ei[Ui(ci(�))] where Ei is the expec-
tations operator conditional on information available to the ith household. The
household thus chooses an optimal share of each firm’s equity (�ij) and bonds bi
subject to the budget constraints (10.19) and (10.20). Substituting equation (10.20)
into (10.19) we have:

ci(�) =
∑

j

�ij[Rj(Kj,�) − rKj) + r(Ai
0 −

∑
j

�ijHj). (10.21)

Note that the debt–capital ratio (	i) no longer appears in the wealth-holder’s
budget constraint. This is the famous Modigliani–Miller theorem. The intuition
behind this is simply that the wealth-holder negates any financial action undertaken
by the firm. If the firm decides to issue an additional dollar’s worth of debt, the
households will reduce their borrowings (bi is negative) or increase their ownership
of bonds by the same amount.

The role of risk in the Modigliani–Miller theorem

Consider now the optimal choice of �ij for each household. Using equation (10.21)
as the budget constraint in the maximization of household expected utility we can
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write the first-order condition as:

Ei{(∂Ui/∂ci)[(Rj(Kj,�)) − r(Kj + Hj)]} = 0 (10.22)

where (∂Ui/∂ci) denotes marginal utility of state-contingent consumption. Rewrite
equation (10.22) as Ei(∂Ui/∂ci)Rj = r(Kj + Hj)Ei(∂Ui/∂ci). We now add and
subtract EiRj and rearrange to get:

EiRj = r(Kj + Hj) −[Ei(∂Ui/∂ci)(Rj − EiRj)]/[Ei(∂Ui/∂ci)].

By adding and subtracting Ei(∂Ui/∂ci) to the last expression we get:

�ij = −cov[(∂Ui/∂ci),Rj]/[Ei(∂Ui/∂ci)]

as a measure of risk premium. In this expression:

cov[(∂Ui/∂ci),Rj] = Ei{(Rj − EiRj) ((∂Ui/∂ci) − Ei(∂Ui/∂ci))}.

Hence, we have:

Ei{Rj(Kj,�)}−�ij = r[Kj + Hj]. (10.23)

From the MM theorem we know that Hj +Kj must equal the sum of total bonds
and equities issued by firm j. Hence, it must be the case that equation (10.23) says
that the discounted value of the expected return to capital, adjusted for risk, is
equal to the value of the firm’s equity plus debt.

The adjustment for risk depends on the covariance between the marginal utility
of state contingent consumption of the ith consumer and the return to capital of
the jth firm. One can think of two factors as influencing this covariance. On the
one hand the return to capital of the jth firm may be positively correlated with
individual i’s portfolio of asset returns. On the other hand, the ith investor could
be risk averse or risk neutral. If he is risk averse then the marginal utility of
consumption is decreasing with higher levels of consumption. In this case the
covariance term will be negative if, in addition, there is a positive correlation
between the return to capital of the jth firm and individual i’s portfolio of asset
returns. In case the individual wealth-holder is risk neutral, the marginal utility of
his consumption is constant and the risk premium would be zero.

Effects of taxation on the Modigliani–Miller result

What are the effects of taxation on the Modigliani–Miller result? To analyze this
problem in its simplest form we abandon uncertainty and work with the model of
Miller (1977) and Alvazian and Turnbull (1987). Miller raises the issue of optimal
capital structure in a world with personal and corporate taxes. He argues that in
the absence of bankruptcy costs, an optimal capital structure would not exist for
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the individual firm but it would exist for the economy as a whole. Typically, tax
laws allow for deductibility of interest paid and tax dividends at the level of the
household. Miller argues that the deductibility of interest at the corporate tax level
will be exactly offset by increased taxes at the personal level whatever the firm’s
debt-equity mix. Present value maximizing firms will increase their supply of
corporate debt so long as the increase in personal taxes is more than offset by the
tax shield to the corporation resulting from interest payment on additional debt.
The higher personal tax rates will, in turn, be fully capitalized into higher market
yields in equilibrium.

Let i0 be the yield on tax-free bonds. i0 is assumed to be constant and
exogenously given. Hence, if t� is the corporate tax rate then firms will pay a rate
of return on bonds equal to i0/(1− t�). In other words, investors will be indifferent
between buying a tax-free bond and a corporate bond because each gives the same
after-tax yield. We analyze this situation in Figure 10.1. In this diagram the demand
for bonds is upward sloping as a function of the after-tax interest (negatively
sloping with respect to the price of bonds, the reciprocal of the interest rate) and is
obtained by summing up individual demand functions. If the tax on bond yields is
tb then individual investors would require a return of i0/(1− tb). The supply curve
is horizontal at the rate of interest i0/(1 − t�) which is what firms must pay. The
optimal amount of bonds is b∗. If the tax rate on bonds and the corporate tax rate
are different then individuals for whom tb < t� will get all the surplus generated
by the difference between the supply yield [i0/(1− t�)] and the minimum demand
of investors in the bond market [i0/(1 − tb)]. All tax-induced surpluses accrue to
debt holders and, therefore, capital structure is irrelevant at the individual firm
level. The MM theorem is back again.

After-tax
interest

rate

i0/(1−tπ)

Demand for bonds

Supply of bonds

Quantity of bonds
outstanding

b*

Figure 10.1 Interest and demand and supply of bonds.
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If dividends were taxed at the rate td then Miller’s argument would go as follows.
By holding a bond an individual gets i0/(1− tb). To be indifferent between holding
a bond and an equity the yield on the equity should be i0/[(1− td)(1− t�)]. Thus,
a condition for equilibrium is that:

i0/[(1 − td)(1 − t�)] = i0/(1 − tb) (10.24)

or, that,

(1 − t�)(1 − td)/(1 − tb) = 1. (10.25)

The present value of the tax shelter associated with debt is:

b[1 − (1 − t�)(1 − td)/(1 − tb)]

where b is the face value of debt outstanding. Firms will issue debt until, in
equilibrium, the present value of the tax shelter to any firm is zero. This occurs
when equation (10.25) is satisfied. Thus, in equilibrium, capital structure at the
level of the firm is irrelevant.

The assumption that there is only one corporate tax rate is crucial to the Miller
result. Suppose that there are two corporate tax rates t1� and t2� with t2� ≥ t1�. We
draw the relevant supply of debt functions in Figure 10.2 – one for each level of
the corporate tax rate. Corporations facing the higher corporate tax rate can now
effect greater potential tax savings by biasing capital structure in favor of bonds.
There are two levels of optimal debt – b∗ and b∗∗ – with the higher debt level
associated with corporations facing the higher tax rate.

Rate of
interest

Demand for
bonds

Quantity of bonds
outstanding

b* b**

Figure 10.2 Bond market equilibrium with alternate tax rates.
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Let us now extend the analysis to consider uncertainty. In this case, as
the firm issues more debt it increases potential deductions. However, leverage
also increases the probability of bankruptcy. An increase in the probability of
bankruptcy will lower expected corporate tax shields from the issuance of debt
since tax laws in most countries do not permit a complete transfer of unused tax
credits and deductions through time or across firms. An increase in leverage will
also increase expected direct and indirect bankruptcy costs. De Angelo and Masulis
(1980) re-examined Miller’s irrelevance argument in a world of uncertainty when
there are leverage related costs due to the inability of firms to capitalize on tax
deductions in excess of earnings in bankruptcy states as well as the existence
of potential tax shields substitutes for debt. They show that firms will have
optimal internal financing mixes. Their model predicts that the level of debt will
be inversely related to the ability of the firm to generate tax shields from other
sources such as depreciation, contribution to a pension fund and investment tax
credits. Ross (1985) has extended the De Angelo and Masulis analysis to show
that there is a relationship between the capital structure of the firm – as induced
by tax effects – and systematic risk. Bartholdy et al. (1985) provide an analysis
of corporate capital structure decisions under either partial or full loss offsetting
assumptions about the tax code. They derive conditions on the tax rates and other
variables for which imperfect loss offsetting in the tax system indicates an internal
debt–equity ratio.

We can visualize the analysis under uncertainty in the supply–demand diagram
(Figure 10.3). On the supply side, the expected return on corporate debt, rs(b),
will decline with the supply of debt reflecting lower expected corporate tax shields
and higher expected bankruptcy costs. As firms issue more debt, the present value
of associated tax shelters declines and the present value of associated costs of
default rises. Hence, to keep the marginal cost of debt equal to the marginal
cost of equity, the pre-tax yield paid by the firm will decline with debt. The
demand for debt, rd(b), will be an increasing function of expected return reflecting
higher personal taxes on debt and higher risk discount factors for more risk averse
investors. Equilibrium, depicted in Figure 10.3, corresponds to an aggregate level
of outstanding debt of b̂.

One should note, however, that there is no necessary correspondence between
investor asset holdings and personal tax rates. Furthermore, corporate debt is
relevant not only at the aggregate level but also at the level of the individual firm,
since expected bankruptcy costs and loss of tax shields are firm-specific factors

Uncertainty because of asymmetric information

Uncertainty may also generate asymmetric information problems between the
firm and the investors, giving rise to agency problems (Laffont and Tirole 1993).
When there are conflicts of interest among various claimants on the firm, viewing
the firm’s capital structure problem as one of determining the optimal debt–
equity mix is too narrow a perspective. The capital structure problem involves
determining the whole structure of property rights arrangements on the firm.
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Expected
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Supply
of bonds

b̂

Figure 10.3 Bond market equilibrium with uncertainty.

Jensen and Meckling (1976) define agency costs as including monitoring and
bonding expenditures by the principal and the agent, respectively, as well as a
residual loss reflecting production and investment opportunities forgone as a result
of the agency relationship.

Jensen and Meckling (1976) and Myers (1977) examine the role of financial
contracts in controlling moral hazard problems. Myers argues that the existence
of risky debt claims in the capital structure of a firm with potential growth
opportunities may impose an externality on the shareholder-manager’s optimal
investment strategy. Should the debt mature after the growth opportunities
present themselves, bond holders will share in any profitable future investments.
Therefore, in certain states of the world, characterized by valuable investment
opportunities, stockholders will have the incentive to reject projects with positive
net present value since some of the benefits from such projects will accrue to
bondholders. The value of such forgone investment opportunities as well as the
expenditures incurred in enforcing provisions of the debt contract are part of the
agency cost of the debt. Jensen and Meckling argue that even in the absence of
any tax advantage to debt, there will be an incentive for the firm to issue debt if the
marginal agency costs of debt are less than the marginal agency costs of equity.

Leland and Pyle (1977) and Ross (1977) treat the firm’s usage of debt as
a signaling device to overcome possible adverse selection problems generated
by information asymmetries between managers and shareholders. Shareholders
cannot distinguish ‘good’ managers from ‘bad’. Given that managerial compen-
sation depends upon the market value of the firm, managers may use debt to
signal to market participants information about managerial quality which they
cannot otherwise convey.
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Grossman and Hart (1983) argue that leverage may act as a bonding mechanism,
reducing the scope for opportunistic behavior by management. Leverage increases
the risk of bankruptcy and, since bankruptcy is costly for managers, they can use
leverage to certify themselves and their favorable prospects to investors and, in
effect, lower the cost of capital to the firm. Agency considerations, once again,
lower the empirical validity of Miller’s model about the gains from leverage.

Myers (1984) argues that, given the consideration of the costs associated with
bankruptcy and financial embarrassments, two general statements can be made
about corporate leverage policy. First, there should be an inverse relationship
between risk and the amount the firm is willing to borrow (with risk being defined
as the variance of the rate of return on the value of the firm’s assets). Second, firms
holding tangible assets in place having active second-hand markets will be able to
borrow more than firms holding specialized, intangible assets or valuable growth
opportunities.

The work discussed above thinks of firms as picking leverage to balance the
present value of leverage-related costs (bankruptcy costs, agency costs, etc.)
against the present value of tax shelters provided by the leverage. Myers (1984)
has called this approach the ‘static trade-off hypothesis’. If there are no costs of
adjustment then firms should be at their optimal capital structure. However, there
may be costs and, therefore, lags in adjusting to the optimum as conditions change.
Thus there may be across firms dispersion of debt–equity ratios in a sample of
firms. The degree of dispersion will depend upon the magnitude of transactions
costs associated with the adjustment process.

10.4 The effects of progression on risk taking

If, for tax purposes, assets are valued at their long-run average value, independent
of short-run fluctuations, then the question of the tax effect on risk taking is
reduced merely to that on cash returns derived from these assets. We know that
with full loss offset of negative income a higher proportional rate of taxation on the
returns from a risky asset will lead to more private risk taking. This is because the
government serves as a silent partner (or insurer) to both gains and losses, which
for a risk-averse individual would increase the certainty equivalent of the project.
This is probably true for additional ventures of large corporations which, on the
one hand, tend to be subject to proportional corporate taxation in most countries
and, on the other, have several ventures running at the same time, so that they can
easily set off losses against other incomes. Hence, in such cases reductions in the
rate of taxation will reduce risk taking.

The situation is quite different, however, for the individual small entrepreneur
venturing into business. If this person has only one source of income he will,
in general, have no income against which heavy losses can be offset.1 Such an
entrepreneur is then basically in the situation where the government takes away
from his earnings but does not compensate him for losses. In this case, as Atkinson
and Stiglitz (1980: 112) show, higher taxes will reduce risk taking and lower
taxation will increase it.2
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Let us finally consider an income tax on risky returns, which takes account of
the short-term market valuation of the asset financing a risky venture in the sense
of treating increases in the value of this asset as positive and decreases as negative
income. In this case, as Atkinson and Stiglitz (1980: 106–11) show, a lower rate
of taxation will lead to an increase in private risk taking if absolute risk aversion
is a declining function of wealth. As risk-taking income is likely to be on average
high income, the results for a lower rate of taxation carry over to less progressive
taxation.

In conclusion, we can say that the less progressive tax is likely to increase
private risk taking of individuals and small firms, though possibly not that of
large corporations. In most cases, the risk taken by large corporations is treated
preferentially by government, so that this caveat may not be of much significance.

One can also examine the effect of taxes on the relationship between sharehold-
ers (the principal) and managers (the agents). If managers are able to maximize
their own utility to a certain extent3 because they are not fully controlled by
shareholders or not subjected to all the competitive pressures of the managerial
labor market, then shareholders will have to offer them additional incentive
rewards. This would be particularly necessary in cases when shareholders would
like managers to take certain risks whereas managers are inclined to play it safe.
If the incentive income of managers (for instance, their share in profits) is taxed
instead of being untaxed, the incentive effect becomes insufficient. The pre-tax
level of these incentives has to be raised so that its after-tax level remains the
same as the no-tax level. But this would mean that risky projects which also need
the control of managers via incentive pay become less profitable for shareholders
and some are, hence, not undertaken. More would be undertaken at lower tax
rates. As managers have relatively high incomes, this argument about low tax
rates carries over to less progressive taxation. It is possible to conclude, then,
that less progressive taxation makes it cheaper for shareholders to guide corporate
managers toward more risky projects.

If efficiency wages are being paid out4 then we know that wages are set above
market clearing levels in order to ensure that the worker works with full efficiency.
In such cases, the relevant wage would be the after-tax wage rate. Thus with lower
tax rates, lower pre-tax wages can ensure the same degree of economic efficiency.
If it is the case that efficiency wages are paid to middle-income earners, then less
progressive taxation at these segments of the wage distribution has the same effect
as productivity increases at the lower end of the wage distribution.

It is possible to argue that, in general, lower progressivity in the tax schedule will
increase economic efficiency. If, for example, the public imposes a payment on
polluters of the environment, a given tax-deductible payment geared to the amount
of pollution is more painful at low tax rates than at high rates, for it then reduces
after tax returns by more. Thus pollution control by tax-deductible pollution taxes
becomes cheaper. This has been shown by Arnott and Stiglitz (1986).5

We can conclude then that, in most cases, less progressive taxation will increase
economic efficiency.6 Less progressive taxation may also increase corporate risk
taking when this is insufficient without incentive pay for managers.
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10.5 Concluding comments

The effects of taxation on risk taking is a complex issue. In this chapter we
have explored some aspects. We began by examining the effects of taxation on
optimal portfolio choice of households. Later we realized that these results do not
necessarily extend to the case of firms if the Modigliani–Miller theorem holds. If
corporate taxes are linear, for example, the Modigliani–Miller result will still hold.
This naturally led to a discussion of the conditions under which the Modigliani–
Miller theorem may not hold. Among others, we considered the existence of
uncertainty (partly because of the existence of asymmetric information between
shareholders and managers and non-linear corporate taxes). In such cases, the
firm’s debt–equity composition would once again become relevant and taxation
would affect the financing decisions of the firm.

Notes

1 It is possible, however, that uncorrelated losses over time might be set off against future
income.

2 A similar situation arises when comparing safe well-paid jobs with fringe benefits that are
untaxed and risky jobs where the remuneration is all in the form of additional monetary
benefits, which then gets taxed. Higher taxation will lead to a shift away from such
socially useful risky jobs and toward the frequently much less useful jobs in the first
category.

3 Managers’ utility is to be interpreted as their ease and convenience.
4 See, for example, Yellen (1984).
5 Arnott and Stiglitz (1986) also show that if there are only indirect means of public control

of moral hazards, the optimal tax problem becomes much more complicated.
6 More precisely, reduce the cost of ensuring efficiency.

Additional reading

Two useful treatments of portfolio allocation under risk are Ahsan (1976) and
Anderson (1977). The classic work on decision-making under risk is Arrow (1970).
Recent treatments are available in Blundell (1990, 1992). The literature on the
Modigliani–Miller theorem is vast and the references cited in the text of the chapter
should serve as a useful introduction.



11 The theory of tax incidence

Key concepts: tax incidence in partial and general equilibrium; output and
factor substitution effects; fair wages; rate of return regulation.

11.1 Introduction

Tax incidence measures the sharing of the tax burden between different groups.
When a sales tax is imposed on a commodity, part of the tax may be passed on to
consumers so that the burden of the tax is shared by consumers and producers. In
this case we say that the incidence of the tax is on producers as well as consumers.
If the tax cannot be passed on to consumers then the incidence of the tax would
be on producers alone. If a wage tax is imposed and the supply of labor falls, the
market clearing wage rate would rise and this would increase the cost of labor to
producers. The impact of the wage tax and, hence, the incidence of the wage tax
would be on workers as well as employers.

The above two examples illustrate the important point that the measurement of
tax incidence is model specific. In the first model, we are essentially carrying out
a partial equilibrium exercise as depicted in Figure 11.1. A specific tax is imposed
on commodity x. The producer price of the commodity is q and the consumer
price is p where

p = q + t (11.1)

where t is the rate of the specific tax. This is the vertical distance between the pre-
and post-tax supply curves in Figure 11.1. The consumer price rises from p0(= q0)
to p1. The producer price is ql and we have

p1 = q1 + t. (11.2)

As shown in Figure 11.1, part of the tax burden is borne by the producer and
part by the consumer. A moment’s thought would tell us that the proportions in
which the tax burden is split up between producers and consumers would depend
on the elasticities of supply and demand.
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Figure 11.1 Commodity tax incidence in partial equilibrium.

In the second example, however, we are admitting general equilibrium effects.
A wage tax has effects on labor supply which go on to affect the wage rate and
so on. Hence, the message that the magnitude of tax incidence on any agent is
specific to the model we are studying.

In this chapter we will examine alternative models of tax incidence. All these
models will be of static general equilibrium. We study tax incidence in dynamic
models in Chapter 12. We will begin by considering tax incidence in the full
employment general equilibrium model of Chapter 2. This has been studied by a
number of authors including Harberger (1965), Mieszkowski (1974), and Atkinson
and Stiglitz (1980). We will work out this model in considerable detail. Next
we will study tax incidence in a neo-Keynesian model as discussed by Agell
and Lundborg (1992). Within the framework of the standard general equilibrium
model we introduce some extensions. Finally, we look at tax incidence in a general
equilibrium model where there is a rate of return regulation.

11.2 Tax incidence in the two-sector model of general
equilibrium

Here we go back to the full employment general equilibrium model of Chapter 2.
We first describe the two-sector general equilibrium model without taxes. Then
we introduce taxation.
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There are two industries X and Y producing output whose amounts are denoted
by lower-case letters: x and y respectively. Each industry produces output under
constant returns to scale and diminishing returns to each factor. There are two
factors of production, capital K and labor L. Each factor of production is smoothly
substitutable for the other.

Production conditions are given by the production functions:

x = F(KX,LX) (11.3)

and y = G(Ky,Ly) (11.4)

where Ki, Li are, respectively, the amounts of capital and labor used in industry
i(i = X,Y).

We will lay down the structure of the general equilibrium model first without
taxes. Then we will perturb the model through taxation and examine the effects
on general equilibrium. Differences could, then, be adduced to the tax. We will
assume that each commodity is produced under conditions of constant returns to
scale. Thus, price must equal marginal cost which, in turn, would be independent
of output and would depend only upon price of capital (r) and the wage rate (w),
both of which are determined in perfectly competitive factor markets.

px = Cx(r,w) (11.5)

py = Cy(r,w). (11.6)

pi and Ci are, respectively, the price and marginal cost of commodity i(i = X,Y).
Since we have constant returns to scale, marginal cost equals average cost and
the total cost (TCi) of producing any level of output must equal marginal cost
multiplied by the quantity produced.

TCx = xCx (11.7)

TCy = yCy. (11.8)

Let us now define the following terms:

CLX = (∂CX/∂w); CKX = (∂CX/∂r)

CKY = (∂CY/∂r); and CLY = (∂CY/∂w)

Demand for labor in industry X is (xCLX) and in industry Y (yCLY). Respective
demands for capital are (xCKX) and (yCKY).

This is a full-employment general equilibrium model. Total amounts of capital
and labor are fixed at K0 and L0, respectively, and are fully exhausted in producing
commodities X and Y. Thus, we have:

xCKX + yCKY = K0 (11.9)

xCLX + yCLY = L0. (11.10)
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Now, totally differentiate equations (11.5) and (11.6) to get:

dpx = CKXdr + CLXdw (11.11)

dpy = CKYdr + CLYdw. (11.12)

Dividing both sides of equation (11.11) by px = Cx and using a hat (ˆ) to denote
a rate of change (â = da/a) we have:

p̂x = (dpx)/px = r(CKX/Cx)(dr/r) + w(CLX/Cx)(dw/w)

or

p̂x = r(CKX/Cx)r̂ + w(CLX/Cx)ŵ. (11.13)

In a completely analogous manner we can derive:

p̂y = r(CKY/Cy)r̂ + w(CLY/Cy)ŵ. (11.14)

Let us now define:

	Li = (wCLi)/Ci (share of labor in industry i)

and 	Ki = (rCKi)/Ci (share of capital in industry i).

By Euler’s theorem it must be the case that:

	Li + 	Ki = 1 for both industries.

Thus, equation (11.13) can be written as:

p̂x = 	KXr̂ + 	LXŵ (11.13a)

and equation (11.14) as:

p̂y = 	KYr̂ + 	LYŵ. (11.14a)

Subtracting equation (11.14a) from (11.13a) we have:

p̂x − p̂y = r̂(	KX − 	KY) + ŵ(	LX − 	LY). (11.15)

This relates changes in relative factor prices to changes in relative output prices
and can be rewritten as:

p̂x − p̂y = (	LX − 	LY)(ŵ − r̂) (11.15a)

(remember that 	LX − 	LY = 	KY − 	KX).
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We know that:

CLX = CLX(r,w) (11.16a)

CKX = CKX(r,w) (11.16b)

CLY = CLY(r,w) (11.16c)

CKY = CKY(r,w) (11.16d)

Totally differentiation of equation (11.16a) yields:

dCLX = (∂CLX/∂r)dr + (∂CLX/∂w)dw. (11.16a)

Divide by CLX and multiply and divide both sides conformably to get:

(dCLX/CLX) = r(CLKX/CLX)(dr/r) + w(CLLX/CLX)(dw/w) (11.17)

where CLKX = (∂CLX/∂r) and CLLX = (∂CLX/∂w).

Substituting in equation (11.17) we have:

ĈLX = r(CLKX/CLX)r̂ + w(CLLX/CLX)ŵ. (11.18)

Now, since the production function is homogeneous of degree one, factor demand
functions are homogeneous of degree zero. Thus, it must be the case that:

wCLLX + rCLKX = 0 so that CLKX = −(w/r)CLLX.

Substituting in equation (11.18) we have:

ĈLX = r[(−w/r)CLLX/CLX]r̂ + w(CLLX/CLX)ŵ

= (ŵ − r̂)(wCLLX/CLX). (11.19)

Now, multiply and divide the righthand side of this expression by (−rCKX/CX)
to get:

ĈLX = −(rCKX/CX)[−wCLLXCX/(rCLXCKX)](ŵ − r̂)

= −	KX�X(ŵ − r̂) (11.20)

where �x (the term inside square brackets []) is the elasticity of substitution
between capital and labor in the production of X.

This is a very convenient expression relating changes in labor’s contribution
to marginal cost to changes in factor prices, the elasticity of substitution and the
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share of capital. In a completely analogous manner, we can derive:

ĈLY = −	KY�Y(ŵ − r̂) (11.21)

ĈKX = 	LX�X(ŵ − r̂) (11.22)

ĈKY = 	LY�Y(ŵ − r̂). (11.23)

Now totally differentiate the factor availability equations (11.9) and (11.10) to get:

CKXdx + xdCKX + CKYdy + ydCKY = dK0 = 0 (11.9a)

and

CLXdx + xdCLX + CLYdy + ydCLy = dL0 = 0. (11.10a)

From equation (11.9a) we derive:

x(CKX)(dx/x) + x(CKX)(dCKX/CKX) + y(CKY)(dy/y)

+ y(CKY)(dCKY/CKY) = 0

or

xCKXx̂ + xCKXĈKX + yCKYŷ + yCKYĈKY = 0;
that is

xCKX(x̂ + ĈKX) + yCKY(ŷ + ĈKY) = 0.

Dividing by K0 we have:

�KX(x̂ + ĈKX) +�KY(ŷ + ĈKY) = 0 (11.24)

where �KX is the proportion of total capital employed in industry X, etc. Now,
substituting for ĈKX and ĈKY from equations (11.22) and (11.23) we have:

�KXx̂ +�KYŷ = −(ŵ − r̂)[	LX�X�KX + 	LY�Y�KY]. (11.25)

In a completely analogous manner we can derive:

�LXx̂ +�LYŷ = (ŵ − r̂)[�LX�X	LX +�LY	LY�Y]. (11.26)

Equations (11.25) and (11.26) are very important. They relate output movements to
movements in factor prices, technology, and the shares of industry X and industry
Y in total employment of capital and labor. Subtracting equation (11.25) from
(11.26) we have:

(�LX −�KX)(x̂ − ŷ) = (ŵ − r̂)[�X(	KX�LX + 	LX�KX)

+�Y(	KY�LY + 	LY�KY)] = (ŵ − r̂)(aX�X + aY�Y). (11.26a)
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Demand side

We now move to the demand side of the general equilibrium model. We will make
some simplifying assumptions. We will assume that preferences of society can be
represented by an aggregate utility function (hence distributional considerations
are not important) U(x,y). Total income is wL0 + rK0 = I. U is maximized
with px, py and I being treated parametrically. Thus we get Marshallian demand
functions:

x = x(px,py, I) (11.27)

y = y(px,py, I). (11.28)

We write the compensated demand functions (with a superscript c) as:

xc = ∂e(px,py,U)/∂px = xc(px,py,U) (11.29)

yc = ∂e(px,py,U)/∂py = xc(px,py,U) (11.30)

where e(.) is the expenditure function and U is the level of utility at which
Hicksian compensation is being measured. Totally differentiate equation (11.29)
to get:

dxc = (∂xc/∂px)dpx + (∂xc/∂py)dpy + (∂xc/∂U)dU.

Dividing through by xc and rearranging:

dxc/xc = (px/x
c)(∂xc/∂px)(dpx/px) + (py/x

c)(∂xc/∂py)(dpy/py)

+ (I/xc)(∂xc/∂I/I)(dU/∂U) (11.31)

or

x̂ = x̂c = εxxp̂x + εxYp̂Y +�x(dU/I)eU

where εxx is the compensated own price elasticity of demand for x and εxy is
the compensated elasticity of demand for x with respect to py, �x is the income
elasticity of demand for x and eU = ∂e/∂U. Similarly we can derive:

ŷ = ŷc = εyxp̂x + εyyp̂y +�y(dU/I)eU. (11.32)

Hence we will have:

�yx̂ −�xŷ = p̂x[�yεxx −�xεyx]+ p̂y[�yεxy −�xεyy]. (11.33)

From the fact that compensated demand functions are homogeneous of degree
zero we will have:

εxx + εxy = 0 or εxx = −εxy; also that εYY + εYX = 0 or εYY = −εYX.
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Substituting in equation (11.33) we will get:

(�yx̂ −�xŷ) = (p̂x − p̂y)(�yεxx +�xεyy). (11.34)

This is the key demand equation. The term (�yεxx + �xεyy) is sometimes called
the (negative) of the elasticity of substitution in demand in the aggregate (−�D)
so that:

�yx̂ −�xŷ = −�D(p̂x − p̂y). (11.34a)

In this expression if we assume homotheticity, i.e., �x = �y = 1 then equation
(11.34a) can be written as:

(x̂ − ŷ) = −�D(p̂x − p̂y). (11.35)

We will further assume that �D > 0, a sufficient condition for which is that neither
good is inferior.

Effects of taxes

What are the effects of taxes in this framework? The way in which the general
equilibrium of this economy has been built up, there are three endogenous
variables: (x̂ − ŷ), (p̂x − p̂y), and (ŵ − r̂) and three equations (11.15a, 11.35, and
11.26a) to determine them. Let us suppose that there are commodity taxes at the
rates tx and ty, and sector specific factor taxes: tKX, tKY, tLX, and tLY. We define
these taxes in a manner such that in equation (11.35) commodity prices would
become: pxtx and pyty (and similarly for factor taxes) so that rates of changes of
prices would be: (p̂x + t̂x) and (p̂y + t̂y) so that equation (11.35), for example, can
be written as:

(x̂ − ŷ) +�X(p̂x + p̂y) +�D(t̂x + t̂y) = 0. (11.36)

We can first state the following obvious results in Table 11.1 without any proof.
Rates of taxes are the same.

The literature has singled out for special treatment the issue of a specific factor
tax, i.e., a tax on one factor (generally capital) in one industry. Below we analyze
the case of a tax on capital in industry X.

Table 11.1

tKX and tLX = tx (a tax on both factors amounts to a tax on the good)
tKY and tLY = ty (a tax on both factors amounts to a tax on the good)
tL = a tax on labor in both industries is a general tax on labor
tK = a tax on capital in both industries is a general tax on capital
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A partial factor tax

Suppose that t̂KX > 0 and all other taxes are zero. The first important equation
(11.35) is unchanged. However, the second important equation (11.26a) can be
written as:

(�KX −�KX)(x̂ − ŷ) −[ax�x + ay�y](ŵ − r̂) + aX�Xt̂KX = 0 (11.37)

We can then write the last important equation (11.15a) as:

(p̂X − p̂Y) − (	LX − 	LY)(ŵ − r̂) − 	KXt̂KX = 0 (11.38)

We can collect these three equations in a matrix framework:

⎡
⎢⎢⎣

1 0 �D

(�LX −�KX) −[aX�X + aY�Y] 0

0 −(	LX − 	LY) 1

⎤
⎥⎥⎦
⎡
⎣ (x̂ − ŷ)

(ŵ − r̂)
(p̂X − p̂Y)

⎤
⎦=

⎡
⎣ 0

−aX�Xt̂KX

	KXt̂KX

⎤
⎦

(11.39)

To find out the effects of the capital tax on any of the endogenous variables we
use Cramer’s rule. Thus:

(x̂ − ŷ) = [aX�Xt̂KX(	LX − 	LY)�D − 	KXt̂KX{�D(aX�X + aY�Y)}]



(11.40)

where 
(= [(�KX −�LX)�D(	LX − 	LY) − (ax�x + ay�y)]) is the determinant of
the matrix on the lefthand side of equation (11.39). The effects of the tax on relative
output depend in a fairly complicated manner on factor intensities, the share of
industry in total employment of capital and labor, and elasticities of substitution.
We can similarly derive expressions for (ŵ − r̂) and (p̂X − p̂Y).

(ŵ − r̂) = −[aX�Xt̂KX + (�KX −�LX)(�D	KXt̂KX)]/
 (11.41)

and

(p̂X − p̂Y) = −[(	KXt̂KX)(aX�X + aY�Y) + (aX�Xt̂KX)(	LX − 	LY)]/

(11.42)

As noted by Mieszkowski (1967, 1974) the effects of the partial factor tax
on capital can be split up into two effects: a factor substitution effect (which
depends upon the scope for substitution between factors in the production of X);
and an output effect (which depends among other things on substitution between
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Figure 11.2 Effect of a partial factor tax in general equilibrium.

the two goods in demand). This is shown in Figure 11.2. If �X > 0 it is possible
to substitute labor for capital and the overall demand for capital would fall if X is
the capital intensive industry. If X is labor intensive the demand for capital would
fall. In either case there would be an effect on relative rates of return to capital and
labor. If �X = 0 (we have a Leontief production function) then there is no factor
substitution effect. The output effect works in the following manner. Since the tax
is imposed on capital in industry X, the cost of production and, hence, the price of
X, rises relative to Y. The larger the elasticity of substitution in demand (�D), the
greater would be the shift in demand toward industry Y and the larger the change
in relative output.

The effects of other types of taxes can be derived in a manner similar to the
above. A matrix equation for this tax would have to be generated along the lines
of equation (11.39) and the effects on relative outputs, relative prices, and relative
factor rewards solved for using Cramer’s rule as above. This then would give us
a complete picture of the incidence of the partial factor tax.
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11.3 Tax incidence in a model of involuntary unemployment

In an interesting extension of the Harberger–Mieszkowski–Atkinson–Stiglitz
model of tax incidence, Agell and Lundborg (1992) have covered involuntary
unemployment. In this manner, they are able to articulate the effects of tax policy
changes on the rate of unemployment in the economy.

To do this they introduce the notion of efficiency wages in the model of tax
incidence. Efficiency wages can be justified on several counts (see Ball and
Mankiw 1993). A particularly simple one is the notion of ‘fair’ wages. If workers
feel that they are being paid fair wages (in relation to the return on capital, say)
they will put in more effort. In order to induce higher work effort, employers have
to pay workers higher wages – higher, particularly, than market-clearing wages.
It is argued that it is more cost effective from the point of view of employers to
pay existing workers higher wages than to hire additional workers at lower wages
and also incur the costs of turnover of the workforce.

In any event, a simple model of effort supply along the above lines can be
built up as follows (for details see Shapiro and Stiglitz 1984; Yellen 1984; Stiglitz
1986; Akerlof and Yellen 1987; Ball and Mankiw 1993). Suppose the economy
is populated by identical competitive firms. The profit for each firm is given by:

(�F(e(w)L) − wL)

where e is the effort level per worker, L is the number of employees, w is the wage,
F(.) is the production function, and � is a demand (shift) parameter. Workers are
identical and e′ >0. The firm can choose w and L. Once w is chosen, e is determined
and, given L and �, so are output and profits.

First-order conditions are that:

�F′(e′(w)L) − L = 0 (11.43a)

from which we get

�F′(e′(w)) = 1 (11.43b)

and that

e(w)�F′(e(w)L) = w (11.43c)

so that

�F′ = w/e(w). (11.43d)

Substituting equation (11.43d) into (11.43b) we get:

e′(w)w/[e(w)] = 1. (11.44)

This is a famous wage-setting condition for such models. It says that the optimal
wage is such that the elasticity of effort with respect to the wage rate is unity.
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Furthermore, from the first-order conditions we also know that firms will hire
workers up to the point where marginal product equals the wage rate. It follows
that if at this wage aggregate demand for labor falls short of aggregate supply,
then there will be involuntary unemployment. Equilibrium shifts in aggregate
demand (shifts in �) will leave the real wage rigid and generate unemployment
fluctuations.

Agell and Lundborg postulate that the above effort supply function depends
upon two factors: the wage–rental ratio and unemployment (u). Hence the effort
function is written as:

e = e(w/r,u) (11.45)

with e1 > 0 and e2 > 0 where ei is the partial derivative of the e(.) function
with respect to the ith argument. As the wage rises relative to the return to
capital, workers feel that they are better treated and supply more effort. As the
unemployment rises, workers feel that they will not get a good job if they are fired
from the present one and put in more effort.

We now have to distinguish between effective labor supply and physical or
‘raw’ labor supply. With labor supply at LX to sector X, for example, effective
labor supply is:

EX = e(w/r,u)LX. (11.46)

Outputs of the two goods are given by the production functions:

x = F(EX,KX) (11.47)

and

y = G(EY,KY). (11.48)

Production conditions are unchanged from the previous model so that price still
equals marginal cost but marginal costs depend upon the ‘true’ costs of labor and
capital. Thus:

pX = CX(w/e, r) (11.49a)

pY = CY(w/e, r). (11.49b)

The true cost of one unit of labor is w/e. In the previous model we had the
special case where e = 1 always. If there are factor taxes such that gross wage in
sector X is wtLX and that in sector Y is wtLY, whereas the gross rental paid is rtKX

in sector X, and rtKY in sector Y. In that case we would write:

pX = CX(wtLX/e, rtKX) (11.50a)

pY = CY(wtLY/e, rtKY). (11.50b)
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We may now replace CLX with CEX and write:

xCEX + yCEY = e(L0 − u) (11.51)

(total effective labor supply is exhausted in sectors X and Y) and:

xCKX + yCKY = K0. (11.52)

Capital is fully employed.
Calling the first term within brackets in equation (11.50a) E and totally

differentiating we have:

dpx = CEXdE + CKXd(rtKX). (11.53a)

Analogously we will get:

dpy = CEYdE + CKYd(rtKY). (11.53b)

Dividing equation (11.53a) by pX, equation (11.53b) by pY, and rearranging terms
we will get:

(p̂X − p̂Y) = (1 − ε1)(	EX − 	EY)(ŵ − r̂) − ε2(	EX − 	EY)û (11.54)

+ 	EXt̂LX − 	EYt̂LY + 	KXt̂KX − 	KYt̂KY

where ε1 is the elasticity of the effort function with respect to (w/r) and ε2 the
elasticity with respect to unemployment. If there is no problem of ‘fair’ wages then
ε1 = ε2 = 0 and E = L. If, further, there are no taxes then equation (11.54) will
collapse to equation (11.15a). In the case of equation (11.54) [	Ei = wCEi/epi
(i = X,Y)] is the share of effective labor cost in producing commodity i and
	Ki = rCKi/pi is the share of capital cost ii producing commodity i.

Some points are worth noticing here. Relative producer prices are also affected
by unemployment. Assume that unemployment increases. Then the second term
of equation (11.54) will also increase and the relative price of commodity X will
rise if 	EY > 	EX, i.e., the effective share of labor in Y exceeds that in the X
sector. As unemployment rises, work effort rises in both sectors. But since Y is
more labor intensive, the favorable effect on the output of Y will be greater than
that of X. Hence pX will rise relative to pY. The reverse would have been the case
had X been the labor intensive industry.

Another point worth noting is that in the first term on the righthand side is
multiplied by the elasticity of effort with respect to the wage–rental ratio (εl).
An increase in the wage–rental ratio will increase effort for both sectors. If Y is
the more labor intensive industry, the favorable effect on the output of Y will be
greater than that of X. Hence pX will rise relative to pY. The opposite would have
been true if X was the labor intensive industry.
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The demand side of the Agell–Lundborg model is quite close to that of
Atkinson–Stiglitz. There exists an aggregate utility function which is maximized
with prices, etc. being treated as parameters releasing Marshallian demand
functions:

x = x(pxTx,pyTy, I) (11.55a)

and

y = y(pxTx,pyTy, I) (11.55b)

where pxTx is the post (commodity) tax price of commodity X and I = w
(L0 − u) + rK0 + Tr is total earnings with Tr being a lump-sum transfer.1

Thus, in line with our results in Section 11.2 we can, on assuming homothetic
demands, write the demand side as:

(x̂ − ŷ) = −�D[p̂x + t̂x − p̂y + t̂y] (11.56)

where tx and ty represent commodity taxes.
We now work with equations (11.51) and (11.52) to get another equation on the

supply side of this model (corresponding to equation (11.26a) in Section 11.2).
Totally differentiate equation (11.51) to get:

xdCEX + CEXdx + ydCEY + CEYdy = (L0 − u)de − edu.

Rewrite this expression as:

CEXx(dCEX)/CEX + xCEX(dx)/x + CEYy(dCEY)/CEY + yCEY(dy)/y

= (L0 − u)de − edu.

Divide through by e(L0 −u) and, in addition, multiply and divide the last term on
the righthand side by u to get:

xCEXĈEX

e(L0−u)
+ xCEXx̂

e(L0−u)
+ yCEYĈEY

e(L0−u)
+ yCEYŷ

e(L0−u)
= (L0−u)de

e(L0−u)
− eduu

e(L0−u)u
(11.57)

which can be written as:

�EX(ĈEX + x̂) +�EY(ĈEY + ŷ) = ê − û(u/(L0 − u)) (11.58)

where the definitions of the�’s are apparent from equation (11.58). In Section 11.2
the righthand side of this equation was zero and E = L.



The theory of tax incidence 263

The equation for capital (corresponding to equation (11.24) in section 11.2) can
be written as:

�KX(ĈKX + x̂) +�KY(ĈKY + ŷ) = 0. (11.59)

From the fact that the unit cost functions are homogeneous of degree zero in
factor prices we will have:

ĈEX = −(1 − ε1)�X	KX(ŵ − r̂) + ε2�X	KXû +�X	KX(t̂KX − t̂LX). (11.60)

ĈEY = −(1 − ε1)�Y	KY(ŵ − r̂) + ε2�Y	KYû +�Y	KY(t̂KY − t̂LY). (11.61)

With the tax rates and the ε’s equal to zero, equation (11.60) would become
identical with equation (11.20) and equation (11.61) with equation (11.21).
Substitute from (11.60) and (11.61) for ĈEX and ĈEY, respectively, into equation
(11.58). Also in equation (11.58) use the relation:

ê = ε1(ŵ − r̂) + ε2û (11.62)

to get

�EXx̂ +�EYŷ = [ε1 + (1 − ε1){�X	KX�EX +�Y	KY�EY}](ŵ − r̂)

+[ε2(1 −�X	KX�EX −�Y	KY�EY) − u/(L0 − u)]û (11.63)

−�EX�X	KX(t̂KX − t̂LX) −�EY�Y	KY(t̂KY − t̂LY).

In the same way we can derive:

�KXx̂ +�KYŷ = −(1 − ε1)(�X	EX�KX +�Y	EY�KY)(ŵ − r̂)

+ ε2(�X	EX�KX +�Y	EY�KY)û +�X�KX	EX(t̂KX − t̂LX) (11.64)

+�Y�KY	EY(t̂KY − t̂LY).

Subtracting equation (11.64) from equation (11.63) and rearranging yields:

(�EX −�KX)(x̂ − ŷ) = [(�XaX +�YaY(1 − ε1) + ε1](ŵ − r̂)

+[ε2(1 −�XaX −�YaY) − u/(L0 − u)]û (11.65)

+ aX�X(t̂LX − t̂KX) + aY�Y(t̂LY − t̂KY)

where

�EX ≡ CEXx/(e(L0 − u)), i.e., share of efficiency labor used in X.
�EY ≡ CEYy/(e(L0 − u)), i.e., share of efficiency labor used in Y.
�KX ≡ CKXx/K, i.e., share of capital used in X.
�KY ≡ CKYy/K, i.e., share of capital used in Y.
�i ≡ elasticity of substitution between capital and labor in efficiency

units in sector i.
aX ≡ �EX	KX +�KX	EX(aX > 0) and
aY ≡ �EY	KY +�KY	EY(aY > 0).
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When ε1 = ε2 = û = 0 then we are back to equation (11.26a) with no difference
between labor in efficiency units and natural units. Equation (11.65) is another
important equation from the supply side. Finally we look at the effort supply
equation e = e(w/r,u). Totally differentiating and rearranging we have:

(ŵ − r̂) = u(r/w)2e2/e11û = hû (11.66)

where h < 0 if e11 (the second derivative of e with respect to (w/r)) is negative,
which is assumed to be the case.

In this model there are four endogenous variables: (x̂ − ŷ), (ŵ − r̂), (p̂x − p̂y),
and û and four equations to determine them (11.66, 11.65, 11.56, and 11.54). We
can arrange them in a matrix equation just as before:⎡

⎢⎢⎣
1 �D 0 0
0 1 B1 B2

�EX −�KX 0 B4 B5

0 0 1 −h

⎤
⎥⎥⎦
⎡
⎢⎢⎣

x̂ − ŷ
p̂x − p̂y

ŵ − r̂
û

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

−�D(t̂X − t̂Y)
B3

B6

0

⎤
⎥⎥⎦ (11.67)

where:

B1 = −(1 − ε1)(	EX − 	EY)
B2 = ε2(	EX − 	EY)
B3 = 	EXt̂LX − 	EYt̂LY + 	KXt̂KX − 	KYt̂KY

B4 = −[(�XaX +�YaY)(1 − ε1) + ε1]
B5 = −[ε2(1 −�XaX −�YaY) − u/(L0 − u)]
B6 = aX�X(t̂LX − t̂KX) + aY�Y(t̂LY − t̂KY).

When ε1 = ε2 = û = 0 then we are back to the model in section 11.2.
To solve for the effects of any of these taxes we use Cramer’s rules in

equation (11.67). For example, if t̂X > 0 and t̂y = t̂LX = t̂LY = t̂KX = t̂KY = 0,
then we could solve for:

û = �Dt̂X(�KX −�EX)/∇ (11.68)

where ∇ = determinant of the 4×4 matrix on the lefthand side of equation (11.67).
Similarly:

(ŵ − r̂) = −�Dt̂X{h(�EX −�KX)}/∇ (11.69)

(p̂x − p̂y) = �Dt̂X{(�EX −�KX)(hB1 + B2)}/∇ (11.70)

and

(x̂ − ŷ) = �Dt̂X(hB4 + B5)/∇ (11.71)

In a similar manner, we can investigate the effects of other taxes on the four
endogenous variables here.



The theory of tax incidence 265

The principal payoff from the complication that has been introduced here is
that it is possible to ascertain the effects of various types of taxes on the rate
of unemployment. This has a feedback effect in that any change in the rate of
unemployment would mean a change in the level of effort and, hence, a change in
the supply of effective labor to both industries. The only significant generalization
that can be made is that the effect of any tax on the rate of unemployment will be
the opposite to the effect on the wage–rental ratio. Anything that raises the wage-
rental ratio will increase effort and, therefore, increase effort and employment.
A demonstration of this can be seen from the example worked out above. Compare
equations (11.68) and (11.69). Since h < 0 the effect of tX on û is the opposite of
the effect on (ŵ − r̂).

11.4 Extensions of the basic model

The competitive model and the competitive model with involuntary unemploy-
ment can be thought of as being the basic tools of tax incidence in general
equilibrium systems. These two models can be extended in a number of ways
to accommodate non-standard, but perhaps more realistic, assumptions. In every
case that we mention below the basic equations will be (11.15a), (11.26a), and
(11.35) for the case without unemployment and (11.66), (11.65), (11.56), and
(11.54) for the case with involuntary unemployment. Let us consider some cases
briefly.

Imperfect factor mobility

Let us first suppose that because of some sort of distortion wage rate across the
two sectors are not equalized. Thus wage rate in sector X is wX and that in sector
Y is wY. However, there is full employment. The full employment condition will
now read:

CLX(r,wX)x + CLY(r,wY)y = L0 (11.72a)

CKX(r,wX)x + CKY(r,wY)y = K0. (11.72b)

With perfect competition in the product, market price would still equal marginal
cost, so that we will have:

px = CX(r,wX) (11.72c)

py = CY(r,wY). (11.72d)

The demand side of the model would remain unchanged. To investigate tax
incidence we would have to use equations (11.72) on the supply side and the
standard equation (11.35) on the demand side. We would have to work through
the 3 × 3 matrix of tax incidence just as before.

This model would be a trifle hard to extend to the case of involuntary
unemployment as we would have to think in terms of sector-specific effort
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supply functions. But, in principle, it could be done. Apart from sector-specific
effort functions, we would have to alter equation (11.72a) to reflect the exhaustion
of total effective labor supply.

Distortions in the product market

Suppose that there exists imperfect competition in industry X so that px is not equal
to marginal cost but is actually a markup on marginal cost. All other conditions
remain unchanged. Thus, the only alteration to the standard model is that:

px = (1 + �)CX(r,w) (11.73)

where � is the (fixed) factor of markup. All other equations remain unchanged. The
model can then be worked out for the full employment as well as the involuntary
unemployment with the pricing equation for sector X amended as above.

11.5 Tax incidence with a rate of return regulation

Many industries are regulated. This generally happens in the case of industries
which, without such regulation, would end up charging monopoly prices. This
would include ‘natural monopolies’ such as public utilities and the like. This
regulation usually takes the form of a rate of return regulation where the rate of
return to capital in the regulated industry is set below the monopoly rate of return
but higher than the competitive rate of return. The study of tax incidence in such
a model is an interesting extension of the Harberger model discussed above. This
problem was considered in a paper by Batra and Beladi (1993).

They consider the same two-sector model as in the Harberger–Atkinson–Stiglitz
model. Industry X is the regulated industry whereas industry Y is unregulated. We
will let Px be the (tax inclusive) consumer price of good X and Py the consumer
price of good Y. Thus Px(1− tx) = producer price of good X where tx is the indirect
tax on commodity X. Let wi(i = x,y) be the gross wage paid out be sector i and
let tki be the profit tax rate on sector i where the profit rate for tax calculated as
cash flow less payments for labor. The profit for sector Y can, then, be written as:∏

y

= [Py(y)(1 − ty)y − wyLy](1 − tky) − rKy (11.74)

where Py is taken as a function of the output of commodity Y. The price of
commodity Y depends on the amount produced which is itself a function of capital
and labor used. Production conditions are described by:

y = y(Ky,Ly) = Lyf (ky) (assuming constant returns to scale). (11.74a)

Maximization with respect to Ly yields:

Py(1−ty)(∂y/∂Ly)−(1−ty)y(∂Py/∂y)(∂y/∂Ly)=wy (where ky =Ky/Ly)
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or, upon multiplying and dividing the lefthand side by Py and letting ey be (the
negative of) the price elasticity of demand:

[ey ≡ (∂y/∂py)(py/y)],

we can rewrite this as:

Py(1 − ty)(1 − 1/ey)(∂y/∂Ly) = wy. (11.75)

Equation (11.75) says that the marginal revenue product equals the tax inclusive
wage rate.

In a similar way maximization of profits with respect to Ky will yield:

Py(1 − ty)(1 − 1/ey)(∂y/∂Ky)(1 − tKy) = r. (11.76)

This equation says that the rate of return to capital is equated to its after-tax
marginal revenue product.

Producers in sector X have a rate of return regulation: after-tax profits as a ratio
of Kx should be no greater than some number s. Profits of this sector without the
rate of return regulation are:

∏
x

= [Px(X)(1 − tx)x − wxLx](1 − tkx) − rKx. (11.77)

The price of X depends upon the amount produced which itself depends on capital
and labor inputs:

x = x(Kx,Lx) = Lxg(kx) (assuming constant returns to scale). (11.77a)

Profit is maximized subject to the constraint:

[Px(x)(1 − tx)x − wxLx](1 − tKx)/Kx ≤ s(= v + r) (11.78)

where it is implied that the maximum rate of return is greater than the market cost
of capital by an amount v. The allowed rate of return makes provisions for all
taxes.

Equation (11.78) can be rewritten in a more convenient form as:

Pxx − wxLx − rKx ≤ vKx + txPxx + tKx[Px(1 − tx)x − wxLx]

so that the Lagrangean can be written (with � as the Lagrange multiplier) as:

�= [(1 − tx)Px(x)x − wxLx][(1 − tKx) − rKx]−�{[(1 − tx)Px(x)x

− wxLx](1 − tKx) − (r + v)Kx}. (11.79)
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In a manner exactly analogous to the case of Industry Y we derive the following
first-order conditions. Differentiation with respect to Lx yields:

(1 −�)(1 − tx)Px(1 − 1/ex)(∂x/∂Lx) − wx(1 −�) = 0 (11.80)

which we will rewrite as:

wx = TxPxax(∂x/∂Lx) (11.80a)

(wage equals marginal revenue product of labor)

where Tx = (1 − tx) and ax = (1 − 1/ex).

Differentiation with respect to Kx yields:

(1 −�)[(1 − tx)Px(1 − 1/ex)(1 − tKx)(∂x/∂Kx) − r]+�v = 0 (11.81)

which we will rewrite as:

r = TxPxax(∂x/∂Lx)(1 − tKx) + v� (11.81a)

where � = �/(1 − �) > 0. (It can be shown that 1 > � > 0 from the second-
order conditions.) This equation says that the rate of rental equals the marginal
revenue product of capital plus an adjustment factor because of the rate of return
regulation.

Differentiation with respect to � gives:

(v + r)Kx −[(1 − tx)Px(x)x − wxLx](1 − tKx) = 0. (11.82)

With labor perfectly mobile across sectors the net wage rate is the same across
both sectors. Hence:

wx(1 − tLx) = wy(1 − tLy) = w. (11.83)

From equations (11.75), (11.80a), and (11.83) we get the following labor market
equilibrium condition:

TxaxPx(∂x/∂Lx)(1 − tLx) = Tyay(1 − tLy)(∂y/∂Ly) (11.84)

In a similar manner from equations (11.76) and (1l.81a) we can get the follow-
ing equilibrium condition for the capital market:

TxPxax(∂x/∂Kx)(1 − tKx) + v� = Tyay(∂y/∂Ky). (11.85)
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We are assuming that there is full employment of both capital and labor. So, if
L0 and K0 are the total amounts of capital and labor available then it must be the
case that:

Lx + Ly = L0 (11.86)

and

Lxkx + Lyky = K0. (11.87)

In equation (11.87) we have assumed that production conditions in both sectors
are characterized by constant returns to scale. ki is the capital–labor ratio in sector
i(i = X,Y).

On the demand side the assumption is made that good Y is the numeraire so
its price is set equal to 1 so that the relative price of good X is denoted as px. If
commodity market X is in equilibrium so must be the market for commodity Y.
Hence, the commodity market equilibrium condition is written as:

x = dx(px + I) (11.88)

where I is income in terms of good Y:

I = pxx + y. (11.89)

Equations (11.74a), (11.77a), (11.82), (11.84) to (11.89) are nine equations
which are enough to solve for the nine variables: x, y, Lx, Ly, kx, ky, px, �, and I.
In principle, it is possible to solve for these nine variables in terms of the various
taxes and assess the impacts of these taxes. To simplify matters, we proceed to
present the system as a matrix equation comprising of three endogenous variables
in a manner analogous to equation (11.39). We suppose that there is only one wage
tax, only one capital tax, and only one commodity tax, tLx = tLy = tL; tx = ty = t
and tKx = tKy = tK. If labor is paid its marginal product in both sectors, then it
must be the case that:

axpx(g − kgg′) = (f − kyf ′) (11.90)

and that

axpxg′ + [px(1 − ax)g]/kx − v/(TTK) = f ′ = r. (11.91)

Further, that:

Lx + Ly = L0 (11.92)

and

Lxkx + Lyky = K0 (11.93)



270 The theory of taxation

and

x = dx(px,pxx + y) (11.94)

where T = (1 − t), TK = (1 − tK) and, in view of constant returns to scale in
production, (f − kyf ′) is the marginal product of labor in sector Y and (g − kxg′)
in sector X, etc.

Totally differentiating equation (11.90) we have:

(g − kxg′)axdpx + (axpx)[g′dkx − kxg′′dkx − g′dkx]
= [f ′dky − kyf ′′dkx − f ′dky]

or

(g − kxg′)axdpx + axpx(−kgg′′dkx) = −kyf ′′dky. (11.95)

In this we choose units such that axpx = 1 and use the definition of the elasticity
of substitution (�). For example:

�x = −[g′(g − kxg′)]/(kxgg′′). (11.96)

Substituting in equation (11.95) we have:

{g′/(g�x)}dkx − (f ′/(f�y))dky+axdpx = 0. (11.97)

This is our first equation in the three endogenous variables dkx, dky, and dpx.
Now totally differentiate equation (11.91) and substitute for the elasticity of

substitution and set axpx = 1 and t = tK = 0 initially to get:

−[(g′/g) + px(1 − ax)�x/kx](∂x/∂Lx)dkx + (�yf ′(∂y/∂Ky)/(fky))dky

+[�x�y(g − (∂x/∂Lx)/kx]dpx = �x�yv(dt + dtk). (11.98)

This is the second major equation determining dkxdky, and dpx.
Finally we differentiate the demand equation (11.94) to get:

dx = (∂dx/∂px)dpx + (∂dx/∂I)[xdpx + pxdx + dy]. (11.99)

Define the marginal propensity to consume of good x as:

m ≡ (∂dx/∂I)px

which can then be substituted into (11.99). Then using the definitions of output
and the equations relating to total factor supplies we get the last equation with dkx

dky, and dpx as endogenous variables. This equation is:

Adkx + Bdky + (ky − kx)e1(x/px)dpx = 0. (11.100)
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with

A = Lx[(1 − axm)(∂x/∂Lx + kyg′) + (mf/px)]
B = Ly{(1 − axm)g + (m/px){(∂y/∂Ly) + kxf ′}.

Collecting all three equations (11.97), (11.98), and (11.100), we have:

⎡
⎣ �yg′/g −�xf ′/f �x�yax

C �yf ′(∂y/∂Ly)/kyf �x�y(g − (∂x/∂Lx))ax/kx

A B (ky − kx)exx/px

⎤
⎦
⎡
⎣ dkx

dky

dpx

⎤
⎦

=
⎡
⎣ 0
�x�yv(dt + dtK)

0

⎤
⎦ (11.101)

with C = −[g′/g +�xpx(1 − ax)/kx]�xFL/kx.
The determinant (
) of the matrix is on the lefthand side of equation (11.101).

It can be shown that 
 < 0 if ky > kx or �x = 0; otherwise the sign of 
 is
indeterminate. By Cramer’s rule we can solve:

dkx = {[(ky − kx)exxf ′/(pxf )]+ B�yax}[�xv(dt + dtK)/
] (11.102)

dky = {[(ky − kx)exxg′/(pxg)]− A�xax}[�yv(dt + dtK)/
] (11.103)

and

dpx= − [(B�yg′/g) + (A�xf ′/f )][v(dt + dtK)/
]. (11.104)

We can then use these expressions to evaluate the incidence of various taxes.

11.6 Conclusions

Tax incidence analysis indicates who bears the burden of the tax. As we have seen
in this chapter an answer to this question depends on the type of model that we
choose. Thus, finding out the effects of taxes on the rate of unemployment will
not be possible in a model that assumes full employment.

This chapter has also shown that if we make the models more ‘realistic’ the
analytics get quite messy and unambiguous analytical results may not be possible.
Think, for example, of the complexities introduced even in the basic Mieszkowski
model of Section 11.2 if variable factor supplies are permitted. In this context we
can appreciate the contribution of empirical general equilibrium models which
allow for considerable sectoral disaggregation and considerable relaxation of
assumptions made. For a review see, for example, Shoven and Whalley (1972,
1984) and Kotlikoff (1987).
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Note

1 It is being assumed here that all tax revenues are being returned to consumers in a non-
distorting, lump-sum manner. We could make the same assumption in the earlier model
or we could assume that when the government spends tax revenue it does not affect the
economy.

Additional reading

Tax incidence analysis has branched out in several directions. As our analysis
of even the simplest general equilibrium models indicated, however, qualitative
results are hard to come by. Most results are therefore obtained from computable
general equilibrium models of the type analyzed by Whalley (1984) and
Kotlikoff (1987). Additional useful texts are Aaron (1975), Poterba (1989), and
Robertson (1992).



12 Tax incidence in dynamic models

Key concepts: neoclassical model of economic growth; balanced growth
path tax incidence; the life-cycle model; tax incidence in monetary growth
models; general life-cycle model; incidence of a tax on land.

12.1 Introduction

In Chapter 11 we have examined some models of tax incidence in static economies.
We wish to extend that analysis here to cover some dynamic models of tax
incidence. The issue of what constitutes tax incidence can take several forms
in such cases. We could look at the effects of taxes on returns to factors of
production much as we did in the case of the static model. Or we could consider
the effects of different types of taxes on the rate of growth of the economy. We
could explore the effects of taxes in the steady state of a growth equilibrium and in
transitions to steady state. Various possibilities exist. The basic model to which we
address these questions could be different. Our agenda in this chapter is as follows.
First, we shall consider taxation in the neoclassical (Solow) model of economic
growth. Second, we shall consider the life-cycle version of the neoclassical growth
model. We then consider incidence of taxation in a monetary version of the
model. Tax policy in the new version of the life-cycle model due to Blanchard
(1986) and others is also studied here. We then take up two specific issues: the
incidence of a land tax and the relative attractiveness of bond and tax finance of
an increase in government expenditure. The chapter closes with some concluding
remarks.

12.2 The neoclassical model of economic growth

In this section we briefly review the neoclassical model of economic growth (the
Solow model) without taxation. Later, we will introduce taxation into this model.

The principal elements of Solow’s analysis are as follows.

1 Savings can be considered a fixed fraction of national income. However, it is
possible to change this fraction through, say, tax changes.
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2 We concentrate on the long run of the economy so that short-run issues like
unemployment are no longer relevant. We can similarly discard issues relating
to demand.

3 Production is defined by an aggregate production function in which capital is
smoothly substitutable for labor. Marginal products of both factors are positive
and declining. Perfect competition prevails in both product as well as factor
markets so that Euler’s theorem holds and all output is completely exhausted
in payments to factors of production.

4 Labor grows exogenously at the rate n.

We can now specify Solow’s model in a little more detail. The production
function can be written as:

Y = F(K,L) (12.1)

where Y is real output and K and L are capital and labor inputs. This production
function displays constant returns to scale. Divide through by L to get the
‘intensive’ production function:

Y/L ≡ y = F(K/L,1) ≡ f (k) (12.2)

with k ≡ K/L.
The marginal product of capital (f ′) is the rental of capital whereas labor gets its

marginal product or, from Eider’s theorem, what is left over after paying capital.
Thus the rental rate is (a prime (′) denotes a partial derivative):

f ′ = r (12.3a)

and the wage rate is

f − kf ′ = w. (12.3b)

Total savings are a fixed fraction s of national income: S = sY or savings per
capita (there is no difference between per capita and per unit labor magnitudes)
are such that:

S/L = sf (k). (12.4)

Capital formation is gross investment less depreciation:

dK/dt ≡ K̇ = sY −�K = Lsf (k) −�K (12.5)

where � is the fixed exponential rate of depreciation.
The rate of growth of the capital stock is, therefore:

K̇/K = Lsf (k)/K −�. (12.6)
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The rate of growth of labor is n. Thus:

L̇/L = n. (12.7)

As can be seen from the above, all significant magnitudes are functions of the
capital–labor ratio k. Steady state must, therefore, be defined so as to keep this
capital–labor ratio unchanged. In other words, we must have in steady state:

k̇/k = K̇/K − L̇/L = 0 or,

Lsf (k)/K −�− n = 0 or, since L/K = 1/k, we require that:

sf (k)/k −�− n = 0 or sf(k) − (�+ n)k = 0. (12.8)

If equation (12.8) is satisfied then the capital–labor ratio of the economy is
unchanging. We are, thus, in steady state with unchanging wage rates, rental
rates, and output per person. Labor grows at rate n. Capital grows at rate (n + �)
but the latter part (�) goes in for depreciation. Hence, the effective growth rate of
capital is also n. With both capital and labor growing at rate n output also grows
at rate n. The steady-state equilibrium of the economy is depicted in Figure 12.1.
The unique steady-state capital ratio is denoted by k∗. From equation (12.8) to the
left of k∗ we must have k̇ > 0 and to the right of k∗ we must have k̇ < 0 so that
the steady-state capital–labor ratio k∗ is (locally) stable.1

(γ + n)k

k

sf(k)

k*

Figure 12.1 Equilibrium in the Solow model.
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Effects of taxes

Let us now alter the Solow model a trifle by making the savings propensity a
function of the capital–labor ratio and a tax tk on capital income. We will assume
that tax revenues are used by the government to finance exogenous government
expenditure. Thus, our steady-state condition now reads:

k̇ = s(k, tk)f (k) − (n +�)k. (12.9)

Differentiating equation (12.9) with respect to tk we have:

f (k)[sk(dk/dtk)]+ sf ′(dk/dtk) + stkf − (n +�)(dk/dtk) = 0

from which we can derive:

(dk/dtk)[sf ′ + fsk − v] = −stkf (12.10)

where v = �+ n.
If the steady state is stable, it can be shown that the coefficient of (dk/dtk) on

the lefthand side of equation (12.10) is negative. Hence, the imposition of the
capital income tax will make the steady-state capital–labor ratio rise (fall) as stk
is positive (negative). We depict one case in Figure 12.2. In this diagram the fall
in k leads to a rise in the gross returns to capital and a fall in wages. To this extent
the tax is ‘shifted’. It thus becomes interesting to ask the question: Is it possible
for the net return to capital to rise? Writing � for the net return we have:

� = (1 − tk)f ′(k)

d�/dtk = (1 − tk)[f ′′(dk/dtk)]− f ′. (12.11)

k

k falls
with the
imposition
of tk

Figure 12.2 Impact of a tax on capital in the Solow model.
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Using the definition of elasticity of substitution (�) where � = f ′(f − kf ′)/
(−kff ′′) we have:

d�/dtk = −f ′[1 − (1 − tk)(−stk)(f − kf ′)/[(v − sf ′ − skf )k�]]. (12.12)

The sign of this expression depends upon the strength of the response of savings
(stk) as well as on the characteristics of steady state. In order to make further
progress, we need to specify the savings process.

We study an example of a society in which there are two classes of people:
workers and capitalists with savings propensities sw and sr with 1 > sr > sw > 0.
We further assume that the underlying production function is of the Cobb–Douglas
type with the share of labor in total product equal to �. The steady state condition
would now be written as:

sf (k) = srrk + sw�f − vk = 0. (12.13)

This can be rearranged to give using � = (1 − tk)f ′ to yield:

� = v/[sr +{sw(�/(1 −�))(1 − tk)}−1]. (12.14)

Using a numerical example, take the Cobb–Douglas case with � = 2/3,
sr = 0.5,sw = 0.125 and a 50 per cent tax causes net return to capital to fall
only by a quarter. Hence, there is considerable shifting of the capital tax.

If the tax on capital leads to a fall in k this means that part of the burden
of the government expenditure is being shifted. Suppose we now consider an
explicitly redistributive tax with the proceeds T(= tkf ′) being used to finance a
lump-sum transfer to workers. Is it possible that this too will be shifted so that the
redistributive goal will not be met?

The effect on the level of savings may, in the case of the Solow model, be
represented by:

sf (k) = sr[(1 −�)f − T]+ sw(�f + T) (12.15)

where, as before, � is the share of output going to workers and (1−�) to capitalists.
Differentiating the condition for steady state growth and using sa to represent

the average savings rate (sa = sw�+ sr(1 −�)) we have:

[saf ′ + (sw − sr)�f ′ − v](dk/dT) = sr − sw. (12.16)

or

P(dk/dT) = sr − sw.

It can be shown that for stability P must be negative. Hence dk/dT has to be
negative. Hence, although the transfer is made to workers, the drop in k will lower
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the wage rate. We can now investigate the effect on the total income of workers.
It can be shown that:

d(�f + T)/dT = [srf
′ − v]/P. (12.17)

This can be positive or negative. The lower the rate of depreciation and the rate of
growth of population and the higher the savings rate of capitalists and the marginal
product of capital, the greater the chance that total income of workers will fall.

12.3 Balanced growth path tax incidence

Until now we have been discussing the effects of taxes on the capital–labor ratio.
Another method of assessing the effects of taxes is to alter some policy measure
in addition to the particular tax being considered in order to leave the value of the
capital–labor ratio unchanged. This is known as balanced growth path incidence.
Let us suppose that there are two types of assets – equities (which are claims
to the existing capital stock) – and government bonds. It will be assumed that
individual investors are indifferent between holding bonds and equities. This, of
course, goes against the spirit of the Ricardian equivalence argument formalized
by Barro (1974) and others. The Ricardian equivalence result is that if consumers
have the welfare of future generations in mind then they will recognize that
government bond issues today will have to be paid off by additional taxation
on future generations. Hence, they will think of government bonds merely as
future tax liabilities and will not regard them as private wealth. We will deal with
this issue later in the chapter. For the time being, we think of government bonds
as net wealth. In fact from the wealth-holder’s point of view, bonds and equities
will be regarded as perfect substitutes. We will keep the price of bonds relative to
consumer goods fixed (say at one).

Let B stand for bonds, b = B/L be per capita bonds, and Tk be total taxes paid
on capital income. Assuming depreciation to be zero the equality of savings and
investment per capita requires that:

sr[(1 −�)f + rb − Tk]+ sw(�f + T) = (K̇ + Ḃ)/L. (12.18)

In equation (12.18) we are assuming that only capitalists are bondholders and that
capitalists pay taxes whereas workers get a transfer. Savings (the lefthand side)
are invested in two forms of assets capital (or equities) and bonds. Whenever
the government changes taxes, it also alters its debt policy in order to leave the
capital–labor ratio unchanged.

Now, we can expand equation (12.18) as follows:

(k̇/k) = K̇/K − n = [sw�+ sr(1 −�)]f/k − n + (swT − srTk)/k

+ (srrb/k) − Ḃ/K. (12.19)

If the capital–labor ratio is to remain unchanged, then the term (swT− srTk)/k
+ (srrb/k)− Ḃ/K = 0; then we would be back to the original Solow formulation.
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The government’s budget constraint can then be written as:

Ḃ/K = (T − Tk)/k + rb/k (12.20)

so that we must have:

T − Tk + rb = (swT − srTk) + srrb or T(1 − sw) = (1 − sr)(Tk − rb).

(12.21)

Moreover, in steady-state debt per worker must be constant so that ḃ = 0 so Ḃ = nB.
Substituting in equation (12.20) we have:

nB/K = (T − Tk)/k + rb/k.

Divide through by L to get: nb/K = (T − Tk)/K + rb/K so that, in steady state,
we must have:

(r − n)b = (Tk − T). (12.22)

Combining these results, we get the steady-state transfer as:

T = [n(1 − sr)/{n(1 − sw) − r(sr − sw)}]Tk. (12.23)

If k is constant then this expression is positive for 1 > sr > sw > 0. Hence,
in this case, when Tk goes up so will T. The intuition behind this result is quite
straightforward. In the case where k changed in response to the tax then the
transfer to workers could drop because the lower value of k would lead to lower
wages and higher rentals. However, in the case of balanced growth path incidence,
this is ruled out since government debt policy is keeping the capital–labor ratio
constant.

Now, this result is strictly contingent on government bonds being considered
net wealth. If this is not the case then debt policy could not be used to keep the
capital–labor ratio unchanged following an alteration in capital taxes.

12.4 Taxation in the life-cycle model

Consider the life-cycle model of savings discussed in Chapter 7. Consider the
version of the model without taxation to begin with. Second-period consumption
(c2) will be given by:

c2 = (w − c1)(1 + r). (12.24)

For the generation born in period t the relevant wage is wt whereas the rate of
interest that they receive will be that prevalent for the generation born in the next
time period, i.e., rt+1. Hence, we can write first-period consumption for a young
person born in generation t as: c1 (wt, rt+1). Therefore, per person savings are:

St(wt, rt+1) = wt − c1(wt, rt+1). (12.25)
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We assume that capital lasts only one time period and there are no bonds so
that total capital in period (t+1) is, assuming zero depreciation, the accumulated
savings of the young of generation t, i.e.,

Kt+l = St(wt, rt+1)Lt (12.26)

where Lt is the size of the labor force in period t. Hence:

kt+l = St(wt, rt+1)Lt/Lt+1 = St/(1 + n) (12.27)

if labor grows at the constant (geometric, since time is discrete here) rate n.
Therefore, it must be the case that in steady state:

cl = w − (1 + n)k (12.28a)

c2 = (1 + r)(1 + n)k (12.28b)

By varying k we can trace out the possible steady-state consumption levels.
This curve would have the slope:

dc2/dcl = [∂c2/∂k]/[∂cl/∂k] = (1 + n)[(1 + r) + kf ′′]/{− kf ′′ − (1 + n)}.
(12.29)

It is plotted in Figure 12.3. As k rises we travel up the clc2 locus in Figure 12.3.
At G the slope of the locus is (1 + n) which is associated with the golden rule of
economic growth.2 If r is different from n we may be at a point like Z.

slope = (1+n)

k rises

c1

c2

Z

c1

Figure 12.3 Impact of taxation in the life cycle model.
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Incidence of taxation

We now introduce a tax on capital income which is used to make lump-sum
transfers T1 and T2 to the two generations (workers and retired persons). The
budget constraint of a typical young person is, then:

c1 + c2/(l + r) = w + T1 + T2/(l +�) (12.30)

where � = (1 − tk)f ′ (k) and the cl,c2 frontier is given by:

cl = w − (1 + n)k + Tl (12.31)

c2 = [1 + f ′(1 − tk)](1 + n) + T2. (12.32)

Once again, in steady state, the capital stock must equal accumulated savings:

(1 + n)k = S(w(k),�(k, tk),Tl,T2). (12.33)

It is implicit in equation (12.33) that w is a function of k and � is a function
of k and tk. Differentiating equation (12.33) totally and collecting terms we can
derive:

dk[1 + n − SW(∂w/∂k) − S�(∂�/∂k)] = (∂S/∂T1)dTl

+ (∂S/∂T2)dT2 − Srf
′dtk. (12.34)

If the model is stable then the coefficient of dk on the lefthand side of equation
(12.34) is positive. From this we get the obvious result that an increase in tk raises
k if the condition for local stability of the model is satisfied. Hence in this model
transfers raise savings.

Balanced growth path incidence

It remains for us to examine the incidence of the capital tax on the balanced growth
path of the economy. In this case, again, the government issues debt to neutralize
the change in k following an increase in tk. We assume that equities and debt are
perfect substitutes for each other in the investor’s portfolio. Thus we write:

(1 + n)(k + b) = S(w,�,T1,T2) (12.35)

where it is being assumed that all savings are transferred into holdings of capital
and government debt. The Ricardian Equivalence criticism will apply in this case
as well.

In steady state debt per worker must be constant: ḃ = 0 so that new issue of debt
per period is nb per worker. This, less the interest paid on the debt, must equal the
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part of the government deficit not covered by taxes. This allows us to write the
government budget constraint as:

nb = T1 + T2/(1 + n) − tk(k + b)f ′ +�b. (12.36)

This can be rewritten as:

tk(k + b)f ′ − Tl − T2/(l +�) = (�− n)[b + T2/{(l + n)(l +�)}]. (12.37)

Suppose, now, that we reduce T2 by dT2 while increasing Tl by dT2/(1 +�)
so that the present value is unchanged. Total savings per person would then rise
by dT2/(1 +�). This is equivalent in terms of the effect on total physical capital
stock to reducing b by dT2/{(1+n)(1+�)} and we can see from equation (12.37)
that this would have an equivalent effect on the government budget constraint.
Thus government debt policy is equivalent to a lump-sum redistribution between
generations.

Finally, we can totally differentiate equation (12.35) and evaluate it at b = T1 =
T2 = tk = 0 to get:

dk[1 + n − Sw(∂w/∂k) − Sr(∂r/∂k)] = (∂S/∂T1)dT1

+ (∂S/∂T2)dT2 − Srf
′dtk − (1 + n)db (12.38)

and therefore:

(k + b)f ′dtk − dT1 − dT2/(1 + r) = (r − n)[db + dT2/{(1 + n)(1 +�)}].
(12.39)

We can then use these equations to judge balanced growth path incidence in
the standard manner. Note that at the golden rule the righthand side of equation
(12.39) is zero.

12.5 Tax incidence in a monetary version of the Solow model

We now wish to inquire into tax incidence in a more general version of the Solow
model. We expand it to consider money in the growth model as well as several
different forms of taxation. The model we study was used by Jha et al. (1990)
to study the effects of various types of taxes on the nominal interest rates, but
the model can easily be adapted to calculate the effects of different taxes on the
capital–labor ratio as well. We will study the effects of a rise in the rate of inflation,
but any other type of tax could be used just as easily.

The real sector of the model is quite similar to the Solow model that has already
been discussed. Labor grows at a constant exponential rate n whereas output
per unit labor (y) is given as a function of capital per unit labor (k). The paper
introduces a notion of optimal capital stock given by:

(1 − tk)f ′ = (1 − tk)i +��e −�e (12.40)
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where tk is, as before, the tax on capital, i is the nominal rate of interest, �e

the expected rate of inflation which we set equal to the actual rate of inflation
by assuming perfect foresight. � captures the inflation non-neutralities due to an
historic rather than a replacement basis for depreciation, the use of FIFO3 and the
taxation of nominal rather than real capital gains.4

Real wealth (W) is composed of real money balances (M/P) and the real value
of (corporate) bonds (B/P):

W = (M/P) + (B/P). (12.41)

It is assumed that all capital is financed by debt. This is not central to the analysis:
equity finance is easily accommodated without changing any of the principal
results.

The demand for money grows as the population grows. Any growth in the money
supply in excess of population growth will lead to inflation. Thus, we have:

Ṁ/M = Ṗ/P + n = �+ n. (12.42)

Since the growth rates of both the money stock as well as the population are
exogenously determined, the inflation rate (�) could be treated as predetermined
(or exogenous).

The disposable income of consumers (Y) can be calculated as follows:

Y = Lf (k) − T −�(M/P). (12.43)

Disposable income Y is equal to national income minus both the government’s tax
receipts T and the fall in the real value of the population’s money balance (�(M/P)).
Total taxes are the sum of the capital tax, a personal tax, and any residual tax that
can be thought of as a lump-sum tax. The government uses these tax receipts plus
the increase in money supply (M/P) to finance its purchases of goods and services
(G). Therefore we can write:

Y = Lf (k) − G + .
M/P −�M/P. (12.44)

But since � = Ṁ/M − n we can write:

Y = Lf (k) − G + nM/P. (12.45)

Without any loss of generality we assume that government consumption is a
constant fraction (�) of real national income and that the government maintains a
balanced budget. Hence, per capita disposable income Y is:

Y = (1 − �)f (k) + mn (12.46)

where m is per capita real money balances.
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Per capita savings (S/L) is a function of after-tax real return to savers (rs), per
capita real wealth, and per capita disposable income:

S/L = s(rs,m + k)y. (12.47)

We will assume that sr > 0,sm > 0,sk < 0.

rs = (1 − tp)i −� (12.48)

where tp is the marginal personal tax rate.
Steady-state equilibrium requires that:

s(rs,m + k)[(1 − �)f (k) + mn] = n(m + k). (12.49)

In steady-state equilibrium, saving is just enough to keep per capita real money
balances (m) and per capita capital stock (k) constant. Money market equilibrium
for this economy is expressed as:

m = M[(1 − tp)i,y],Mi < 0 and My > 0 (12.50)

that is, per capita real money balances equal per capita real money demand which,
in turn, depends upon the after-tax nominal rate of interest and real national output.

There are three endogenous variables in this model: i,m, and k. These are
determined by the three equations (12.40), (12.49), and (12.50). We totally
differentiate these three equations and collect them in (the matrix) equation (12.51)
below:⎡

⎢⎣
1− tk 0 −(1−tk)f ′′

sr(1−tp)y smy−n(1−s) sky+s(1−�)f ′−n

Mi(1−tp) Myn−1 My(1−�)f ′

⎤
⎥⎦
⎡
⎢⎣

di

d,

dk

⎤
⎥⎦=

⎡
⎢⎣

(1−�)d�

sf yd�

0

⎤
⎥⎦

(12.51)

We now want to find the effects of the various taxes on the capital–labor ratio.
By Cramer’s Rule we can solve:

dk/d� = A/
 (12.52)

where

A = (1 −�){sr(1 − tp)y(Myn − 1) − Mi(1 − tp)(smy − n(1 − s)}
− sry{(1 − tp)(Myn − 1)}.


 = (1 − tk){My(1 − �)f ′[smy − n(1 − s)]− [sky + s(1 − �)f ′ − n](Myn − 1)}
− (1 − tk)f ′′{sr(1 − tp)y(Myn − 1)Mi(1 − tp)[smy − n(1 − s)]}.

If the system is stable5 s(1− �)f ′ < n and 
, the determinant on the lefthand side
of equation (12.51) will be negative. Now, if � = 0 and smy > n(1 − s) then the
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Tobin effect will hold, and dk/d�> 0, i.e., an increase in inflation will lead to an
increase in capital intensity. The effects of other taxes could be investigated in a
similar manner.

12.6 Tax incidence in more general life-cycle models

The life-cycle models we have studied so far have been based on the works of
Samuelson (1956), Diamond (1965), and Yaari (1965). More recently, the life-
cycle model has been extended by Blanchard (1985), Buiter (1988), and Weil
(1989). Each individual faces a constant probability of death � just as in the model
by Yaari. Hence, unlike the simple life-cycle model discussed above, horizons are
not finite but there is a constant probability of death at each point in time.6

At every instant of time a new cohort composed of people with constant
probability of death �, is born. Each cohort is also assumed to be large enough
so that � is also the rate at which the cohort size is decreasing through time. One
particularly simple way of normalizing is to set the size of a new cohort equal to
�. Thus a cohort born at time v has a size as of time t, of �e−�(t−v). So, the size
of the population at any time t is equal to:∫ t

−∞
�e(�(t−v))dv = 1. (12.53)

An important characteristic of the new life-cycle model is that, as mentioned
above, there is individual but no aggregate uncertainty. Furthermore, no bequest
motive is permitted. Hence there is scope for insurance. Insurance companies can
offer positive or negative insurance. The representative individual in this model
faces the possibility of dying before using all his wealth. He would be better off if
he could sell the claim on his wealth in the event he dies, in exchange for command
over resources when he is alive.

The insurance company can then make premium payments to the living in
exchange for receipts of their estates in the event they die. This is the exact opposite
of the ‘usual’ type of insurance cover.

We will assume that the insurance industry is perfectly competitive so that, in
equilibrium, the premium is � and there is no profit or loss. In the absence of
a bequest motive individuals will contract to have all their wealth wt go to the
insurance company in the event of their death. In return the insurance company
pays them a premium of �wt. The insurance company just balances its books by
paying out and receiving �wt per time period.

We denote by c(v,t), y(v,t), w(v,t), and h(v,t) the consumption, labor income,
wealth, and human capital of an individual of generation v at time t. Since the
focus is on individual consumption, the generation indicator v can be omitted.
Let U(c(q)) be the utility at time q. This individual faces a maximization problem
under uncertainty. At time t he would maximize the following:

E

[∫
t
U(c(q))e−�(q−t)dq

]
(12.54)
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where � is the (fixed) rate of discount and the upper limit of the above integral is
uncertain in view of the uncertain time of death. Now, using Yaari’s result, and
assuming that the utility function is a simple logarithm of consumption, we can
write the maximand as:[∫ ∞

t
ln c(q)e−(�+�)(q−t) dq

]
(12.55)

As in Yaari, the effect of the exponential probability of death assumption is simply
to increase the individual’s rate of time preference.

If an individual has non-human wealth a(q) at time q, he would receive r(q) a(q)
in interest where r(q) is the interest rate at time q and �a(q) the premium from the
insurance company. Thus the individual’s intertemporal budget constraint can be
written as:

da(q)/dq = [r(q) +�]a(q) + y(q) − c(q). (12.56)

We have not so far imposed the constraint that the individual’s non-human
wealth be non-negative. In the absence of any restrictions on borrowing, the
solution to the maximization problem is a trivial one. It is for the individual
to borrow sufficiently to drive down the marginal utility of consumption to zero
which, for the utility function in equation (12.55), amounts to infinite consumption.
We therefore need an additional constraint that prevents an individual from
choosing a path with an exploding debt. However, we do not want to rule out
temporary indebtedness. A constraint that embodies both these aspects is known
as the no Ponzi Game Condition. For our case this would be written as:

lim
q→∞ e−∫ q

t [r(z)+�(z)]dza(q) = 0. (12.57)

If the individual is still alive at time q then satisfaction of equation (12.57) would
guarantee that he cannot accumulate debt at a rate higher than the effective rate
of interest facing him – the interest rate on the debt plus the insurance premium.

To simplify matters the discount factor is defined as:

D(t,q) = e−∫ q
t [r(z)+�(z))]dz. (12.58)

Using the no Ponzi game condition (12.57) we can integrate equation (12.58)
forward to obtain the intertemporal budget constraint:∫ ∞

t
c(q)D(t, q)dq = a(t) + h(t) (12.59)

where7

h(t) =
∫ ∞

t
c(q)D(t,q)dq.

The individual maximizes the utility function given in equation (12.55) subject
to the budget constraint given in equation (12.59). Performing this maximization
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problem using the standard Hamiltonian method we get, in addition to the trans-
versality conditions, the following condition characterizing the optimal consump-
tion plan:

dc(q)/dq = {[r(q) +�]− (�+�)}c(q) = [r(q) − �]c(q). (12.60)

Thus the individual consumption rises (falls) as the interest rate exceeds (falls short
of) the subjective rate of discount. We now integrate equation (12.60) to express
c(z) as a function of c(t) and substituting in the budget constraint (equation (12.59))
to get:

c(t) = (�+�)[a(t) + h(t)]. (12.61)

Hence individual consumption depends on total individual wealth with propen-
sity to consume (�+�) which is independent of the rate of interest.8 Moreover,
consumption is independent of age because of the assumption of a constant
probability of death.

Aggregate consumption

Let us denote aggregate amounts by upper case letters. Thus C(t), for example, is
aggregate consumption. When we are aggregating over generations the generation
specific index v will become relevant. Recall further that the size of a generation
born (t−v) periods ago is [�e−�(t−v)]. Hence aggregate consumption is given by:

C(t) =
∫ t

−∞
c(v, t)e[−�(t−v])dv. (12.62)

Similar definitions will apply to aggregate income, aggregate assets, and aggregate
human wealth. Using equations (12.61) and (12.62) we write:

C(t) = (�+ �)[A(t) + H(t)]. (12.63)

We must now derive the dynamic behavior of A(t) and H(t). We know that labor
income depends exclusively on human wealth. We will make the assumption that
there is retirement so that labor income will eventually decrease with age. Hence,
we write:

y(v, t) = bY(t)e−�(t−v),� ≥ 0 (12.64)

and b is a constant which will be determined later. Equation (12.64) implies
that smaller the per capita labor income of a member of a given generation the
older the generation.9 To determine the value of b replace y(v,t) in the expression
determining Y(t) and use equation (12.64) to write:10

b = (�+�)/�. (12.65)
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Replacing y(v,t) in the expression for h(v,t) gives:

h(v, t) =
∫ ∞

t
bY(q)e−�(q−v)D(t,q)dq

= b

{∫ ∞

t
Y(q)e−�(q−t)D(t,q)dq

}
e−�(t−v) (12.66)

where the term in brackets ({.}) is independent of time of birth.
We now write aggregate human wealth as:

H(t)=
∫ ∞

t
h(v,t)e−�(t−v)dv

=
∫ t

−∞

⌊
b�

{∫ ∞

t
Y(q)e−�(q−t)D(t,q)dq

}
e−�(t−v)e−�(t−v)

⌋
dv. (12.67)

Upon rearranging and using the definition of b in equation (12.65) we have:

H(t) =
∫ ∞

t
Y(q)e−∫ q

t [�+�+r(z)]dzdq. (12.68)

Aggregate human wealth is, therefore, the present discounted value of labor
income accruing in the future to people alive today discounted at the rate r. This
is the same as the present discounted value of labor income discounted at the rate
(�+�+ r). Both interpretations are reasonable.

To arrive at the dynamic behavior of human capital we differentiate equation
(12.68) with respect to t to get:

dH(t)/dt = [r(t) +�+�]H(t) − Y(t) (12.69)

and

lim
q→∞ H(q)e−∫ q

t [�+�+r(q)]dq = 0. (12.69a)

Finally, non-human wealth is given by:

A(t) =
∫ t

−∞
a(v, t)e−�(t−v)dv

which upon differentiation with respect to t yields:

dA(t)/dt = �a(t, t) −�A(t) +
∫ t

−∞

{
[da(v, t)/dt]�e−�(t−v)

}
dv. (12.70)

The first term on the righthand side is the non-human wealth of a new cohort
at birth.11 The second represents the wealth of those who die at time t, and the
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third is the change in the non-human wealth of the remaining. Using the fact that
a(t, t) = 0 and equation (12.56) in equation (12.70) we have:

dA(t)/dt = r(t)A(t) + Y(t) − C(t). (12.71)

This says that there is an important distinction between the social and private
returns to wealth.12 This difference is very important to the overlapping genera-
tions model.

Aggregate behavior

The aggregate equations of this economy can be written as:13

C = (�+ �)(H + A) (12.63)

dA/dt = rA + Y − C (12.71)

dH/dt = (r +�+�)H − Y (12.69)

lim
q→∞ H(q)e−∫ q

t [r(z)+�+�]dz = 0. (12.69a)

In these equations both the propensity to consume and the discount rate for
human wealth are increasing functions of the probability of death. The higher
the probability of death, the greater is the propensity to consume and the greater
the discounting of future labor income.

An alternative characterization of aggregate behavior goes as follows. Differ-
entiate equation (12.63) with respect to time and use equations (12.69) and (12.71)
to eliminate dA/dt and dH/dt to get

dC/dt = (r +�− �)C − (�+�)(�+ �)V (12.72)

dA/dt = rA + Y − C. (12.71)

It is typical to analyze this model for two cases – one with constant labor income
(�= 0) and the other with declining labor income (�> 0). We consider these two
cases here as well. Before we do so, however, we have to close the model by
bringing in the production structure.

We have already normalized the population of this economy to equal one.
Production conditions are described by a standard neoclassical production
function:

F(K) = F(K,1) −�K (12.73)

where y is the rate of depreciation of this economy. It will be assumed that the
only form of non-human wealth is capital so that A = K and, under competitive
conditions, the marginal product of capital will equal the interest rate: r = F′(K).
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Constant labor income

Using equations (12.71) and (12.72) with r being set equal to F′ and a set equal to
zero we have:

dC/dt = (F′(K) − �)C −�(�+ �)K (12.74)

dK/dt = F(K) − C. (12.75)

These are the two dynamic equations of the system. Once we can solve for C
and K in steady state we can solve for all other variables since the latter are all
functions of C and K. These two dynamic equations are depicted in Figure 12.4.
In this diagram we single out three important levels of the stock of capital. At the
point Kn, F′(Kn) = 0. Since there is no population growth Kn is the golden rule
capital stock. Two other values of the capital stock are denoted in the diagram.
At Kl we have F′ = � and at K2 we will have F′ = � + �. In Figure 12.4
we also show the dC/dt = 0 schedule. The steady state S∗ is a saddle point
equilibrium.14

Important characteristics of the steady-state capital stock (K∗) are as follows:

(i)� < F′(K∗) < �+�. (12.76)

The first inequality follows from equation (12.74) when dC/dt = 0. The second
inequality can be proved through contradiction. Suppose that contrary to the

dt

dK
= 0

dt

dC
= 0

C

0 K

S*

K* K1 KnK2

Figure 12.4 Dynamic equilibrium with constant labour income.
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second inequality we have: F′ = �+�(1+ε) with ε>0. Then from equation (12.74)
with dC/dt = 0 we must have: (1 + ε)C = (�+ �)K∗. Or, using equation (12.75)
we will get: (1 + ε)F(K∗) = (F′ − ��)K∗.

But since F(.) is a concave function the above equality is impossible because
for a concave function we must have F(K∗) > K∗F′(K∗). Hence it must be the
case that F′(K∗) < (�+�).

A second property of the steady-state equilibrium is that K* is a decreasing
function of the discount rate �. An increase in the discount rate will shift the
dC/dt = 0 schedule to the left.

These results are important. The market economy yields an equilibrium that is
dynamically inefficient. For the equilibrium to be efficient the rate of interest
should equal the rate of growth of population – which is zero in this case.
Furthermore, the higher the discount rate, the lower the equilibrium capital
stock.

Declining labor income

When declining labor income is expected, the individual would like to accumulate
more capital in order to satisfy consumption plans later in life when labor income
will be lower. With given path of interest rate and fixed discount rate this increased
capital accumulation will lower the interest rate.

With declining labor income � > 0 and the dynamic equations become:

dC/dt = [F(k) +�− �]C −�(�+ �)K (12.77a)

dK/dt = F(K) − C. (12.77b)

The dK/dt = 0 schedule is the same as in Figure 12.4. Now we define K4 so that
F′(K4) = �− �. The dC/dt = 0 schedule for C positive is upward sloping, goes
through the origin and will reach K4 asymptotically. Steady-state capital (K∗) in
Figure 12.5 is such that F′(K∗) > �−�.

This is because (�−�) can be positive or negative. Hence K may be smaller or
larger than the golden rule capital stock Kn.

An increase in � shifts the dC/dt = 0 schedule down which increases the capital
stock. Since there is no natural upper bound on� it might be the case that the capital
stock is higher than the golden rule level.

Fiscal policy

Let us now introduce taxation and government expenditure into this model.
Let government borrowings at time t be B(t) whereas government expenditure
is G(t) and taxes are T(t). Hence the government budget constraint can be
written as:

dB(t) = r(t)B(t) + G(t) − T(t) (12.78)
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Figure 12.5 Dynamic equilibrium with declining labour income.

that is, new borrowings equal total government expenditure.15 We now confine
ourselves to the case where r > 0. It should be clear that equation (12.78), by itself,
imposes no restraint on the government. We can do so by imposing a no Ponzi
game condition on the government. This can be written as:

lim
q→∞ B(q)e−∫ q

t r(z)dz = 0. (12.79)

Integrating equation (12.78) forward subject to (12.79) implies that

B(t) = −
∫ ∞

t
{[G(q) − T(q)]e−∫ q

t [r(z)dz]}dq. (12.80)

This is a meaningful intertemporal budget constraint for the government. It implies
that the current level of debt must be equal to the present discounted value of
primary surpluses.16 If the government is currently a net debtor then it must plan
to run primary surpluses at some point in time. Equation (12.80) does not imply
that the debt is necessarily repaid or that it is constant. All that it implies is that
the debt ultimately grows at a rate less than the rate of interest.

The government affects aggregate demand in three ways. First, it purchases
goods and services to the extent of G and it affects private consumption
through taxes,17 both current and anticipated as well as debt. With the current
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set-up, the principal equations characterizing the economy will become:

C(t) = (�+ �) [H(t) + A(t)] (12.81)

A(t) = B(t) + K(t)

H(t) =
∫ ∞

t
[Y(q) − T(q)]e−∫ q

t [r(Z)+�]dzdq (12.82)

dA(t)/dt = r(t)A(t) + Y(t) − C(t) − T(t). (12.83)

Financial wealth consists of government debt as well as the capital stock. Human
wealth is the present discounted value of non-interest income less taxes with (r+�)
as the rate of discount.

Consider now an intertemporal reallocation of taxes, keeping the path of
government expenditure constant. This implies a decrease in taxes at the present
time t combined with an increase in taxes at some point in time (t + s). From the
government’s intertemporal budget constraint we have:

dT(t + s) =
{
−e

∫ t+s
t r(z)dz

}
dT(t). (12.84)

The increase in taxes at time t + s must equal the initial decrease at time t
compounded at the rate of interest.

Because B(t) is unchanged at time18 t, this reallocation has an effect on aggregate
demand at time t only to the extent that it affects consumption through its effect
on human wealth. From equation (12.82) this effect is:

dH(t) = −dT(t) − dT(t + s)e
∫ t+s

t
[r(z)+�]dz

. (12.85)

Using the government budget constraint this can be written as:

dH(t) = −dT(t)[1 − e−�s]. (12.86)

We know that taxes are cut at time t. Hence dT(t)< 0. Hence the move to deficit
finance will increase H(t) and increase consumption. The larger the time period
after which taxes will be raised (s), the greater will be the effect on consumption.
The same is true of �. The larger the probability (�) of death and the utility process
coming to an end, the greater will be the effect on consumption.

Recently an extreme case has attracted considerable attention. Suppose � = 0.
This can happen because of two reasons. Either we are working with infinitely
lived individuals, or individuals care sufficiently for their progeny so that in effect
they are infinitely lived although they have a positive probability of dying at any
point in time. In this situation dH(t) = 0 and there is no effect on consumption.

This case is now quite popular in the literature and is known as the Ricardian
equivalence theorem after David Ricardo who first articulated the notion that
government bonds are not considered to be net wealth by private consumers. In
more recent times this theorem19 was propounded by Barro (1974).
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Effect of debt on the interest rate

An interesting allocative issue that we can study here is the effect of debt on the
rate of interest. We will study an illustrative example of this with labor income
undiminished by age: � = 0. Then we must have:

dC/dt = (r − �)C −�(�+ �)(B + K) (12.87)

dK/dt = F(K) − C − G (12.88)

dB/dt = rB + G − T. (12.89)

We also know that F′ = r.
Equation (12.87) says that debt is part of wealth and enters the consumption

equation. Government purchases of goods affect the capital accumulation equation
(12.88). Given paths for G and T that satisfy the intertemporal government budget
constraint we can in principle solve for C and K, given fiscal policy. However,
this problem is quite hard to do in practice and we will discuss only the steady
state here.

In steady state from equations (12.87) to (12.89) we have:

[F′(K∗) − �]C∗ = �(�+ �)(B∗ + K∗) (12.90a)

F(K∗) = C∗ + G (12.90b)

F′(K∗)B∗ = T − G (12.90c)

with a star (∗) denoting steady-state values.
In equation (12.90a) we assume that both B∗ and K∗ are positive hence r∗ > �.

Hence, the equilibrium will be inefficient as in the model without government
debt.

Suppose now that the government temporarily cuts taxes with expenditure held
constant and then later raises taxes in order to satisfy the government budget
constraint. Now by substituting (12.90b) into (12.90) we obtain:

dK∗/dB∗ = �(�+ �)/[F′′C∗ + (r∗ − �)r∗ −�(�+ �)].
Hence, a change in the steady-state stock of debt with government expenditure
held constant will change the capital stock. An overly sufficient condition for the
steady-state capital stock to fall is that r∗ <�. Under even more general conditions
an increase in the stock of debt will lower the capital stock, i.e., lead to a rise in
the rate of interest.

12.7 Land rent taxation in an intertemporal economy

There is another issue that has been quite extensively discussed in the literature.
This is the incidence of a tax on land rent. This problem has a special interest
because of the immobility of land. We sketch the basic analysis below.
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We work with the simple overlapping generations model here except for
assuming that the population of the country is constant. In the first period each
person works and consumes and in the second they consume, but do not work.
The amount of labor supplied per capita is fixed and so is the amount of land per
capita. The latter is denoted as T. The amount of capital per capita is k and the
amount of labor L. Output per capita is given by the production function F(L, T, k)
and, if factors are paid their marginal products, payments to the three factors of
production are FL, FT, and Fk. Remember, however, that the supply of labor and
land per capita is fixed and the only variable factor of production is capital. Hence,
marginal products will vary only with inputs of k. Naturally, as k rises, FT and FL

will rise and Fk will fall.
It is precisely through the above relation between k and factor rewards that a

land tax can be shifted. Let us now consider the household’s choice problem. In
the second period of his life, an individual is retired, consumes an amount c2, and
may, if he pleases, leave behind a bequest, b, for the next generation. Both of
these must be financed out of running down of first-period savings in the second
time period. The interest rate equals Fk since this is the price producers would be
willing to pay for the use of a unit of capital for one time period so that if s is the
amount saved, when young, the second period budget constraint will be:

c2 + b = s(1 + Fk) or c2/(1 + Fk) + b/(1 + Fk) = s.

The bequest is received by a child in the first period. Let us now consider steady
states, i.e., situations where the amount of capital, factor prices, and, hence, all
household decisions, are the same from one time period to the next. In particular,
the amount of bequest received by a household, when young, is equal to the
amount it eventually pays when old, i.e., b. Each household’s income when young
is, therefore: FLL + b so that s = FLL + b − c1 = [c2 + b]/(1 + Fk) or c1 + c2/

(1 + Fk) + b/(1 + Fk) = FLL + b is the lifetime budget constraint.
All saving is carried out by the young who use their savings to purchase assets

they can sell in old age. There are two such assets – land and capital. Let the price
of land relative to capital (and consumption) be p. In steady state p is constant
over time. Then, at the beginning of a period of time, the individuals who have
just retired own the capital stock (k per capita) and land worth pT in terms of units
of capital per capita which they wish to sell, whereas the new young generation
with savings of s = FLL+b− cl per capita wish to buy the assets. In equilibrium,
the demand for assets must equal the supply, or:

FLL + b − c1 = k + pT. (12.91)

Further, households will be willing to hold both land and capital as assets only
if the (after-tax) return on each of these is the same. The return per dollar’s worth
of capital is Fk whereas a unit of land returns FT to its owner at a cost of p in terms
of capital. Thus, in equilibrium, we must have:

FT/p = Fk or p = FT/Fk.
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Note that p is exactly the present value of the perpetual rent stream FT discounted
at the interest rate Fk.

Let us now examine the effect of a land rent tax in this economy, at a rate
tT. We will assume that the tax proceeds are disposed of by paying them out
to old households. To analyze the effect of the tax, let us suppose, at first, that
the capital stock and, hence, all factor prices remain unchanged. We can follow
through the implications of this assumption and, if all conditions for equilibrium
in this economy can still be satisfied, we can conclude that the supposition is
correct.

With k fixed, the first point to observe is that the price of land must fall by the
present value of future tax payments. This follows from the revised equilibrium
condition of equal net returns on land and capital:

(1 − tT)fT/p
′ = Fk (where p′ is the after-tax price of land)

or that p′ = (1 − tT)FT/Fk = FT/Fk − tTFT/Fk. (12.92)

The household’s budget constraint in the presence of the tax becomes:

cl + c2/(1 + Fk) + b/(1 + Fk) = FLL + b + tTFTT/(1 + Fk). (12.93)

The last term on the righthand side is the receipt of the government’s tax revenue
in one’s old age. Clearly, if b is unchanged, this will increase lifetime wealth and
lead to an increase in consumption in each period, if both c1 and c2 are normal
goods (which we assume).

Suppose, however, that b changes to b′ where b′ = b − tTFTT/Fk when the
tax is imposed. This means that the lefthand side of equation (12.93) falls by
tTFTT/{Fk(1 + Fk)} whereas the righthand side falls by [tTFTT/(Fk)] − [tTFtT/
(1 + Fk)] because of a reduction in bequests received when young, coupled with
an increase in future consumption. We can rewrite the change in the righthand
side as:

[(1 + Fk)tTFTT − tTFTTFk]/Fk(1 + Fk)] = tTFTT/Fk(1 + Fk).

Hence lifetime wealth is unchanged and, therefore, c1 and c2 are unchanged.
Now consider what happens to asset market equilibrium. If bequests fall to b′

then with k and cl unchanged, the amount of saving by the young will fall by
tTFTT/Fk. The total value of assets being sold by the old falls by the same amount
because by equation (12.92) the price of land has fallen. Each side of equation
(12.91) will, therefore, fall by the same amount so that the asset markets remain
in equilibrium.

In sum, then, we have shown that all conditions for equilibrium in the economy
continue to hold once a land tax is imposed if:

(a) land values fall by the capitalized value of future taxes;
(b) bequests fall by the same amount;
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(c) all other variables in the economy – consumption, capital, and all factor
prices – remain unchanged. Hence, under these conditions, the land tax is not
shifted.

Now suppose that there are no bequests. Then in equation (12.93) lifetime wealth
rises by tTFTT(1+Fk). First-period consumption rises by the marginal propensity
to consume times (�) the above change in wealth. If we now look at asset market
equilibrium conditions, the price of land must fall as per equation (12.92) to p′ in
order to preserve equal net rate of return on land and capital. The effect of the tax
is, therefore, to disturb the equilibrium condition in equation (12.91) in two ways.
Because b = 0, lifetime consumption rises by �[tTFTT(1 + Fk)]. Further, because
the price of land falls, the value of assets supplied falls by (tTFTT/Fk) both because
�< 1 and Fk < 1+Fk. If c2 is a normal good then �[tTFTT/(1+Fk)]< (tTFT/Fk).
Hence, the reduction in asset value is greater than the reduction in savings. The
asset market can, therefore, not be in equilibrium at pre-tax value of k. Households
will wish to save more which will lead to an increase in the stock of capital
and a reduction in its marginal product. This is the reasoning behind Feldstein’s
conclusion that the land tax is shifted (see Feldstein 1977).

12.8 Tax and debt as revenue instruments

In an important paper Feldstein (1985) considers the following question: Suppose
that the government can finance its expenditure in two ways: taxation and
issuing debt. Suppose that the government decides to increase government
expenditure by an infinitesimal amount. How should this additional expenditure
be financed?

Feldstein shows that the very formulation of this question depends upon whether
the increase in government expenditure is perceived to be temporary or permanent.
In both cases he considers a single-sector Solow growth model, amended to
incorporate variable supply of labor. Consider first a temporary increase in
government expenditure.

At time v there are Nv people in the labor force and each individual supplies
an amount of labor equal to l, making the total labor supply Lv = lNv Technical
progress at the rate � is occurring. This is Harrod neutral technical progress in
order to ensure stability.20 Under competitive conditions, therefore, the wage
rate of labor will also rise at the rate �. Hence the wage rate at time v can be
written as:

wv = (1 +�)v−1w1. (12.94)

Taxes are levied at the rate t on wage income so that total tax revenue at time v
can be written as Tv where Tv = twvLv. There are no taxes on capital income.21

Initially the government has a spending plan that calls for an expenditure of Gv

in year v. In general, the government budget may not be balanced. Suppose now
that the government decides to increase its expenditure in year 1 by the amount dG.
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In year 2 government expenditure goes back to its planned level. Hence the increase
in government expenditure is confined to year 1 alone.

There are two alternative ways of financing this increased expenditure. One
way is to increase taxes in time period 1. The other is to issue debt – a perpetuity –
and pay interest on this debt. Feldstein considers the question: Which of the two is
the preferred method of financing the increased expenditure? Feldstein’s method
consists of comparing the total social cost of the two sources of finance.22

Let us consider taxation first. In this case dT1 = dG. Now since T1 = tw1L we
can write:

dT1 = dG = w1L1dt + tw1(dL/dt)dt

= w1L1dt + tw1(dL1/d(1 − t)w1)(d(1 − t)w1/dt)dt. (12.95)

Let us write: ε = (dL1/d(1 − t)w1)((1 − t)w1/L1) for the uncompensated
elasticity23 of labor supply with respect to the disposable wage. Substituting in
equation (12.95) we can write:

dG = w1L1[(1 − t − tε)/(1 − t)]dt. (12.96)

Equation (12.96) defines the increase in tax required to finance the additional
government spending.

Now this increase in the tax rate implies an increase in the excess burden of
the tax. Before this tax increase takes place there was a pre-existing tax at the rate
t, the first unit of increased leisure involves an excess burden of tw. As the tax
rate rises there is a labor supply effect and the excess burden because of this will
be measured as the area of the relevant triangle above the compensated supply
curve of labor. Now, the induced change in labor supply because of the increase
in tax is dLl = [�L1/(l− t)]dt where � is the compensated labor supply elasticity.
Assuming this supply curve to be linear, the excess burden of increasing the tax
rate by dt is, therefore:24

[�w1L1(t + 0.5dt)/(l − t)]dt.

The total burden of financing the increased expenditure by taxation (BT) is the
sum of dG and the excess burden noted above. In other words:

BT = dG +[�w1L1(t + 0.5dt)/(1 − t)]dt. (12.97)

We also know that:

dt = dG(1 − t)/(w1L1(1 − t − tε)).

Hence, substituting in equation (12.97) we will have:

BT =dG[1+�t/(1−t−tε)+(1/2)�(dG/(w1L1))(1−t)/(1−t−tε)2. (12.98)

The first term in this expression is the resource cost of the increased expenditure.
The second term is the excess burden because of the pre-existing tax25 and the third
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term is the excess burden because of the increase in tax.26 Equation (12.98) then
gives the full social cost of the increased government expenditure. This will have
to be compared with the burden of debt finance in order to arrive at a judgment
about the preferred mode of financing the temporary increase in government
expenditure.

To compute the burden of the debt realize that in every time period the interest
on the debt will have to be paid. Hence, the decision to finance the increased
government expenditure by increasing debt involves raising taxes in every time
period to make interest payments. This increase in taxes in any time period will
have its own excess burden associated with it which will be added on to the
resource cost of paying the interest. Total burden of the debt finance will be the
discounted sum of the burden of these interest payments.

To keep things simple, let us assume that the interest rate on the debt is fixed at
some r∗. In time period v the welfare cost of raising taxes to meet the increased
interest payment obligation is (from equation (12.98)):

BDv = r∗dG[1 +�t/(1 − t − tε)

+ (1/2)(�dG)/{(w1L1(1 + n)v−1(1 +�)v−1}{(t − t)/(1 − t − tε)2}].
(12.99)

Here the first term is the resource cost of paying the interest.27 The second term
is the excess burden of the pre-existing taxes. The third term is again parallel to
that in equation (12.98) except for the fact that we know that as compared to time
period 1 both the population as well as the productivity of labor are higher. Labor
supply grows at the rate n and the productivity of labor grows at rate �. Hence the
burden of interest payment of the debt taken out in time period is shared among
a larger as well as a more productive population. Total cost of debt finance is the
discounted sum expressed in equation (12.100):

BD =
∞∑

v=2

BDv(1 − �)−(v−1) (12.100)

where � is the social rate of discount. For a meaningful comparison between
debt and tax finance, clearly, � should be less than r.28 Hence, to find out which
method of financing involves lower social cost, the expression in (12.98) has
to compared with that in (12.100). There is no obvious winner and qualitative
results are possible only in special cases.29 Feldstein works out some illustrative
numerical examples.

Let us now study the case of a permanent increase in government expenditure.
If the economy is in steady-state equilibrium then the question has to be posed as
the choice in financing the increased government expenditure either by increasing
taxes or decreasing debt. Suppose the government has a current debt stock of
B. So the total government expenditure is the current expenditure (G) plus the
interest on the debt, rB, where r is the going rate of interest. This expenditure
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must be financed by a combination of tax revenue and the issue of new debt (Ḃ).
In steady state debt must grow at the same rate as population.30 Hence, we must
have Ḃ/B = n or Ḃ= nB. Consequently, the government’s budget constraint in
steady-state equilibrium is:

G + rB = T + nB. (12.101)

Dividing both righthand and lefthand sides by the labor force we have:

g = �− (r − n)b (12.102)

where g = G/N, � = T/N etc.
If we are at the golden rule then r = n and we must have tax financing. Typically,

however, there is a deficiency of the capital stock so that r > n. In this case g can
go up either if � goes up or b goes down. If r < n then g can go up if � goes up or
b goes up.31

Decreasing the steady-state level of per capita debt requires a period of
increasing tax revenues. Thus the real choice when permanently increasing
government expenditure is between increasing taxes now by the full amount of
the increase in government expenditure or to increase taxes now by more than
the increase in government expenditure in order to decrease the current stock
of government debt and finance the increased government expenditure. In either
case an increase in government spending requires an increase in government tax
revenue.

A general qualitative result with respect to this choice is not possible. But
Feldstein works out an interesting special case. He tries to find out the preferred
method of financing the increased expenditure that imposes the least burden on
a representative consumer. He considers a representative consumer who lives for
two time periods as per the standard two-period life-cycle model. This consumer’s
utility function is written as:

U = � ln cl + (1 −�) ln c2 +� ln (1 − l) (12.103)

where ci is consumption in period i (i = 1,2) and � and � are positive fractions
and l is labor. Writing (1 − t) = � we can write the consumer’s budget constraint
as:

c2 = (�wl − cl)(1 + r). (12.104)

Maximizing the utility subject to the budget constraint we get optimal labor supply
and first period consumption as:

1 = 1/(1 +�),cl = ��wP�l. (12.105)

Substituting in the utility function (12.103) we can write maximized utility as:

U = � + ln �w + (1 −�)ln(1 + r) (12.106)

where � is a constant.
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The government’s problem is to maximize this utility function by choosing
�, subject to the government budget constraint and by the process of capital
accumulation. Under competitive conditions, the wage rate is w = f − kf ′ and
the interest rate is r = f ′ where f is the intensive production function.

Now the government budget constraint in per capita terms is:

g = (1 −�)wl + (f ′ − n) lkg. (12.107)

g is per capita government expenditure, the first term on the righthand side is
government tax revenue, whereas the second term is the net return, on government
capital.32

Private capital stock is the accumulated value of last period’s savings:

Kp = (�wl − c1)N/(1 + n) (12.108)

where Kp is private capital stock and N is the size of the population in this period.
In steady state we will have K̇p/Kp= n. Hence, from equation (12.108) we will
have:

lkp = (�wl − cl)/(1 + n) (12.109)

or, since cl = �� wl we will have:

lkp = (1 −�)�wl/(1 + n). (12.110)

In steady state both private as well as public capital stock grow at the same rate n.
Hence each must be a constant fraction of the capital stock. Let us write kg = 	k
and kp = (1 − 	) k, where k is the aggregate capital labor ratio and l > 	> 0.

Therefore, the capital accumulation constraint can now be written as:

g − (1 −�)wl = (f ′ − n)[lk − (1 −�)�wl/(1 + n)]. (12.111)

One can solve equation (12.111) for�w as a function of k and this can be substituted
back into the utility function (12.106) using l = 1/(1 +�) to get:

U = � + ln{[f − nk − g(1 +�)]/[1 + (1 −�)(f ′ − n)(1 + n)−1]}
+ (1 −�)ln(1 + f ′). (12.112)

Maximizing this utility function with respect to k we will get as first-order
condition:

(f ′ − n)/(f − nk − g(1 +�)) − (1 −�)f ′′/(1 + n) + (1 −�)f ′′/(1 + f ′) = 0.
(12.113)

This equality will be satisfied in the golden rule when f ′ = n. In this case any
permanent increase in government expenditure must be financed by an increase
in taxes alone. Clearly this result will not hold generally.
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12.9 Conclusions

Tax incidence in dynamic models depends on model specification. In this chapter
we have studied tax incidence in the steady state of some dynamic models. We
began with the Solow model and then proceeded to its life-cycle version. Monetary
issues were then introduced into the Solow model. Recent versions of the life-cycle
model as well as the incidence of a tax on land as well as the question of financing
an increase in government expenditure were also taken up.

This chapter, then, does consider a broad range of issues. But we have not dealt
with the tricky issue of tax incidence outside of steady state. This is a fairly new
area of research. Most results are numerical and analytical conclusions are few
and far between. See, for example, Chari et al. (1994).

Notes

1 It can also be demonstrated to be globally stable. See Burmeister and Dobell (1970),
for example.

2 Suppose the government wanted to choose the savings rate of the economy to maximize
per capita consumption in steady state. Since savings per capita are sf(k) consumption
per capita must be (1 − s)f (k). In steady state k̇ = sf (k) − nk = 0 so that s = nk/f (k)
and, hence, c = (1 − s)f (k) = f (k) − nk. Maximizing this with respect to s we have
dc/ds = (f ′ − n)(dk∗/ds) = 0 where k∗ is now the optimum steady-state capital–labor
ratio. Hence, at optimum we must have f ′ = n. This is Phelps’ famous golden rule
of economic growth where we maximize per capita consumption in steady state. This
analysis easily carries over to the case of discrete time.

3 FIFO stands for first-in, first-out inventory accounting procedures.
4 � is defined as follows: � = tk�+g where tk is the tax rate on capital income as above,

g is the capital gains tax rate, and � represents the nominal increase in profits per unit
of capital due to the effects of inflation on the real value of depreciation allowances
and on the after-tax corporate income associated with the taxation of capital gains on
inventories. This can be measured as:

� = [{CCA + IVA}/K](1/�)

where CCA is the capital consumption allowance, IVA is the inventory valuation
adjustment, and K the capital stock. The derivation of � is given in Feldstein and
Summers (1979).

5 The linearized version of the LM curve is given by m = M0 +M1(1− tp)i+Myy (where
M0 is a constant), or by (1− tp)i = (m−M0 −Myy)/Mi. Substitute this expression for
(1 − tp)i into the steady-state condition (equation 12.49) and differentiate both respect
to k to get the stability condition s(1 − �)f ′ < n.

6 It should be understood that although there is uncertainty at the level of the individual
consumer, there is no uncertainty in the aggregate as we know with full certainty that
a proportion � of the population will die each time period.

7 The assumption here is that labor income depends on human capital alone.
8 This is so because of the assumption of logarithmic utility function.
9 Except, of course, for � = 0 in which case per capita labor income is independent of

age.
10 Hence for �= 0 we must have b = 1.
11 This is clearly equal to zero.
12 Individual non-human wealth accumulates at the rate (r + �) if an individual remains

alive, aggregate wealth accumulates only at the rate r. This is because the amount �A is
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a transfer through insurance companies, from those who die to those who remain alive;
but it is not an addition to aggregate net wealth.

13 We have collected terms and ignored the time subscript where this would not cause any
confusion.

14 A trivial equilibrium is, of course, the origin.
15 This equals current government expenditure G(t) plus the interest on the accumulated

debt r(t)B(t).
16 A primary surplus is the difference between current tax revenue and current expenditure

exclusive of the interest on government debt, i.e., T(q) − G(q).
17 It is assumed here that taxes are lump sum.
18 The increase in deficit is a flow and will not instantaneously affect the stock of existing

debt.
19 The existence of finite horizons has been cited as the most obvious reason why

Ricardian equivalence may fail to hold. Another argument is that individuals are
liquidity constrained and a cut in taxes stimulates expenditure.

20 It is well known that in the Solow growth model only labor augmenting technical
progress is consistent with stability.

21 This is done merely for the sake of convenience. In any case, a distinct tax on capital
income would be meaningful only if the savings propensity was variable.

22 The social benefits are the same and equal to the services provided by the increased
expenditure dG.

23 Clearly it is being assumed here that an increase in the tax rate leads to an increase in
tax revenue.

24 Realize that in the absence of a pre-existing tax (t = 0) this would collapse to the ‘usual’
excess burden triangle formula: (0.5�w1L1(dt)2).

25 This term will be zero if there is no pre-existing tax.
26 This term will not go to zero so long as dt �=0 even if there is no pre-existing tax.
27 The amount borrowed was dG and the interest rate on this is r∗dG.
28 Otherwise the sum in (12.100) will explode without limit.
29 For example when t = 0.
30 For the sake of simplicity we assume that the growth of productivity of labor is zero.
31 We will concentrate on the ‘usual’ case.
32 Government capital stock in per capita terms is kg. The return on this is f ′. However,

population grows from one time period to the next by the factor n so that net return on
last period’s capital today is f ′– n.

Additional reading

The neoclassical model of economic growth in all its variants is well discussed
in Burmeister and Dobell (1970) and Romer (1996). Several papers in Friedman
and Hahn (1990) are quite relevant to the discussion in this chapter.



13 Some results in commodity
taxation

Key concepts: efficient taxation; Corlett–Hague result; inverse elasticity
formulae; redistributive indirect taxation; optimal indirect taxation.

13.1 Introduction

In this chapter we study commodity taxation. It is implicit, therefore, that we take
the desirability of commodity taxation for granted. This, as well as the thorny
issue of the optimal mix of commodity and income taxes, are discussed in later
chapters. In this chapter we collect and discuss some key results in the theory of
commodity taxation. Our analysis here is initially confined to efficiency issues –
we think of the best set of taxes to gather a specific amount of tax revenue
where ‘best’ is defined as levying least excess burden on the ‘representative’
tax payer. We also raise issues of redistribution between consumers but it soon
becomes clear that the issue of redistribution is best addressed through direct
taxation. Later we discuss, in some detail, a popular indirect tax – the value added
tax or VAT.

We will begin with proving three important ‘elasticity’ type results in
optimal commodity taxation. Then we will inquire into the redistributive role
of indirect taxes, the desirability (or otherwise) of uniform taxes, and value added
taxation.

13.2 Elasticity type rules in commodity taxation

There are at least three elasticity type results in optimal commodity taxation. These
have been discussed, among others, by Sandmo (1987b). Here we derive each of
these results carefully. We are concerned solely with efficiency issues here and
all redistributive considerations are eschewed.

There is a representative consumer whose indirect utility function can be written
as V(p1, . . . ,pn;y − a) where pi is the price of the ith commodity (and there are n
such commodities). These prices are measured in terms of a numeraire good ‘0’
whose price (p0) is set equal to 1. y is the consumer’s lump-sum income (lump sum
because we will be assuming that commodity taxes will not affect the consumer’s
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incentive to work) and a stands for direct taxation which may be set equal
to zero.

Now write the Slutsky equation for commodity xi as:

(∂xi/∂pj) = −xj(∂xi/∂y) + (∂xi/∂pj)|dU=0. (13.1)

Multiply through by (pj/xi) and also the first term on the righthand side by (y/y)
and, multiply through by (–1) to get:

�ij = �iEi +�ij (13.2)

or, uncompensated demand elasticity of xi with respect to pj, written �ij, is equal
to the share of commodity i in total income, written Ei, multiplied by the income
elasticity of demand for xi, written �i, plus the compensated demand elasticity of
demand of xi with respect to pj, denoted by �ij.

Let us now introduce commodity taxation into the model. Let pi be the consumer
price and qi the producer price of commodity i. The difference between them is
the tax which we take to be specific1 here:

pi = qi + ti. (13.3)

Denoting the vector of consumer prices to be p we can write the indirect
utility of the representative individual as V(p,y) which is maximized subject to a
government budget requirement (p−q)x+a = T where T is total tax requirement.
Setting up the Lagrangean we have:

� = V(p,y) −�[T − a − (p − q)x]. (13.4)

We will treat (pi −qi) as ti and a as a lump-sum tax here. Differentiating equation
(13.4) with respect to pj and a we have:

−�xj +�

[∑
i

ti(∂xi/∂pj) + xj

]
= 0 (13.5)

j = 1, . . . ,n

−�+�

[∑
i

ti(∂xi/∂a) + 1

]
= 0, (13.6)

where � is the Lagrange multiplier as defined above and � = ∂V/∂y is the
consumer’s marginal utility of income.
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Let us now work with equation (13.5). For the term ∂xi/∂pj we substitute the
Slutsky equation and rewrite equation (13.5) as:

−�xj +�

[∑
i

ti{(∂xi/∂pj)|dU=0 − xj(∂xi/∂y)}+ xj

]
= 0.

Rearrange this to write:

∑
i

ti(∂xi/∂pj)|dU=0 = xj(�−�)/�+
∑

i

xjti(∂xi/∂y). (13.7)

Divide through by xj to get:

∑
i

(ti/xj)(∂xi/∂pj)|dU=0 = (�−�)/�+
∑

i

ti(∂xi/∂y) < 0. (13.8)

Now, we know that the compensated elasticities are symmetric, i.e., if �ij is the
compensated elasticity of xi with respect to pj we must have �ji = �ij. Hence, we
can write the lefthand side of equation (13.8) as:

∑
(ti/pi)(pi/xj)(∂xi/∂pj)|dU=0 =

∑
i

�i�ji, where

� = ti/pi, so that equation (13.8) can be written as:

∑
i

�i�ji = (�−�)/�+
∑

i

ti(∂xi/∂y) = −� < 0. (13.9)

This is known as the one-person Ramsey rule (Diamond 1975) and calls for an
equal proportionate reduction in demand along the compensated demand curve.
This is the first of the three elasticity rules in the theory of optimal commodity
taxation. This can be further simplified from equation (13.9) if we assume that
all compensated cross-price elasticities are zero. In that case, equation (13.9) will
simplify to:

�j = −�/�jj (j = 1, . . . ,n). (13.10)

This rule says that tax rates should be inversely proportional to the compensated
elasticities of demand.

The existence of lump-sum taxation

Up until now we have neglected equation (13.6). Strictly speaking, our results
above are optimal only if the possibility of lump-sum taxation can be ruled out.



Some results in commodity taxation 307

We now introduce the possibility of lump-sum taxation and get a strong result. To
proceed, multiply equation (13.6) by xj to get:

−�xj +�xj

{∑
i

ti(∂xi/∂a) + 1

}
= 0.

Subtract this from equation (13.5) to get:

�

[{
n∑

i=1

ti(∂xi/∂pj) + xj

}
− xj

{
n∑

i=1

ti(∂xi/∂a) + 1

}]
= 0 (13.11)

or, upon cancelling the xj’s:

∑
i

ti(∂xi/∂pj) − xj

∑
i

ti(∂xi/∂a) = 0. (13.12)

Now, (∂xi/∂a) = −(∂xi/∂y) so, substituting in equation (13.12) we have:

∑
i

ti(∂xi/∂pj) + xj

∑
i

ti(∂xi/∂y) = 0.

Now, substitute the Slutsky equation to get:

∑
i

ti{(∂xi/∂pj)|dU=0 − xj(∂xi/∂y)}+ xj

∑
i

ti(∂xi/∂y) = 0

which yields:

n∑
i=1

ti(∂xi/∂pj)|dU=0 = 0 or
n∑

i=1

�i�ji = 0. (13.13)

In other words, if there is the possibility of a lump-sum tax then all distortionary
taxes should be zero. This is another extremely important rule for optimal
commodity taxation and is illustrated in Figure 13.1. This shows a two-commodity
case (one is commodity X and the other is income, or, all other commodities). The
pre-tax budget line is Z1Z1. With a distortionary tax on commodity X the budget
line becomes Z1Z2 and the consumer is able to reach point A on indifference
curve I0. The line BB shows the consumer’s budget line with an equal yield lump-
sum tax. The consumer is able to reach point C with a higher level of utility I1.
The moral is quite simple here: when a lump-sum tax can be used, there is no
additional gain to be had from the use of commodity taxes and, in general, their
use will diminish welfare.
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C

A

I1
I0

B

Z1

B XZ1Z2

All other
commodities 

Figure 13.1 The efficiency of a lump-sum tax.

Now, consider a three good case – two taxed goods (commodities 1 and 2) and
a numeraire. We will assume that lump-sum taxation is not feasible. Then we can
write the optimality conditions (equation 13.9) as:

�1�11 + �2�12 = −� (13.14)

�1�21 + �2�22 = −� (13.15)

or, as[
�11 �12

�21 �22

][
�1

�2

]
=
[−�

−�

]
(13.16)

so that, by Cramer’s rule:

�1 = �(�12 −�22)/� (13.17)

�2 = �(�21 −�11)/� (13.18)

where � is the determinant of the matrix on the lefthand side of equation (13.16).
We know from the fact that compensated demand functions are homogeneous of
degree zero that:

�10 +�11 +�12 = 0 (13.19)

where ‘0’ stands for the (untaxed) numeraire good. In many cases, this may be
leisure. We also see that:

�12 = −(�10 +�11).
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So, we can rewrite equations (13.17) and (13.18) as:

�1 = −(�/�)(�11 +�22 +�10). (13.20)

Similarly:

�2 = −(�/�)(�11 +�22 +�20). (13.21)

Hence the difference in the magnitudes of the tax on the goods depends essentially
on the relative sizes of �10 and �20 (i.e., the compensated elasticity with respect to
the untaxed good). From this follows the Corlett–Hague result that the tax rate
should be highest on the commodity that is complementary with the numeraire
and lowest on the commodity that is a substitute for the numeraire.

In the case where leisure is the numeraire good, the intuition is quite simple.
Leisure cannot be taxed directly. If it could have been, and if income is truly lump
sum (as we have been assuming) then, it would be optimal to tax all goods at the
same rate since this would amount to a lump-sum tax and bring us to the case
discussed in Figure 13.1. Now, since leisure cannot be taxed directly, one should
make an effort to tax it as much as possible indirectly. Hence we tax goods (such
as vacations) that are complementary to leisure at high rates and goods (such as
work clothes and monthly bus passes) that are substitutes for leisure at relatively
low rates. This result is famous in the literature as the Corlett–Hague result (see
Corlett and Hague 1953). This is also the second major elasticity result on optimal
commodity taxation that we had to discuss. We now proceed to the third such
result.

The third major elasticity result in optimal commodity taxation relates to uncom-
pensated elasticities. Suppose uncompensated demand functions are independent
of each other. Working from equation (13.5) we have:∑

i

ti(∂xi/∂pj) = (�−�)xj/� or

�j = [(�−�)/�]/ejj = −�/ejj (13.22)

where ejj is the uncompensated own price elasticity of demand. This result holds
only in the case where uncompensated demand functions are independent of each
other. There is another way of seeing this result. In the absence of lump-sum
taxation the consumer’s budget constraint is written as:

n∑
i=0

pixi = 0. (13.23)

Differentiating this with respect to pj we have:

n∑
i=0

pi(∂xi/∂pj) + xj = 0.
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But, since, cross-price effects are zero by assumption, we can rewrite this as:

(∂x0/∂pj) + pj(∂xj/∂pj) + xj or, upon substituting ejj for (∂xj/∂pj)(pj/xj) as:

ejj = −1 − (1/xj)(∂x0/∂pj); j = 1, . . . ,n. (13.24)

Substituting from the Slutsky equation we will have:

ejj = −1 − (1/xj){−xj(∂x0/∂y) + (∂x0/∂pj)|dU=0}
= −1 + (∂x0/∂y) −�j0. (13.25)

Hence, the inverse elasticity rule can be written as:

�j = �/[1 − (∂x0/∂y) +�j0]. (13.26)

In this new version of the inverse elasticity rule there are two terms in the
denominator. The first term, (1 − ∂x0/∂y), which is the same for all goods, is
the marginal propensity to consume taxed goods. The higher this is, the lower
is the optimum level of taxes. Differences between tax rates come through
the second term, �j0, which is the compensated cross-elasticity with respect
to leisure. The result in equation (13.26) relates the inverse elasticity result
to both the earlier elasticity rules. Just as in the first rule, the differences in
compensated elasticities account for differences in tax rates and, just like the
Corlett–Hague result, goods that are most complementary to leisure are taxed at
the highest rate.

Each of these three price elasticity formulae has a usefulness of its own. But
this usefulness is limited to a particular context.

13.3 Uniform commodity taxation

Consider a situation where inequality between workers is due to innate produc-
tivity differences between individuals – explained more fully in Chapter 14.
Suppose that in this economy all individuals have identical utility functions of
the form:

U = U(l,C(xl, . . . ,xn))

where l is leisure and xi is consumption of the ith consumption good. Thus the
utility function is weakly separable between leisure and consumption. Now in this
type of situation the Corlett–Hague type of complementarity/substitutability of
goods with leisure does not arise. Hence the need for differentiated commodity
taxation as in the Corlett–Hague example does not occur.

For such an economy Atkinson and Stern (1976) show that a uniform commodity
tax is appropriate if either of the following conditions is satisfied: (i) an optimal
non-linear income tax is in place; or (ii) all goods have linear Engel curves and an
optimal linear income tax is in operation.
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The intuition behind this result can easily be appreciated by thinking of cases
when differential commodity taxation could usefully supplement the income tax.
Three such situations can be visualized:

(a) when the aim is to redistribute income between groups with different
consumption patterns (examined above);

(b) when there is only a linear income tax and differentiated commodity taxation
could bring in some non-linearities needed for redistribution;

(c) when the higher taxation of some goods can reduce the distortionary burden
of the income tax.

Atkinson and Stern rule out case (a) by assuming identical utility functions,
and case (b) by requiring that Engel curves be linear when the income tax is
linear. Case (c) does not apply because they assume that the utility function
is weakly separable between consumption and leisure. Hence we are left with
uniform commodity taxation as the optimal choice. It might well be argued that
rate of uniform commodity taxation might well be set to zero. We consider this
argument in Chapter 14.

Although the Atkinson–Stern result can be seen as providing a case for uniform
commodity taxation, one must be aware of the limited circumstances under which
it is applicable. In particular, differences in preferences and non-separability
of utility functions could introduce significant non-uniformity into the optimal
commodity tax structure. Some empirical work along these lines was discussed in
Chapter 8.

13.4 Redistributive indirect taxation

In most industrialized countries redistribution is done through the direct tax and
transfer system. We will see soon that there is a good reason for this. In many
developing countries, however, incomes are too low to make the direct tax and
transfer system a viable method of redistribution. In a country such as India,
for instance, until recently well over 60 per cent of the tax revenue of the central
government came from central excise taxes alone. If one added other indirect taxes
and import tariffs this figure would have gone up to well over 80 per cent. Direct
taxes (personal and corporate taxes) constitute only a small portion of government
revenue. It follows, therefore, that the amount of redistribution that is possible
through the direct tax system is very limited. It is not surprising, therefore, that
many developing countries try to use indirect taxes for purposes of redistribution.
We study this problem now. Our objective now is not to maximize the utility of a
representative individual but to maximize a social welfare function where people
are differentiated according to their economic position.

We use h to index individuals. There are H individuals in society (h = 1, . . . ,H).
The indirect utility function of each individual is written as Vh(p,yh) where yh is
the income of the hth individual. The social welfare function is written as:
W[Vl(p,yl) V2(p,y2) . . . ,VH(p,yH)]. Society’s aversion to inequality can be
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expressed in the degree of concavity of the W[.] function. The more concave
is this function, the greater would be society’s aversion to inequality. We will let
xh

i be the hth individual’s consumption of commodity xi. Specific taxes at the rate
of ti are levied to raise a predesignated amount of revenue, T0.

Society’s maximization problem can be written as maximization of the above
social welfare function subject to the realization of the specified amount of revenue.
Instruments are the consumer price prices (specific commodity tax rates ti). Setting
up the Lagrangean we have:

� = W[V1(p,y1), . . . ,VH(p,yH)]+�

[
n∑

i=1

ti

{
H∑

h=1

xh
i

}
− T0

]
. (13.27)

The first-order condition for an internal maximization is:

∂�/∂pi =
∑

i

(∂W/∂Vh)(∂Vh/∂pi) +�

[∑
i

ti
∑

h

(∂xh
i /∂pi)

+
∑

h

xh
i

(∑
i

∂ti/∂pi

)]
= 0. (13.28)

Now ∂Vh/∂pi = �hxh
i (where �h is the marginal utility of consumption of the hth

person). Further realize that ∂ti/∂pi = 1 and that ∂xh
i /∂pi = ∂xh

i /∂ti. Hence, we
can write equation (13.28) as:

∑
h

(∂W/∂Vh)�hxh
K = �

[
Hx̄k +

∑
i

ti

{∑
h

∂xh
i /∂tk

}]
(13.29)

for all commodities i and k. x̄k = ∑
h xh

k/H. Now realize that (∂W/∂Vh)�h

(henceforth called 	h) is the social marginal valuation of income going to the
hth person. We can now use the Slutsky equation for the second term on the
righthand side of equation (13.29) to get:

∑
h

(∂W/∂Vh)�hxh
K = �

[
Hx̄k +

∑
i

ti
∑

h

{(∂xh
i /∂tk)|dU=0 − xk(∂xh

i /∂yh)}
]

which can then be rearranged to yield:

∑
i

ti

{∑
h

∂xh
i /∂tk

}
|dU=0 =

−
[

Hx̄k −
∑

h

(	h)/�−
∑

i

ti

{∑
h

xh
k(∂xh

i /∂yh)

}]
. (13.30)
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In order to help interpret this, let us define:

bh = (	h/�) +
∑

i

ti(∂xh
i /∂yh) and b̄ =

∑
h

bh/H

where bh is the net social marginal valuation of income measured in terms of
government revenue. The gross valuation is 	h/�. The second term in the definition
of bh is the marginal tax paid by household h upon receiving this extra dollar of
income. In this sense, bh is the net social marginal valuation. b̄ is the average of
these bh. Now, we divide through in equation (13.30) by (Hx̄k) to get:{∑

i

ti
∑

h

(∂xh
i /∂tk)|dU=0

}
/{Hx̄k}=−

[
−1−

∑
h

(bh/H)(xh
k)/x̄k

]
(13.31)

k=1,...,n

The lefthand side of equation (13.31) denotes a proportional reduction in
consumption along the compensated demand curves. This was the same for all
goods in the case of the one-person Ramsey rule. However, the righthand side of
equation (13.31) is not the same for all goods. In general, the reduction in demand
along the compensated demand curve is smaller:

(a) the more the good is consumed by households with a high social marginal
valuation of income (the poor). The greater the proportion of the commodity
consumed by the poor, the lower would be the tax. Hence, the tax would be
low on necessities of life and high on luxury items.

(b) the more the commodity in question is consumed by households with a high
marginal propensity to consume out of taxed goods.

The analysis of optimal indirect taxation has been advanced in several
directions. One area in which the extension has proved particularly useful is in
the joint determination of optimal indirect taxes and public sector prices. The
realization that indirect taxes and the price of a commodity produced in the public
sector should be jointly determined dates back to the seminal work of Diamond
and Mirrlees (1971). Since then, explicit formulae for the public sector price and
rates of indirect taxation have been derived (see, for instance, Feldstein 1972 a,b;
Munk 1979; Jha and Murty 1987; Jha et al. 1990).

The usual structure of these models is as follows. The public sector is embedded
in a general equilibrium competitive framework that is basically the standard one-
period model with firms maximizing profits and households maximizing utility
which, in turn, is defined over consumption and leisure. Hence, one can derive
explicit demand functions for goods produced in the private as well as the public
sector. Social welfare is visualized as an aggregate indirect utility function. This
is maximized with respect to commodity tax rates and the price of the public
good, given an explicit reaction function of the government between public sector
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prices and indirect taxes. This maximization is constrained by an overall budgetary
constraint.

We now describe the basic structure of such models. As before, the economy
has H individuals indexed by h. There are (n +1) goods in the economy: the first
n are produced in the private sector whereas the (n + 1) st good (an intermediate
good in this example) is produced in the public sector. Private sector production
is defined by an (n ×n) input–output matrix A and we define b as a (n ×1) vector
representing the requirements of the public sector commodity as an intermediate
input. The production function for the public sector good can be written as:

xn+l = f (xl, . . . ,xn;Ln+l)

where xi is the amount of the ith good and Ln+l is labor input into the production
of the public sector commodity. The augmented input–output structure of the
economy can be defined by the matrix A∗ where:

A∗ =
[

A x
b′ 0

]

For the private sector, unit (producer price) is equal to cost of production:
q′ = p′A + pn+lb′ + wL′ where q is the producer price vector, p is the consumer
price vector, L is the per unit labor input requirement vector for goods produced
in the private sector and w is the competitively determined wage rate.

The government’s overall budget constraint can be written as:

n∑
i=1

t∗i xi + (pn+1 − m)xn+1 − F = 0

where t∗i is the optimal commodity tax rate on xi, and m and F are the marginal
cost and fixed cost, respectively, of producing good xn+1.

We form the following Lagrangean for society:

� = W(V1, . . . ,VH) +�
[∑

t∗i xi + (pn+1 − m)xn+1 − F
]

where� is an appropriate Lagrange multiplier, Vh is the indirect utility function of
the hth consumer and W(.) is the social welfare function that has to be maximized.
The above Lagrangean is maximized with respect to t∗i and pn+1.

Computation of optimal indirect taxes

Computation of optimal indirect taxes with redistributive objectives in mind has
proved to be difficult. This is because of the high degree of non-linearity involved
in equations such as (13.31). Analytical solutions are almost impossible to arrive at
but computational approaches can be tried. One such method, drawing on Jha et al.
(1990), is discussed below.
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This approach begins by supposing that each individual h has a Stone–Geary
utility function of the form:

Uh =
n∑

i=1

�i1n(xi −�i)

where��i = 1 and �i > 0 and �i is the minimum amount of the commodity i which
this individual must have. Only amounts of xi in excess of �i give utility to the
consumer. The Stone–Geary utility function is the only utility function that gives
rise to the linear expenditure system. The indirect utility function corresponding
to the above utility function is:

Vh =
[
Ih −

∑
�iPi

]
/

[
n∏

i=1

(Pi)
�i

]
.

The Ramsey problem of optimal commodity taxation can now be written as:

maxW(V1, . . . ,VH)
ti

subject to the budget constraint

n∑
i=1

tixi = R

where R is the exogenously determined revenue requirement of the government.
Following Ahmad and Stern (1984), Jha et al. (1990) define �i as the marginal
social cost of raising a dollar of government revenue with a tax on the ith
commodity as:

�i = −(∂W/∂ti)/(∂R/∂ti) (i = 1, . . .,n).

If �i �=�j then social welfare can be improved by reducing taxes on commodities
with higher �is and increasing taxes on commodities with lower �js. The form
of the social welfare function chosen is that due to Atkinson (discussed in
equation (3.7) of Chapter 3) with varying magnitudes of the inequality aversion
parameter. An algorithm is developed which computes �is in the above manner
and changes these according to the above rule until all the �is are equal to each
other.

13.5 Extent of redistribution through commodity taxation

We had remarked earlier that the extent of redistribution that can be had through
commodity taxation is rather limited. It is time now to substantiate this point.
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This question was considered in a seminal paper by Sah (1983). We consider his
analysis now.

We have H consumers as before and each consumer has an indirect utility
function Vh(p,yh) where p is the vector of consumer prices and yh is lump-sum
income. We will let q be the vector of producer prices and let t be the vector of
specific commodity taxes so that:

p = q + t. (13.32)

We will let the public revenue requirement constraint take the simple form:

∑
h

Th = 0 (13.33)

where Th is the amount of indirect tax collected from the hth individual. In
equation (13.33) we are assuming, without any loss of generality, that all indirect
taxes are collected for redistribution only.

We define our metric of redistribution as the proportional increase in the real
income of the worst-off individual (l) due to the change in commodity prices from
q to p. Let Yl be a hypothetical payment to the individual l at the pre-tax price q
such that l is indifferent between receiving Yl and changing over to the post-tax
regime p. Thus:

Yl = el(q,Vl(p,yl)) − yl (13.34)

where e is the expenditure function. (Yl/yl) is, therefore, the proportional increase
in real income due to the tax program. This is the metric of redistribution used
by Sah.

From the concavity of the expenditure function in prices we know that:

yl + xl(q − p) ≥ Yl + yl or xl(q − p) ≥ Yl or

− Tl/yl ≥ Yl/yl.

In other words, the negative of the tax payment is an upper ceiling on the real
income gain to the poorest individual from the tax program. The intuition behind
this is quite simple. If the welfare of individual l has improved, then he must
receive a net subsidy on total purchase, i.e., −Tl/yl > 0. A part of this subsidy
goes to meet the deadweight loss and the remainder to increase total income.
Hence, our task is to calculate the upper limit of −Tl/yl.

Let �i = ti/pi be the ad valorem tax rate. As pi = qi + ti and qi > 0 it follows that
�i < 1 for any finite tax level. Define �h

i = xh
i pi/yh as the budget share of individual

h for the good i. Further, let �i = xipi/y be the average budget share (y =�hyh/H)
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and assume that �h
i > 0. The public revenue constraint (equation (13.33)) can be

written as∑
i

�i�i = 0. (13.35)

Divide the index set of commodities into two groups – one on which there is a
tax (J) and the other on which there is a subsidy (K). �i ≥ 0 if i ∈ J and �i < 0 if
i ∈ K. From equation (13.35) we have:

∑
i∈J

�i�i = −
∑
i∈K

�i�i. (13.36)

Now,
∑

i∈J �i >
∑

i∈K �i�i because 1 > �i ≥ 0 if i ∈ J. Also, by definition,

1 >
∑
i∈J

�i.

Thus 1 > −∑
i∈K �i�i from equation (13.36).

Dividing both sides by min
j

{�j} and because �i/{min
j

(�j)} ≥ 1 for all i we get:

−
∑
i∈K

�i�i/

{
min

j
(�j)

}
≥−

∑
i∈K

�i (because − �i > 0 for i ∈ K).

Hence, we get:

1/

[
min

j
(�j)

]
> −

∑
i∈K

�i. (13.37)

Using the same definitions as above we get:

−Tl/yl = −
∑

i

�i�
l
i = −

∑
i∈J

�i�
l
i −

∑
i∈K

�i�
l
i. (13.38)

The first term on the righthand side is, clearly, negative. Hence, it must be the case
that:

−Tl/yl < −
∑
i∈K

�i�
l
i. In this expression (−�i > 0) and

�l
i ≤ maxj{�l

i}. It, therefore, follows that:

−Tl/yl <

[
−
∑
i∈K

�i

]
max

j
{�l

j}. (13.39)
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Substituting equation (13.38) into this we get:

−Tl/yl <

[
max

j
{�l

j}
]
/

[
min

j
{�j}

]
. (13.40)

This is a ceiling on the possible redistribution entirely in terms of the budget
shares. The proportional real income gain to the worst-off individual is always
less than the ratio of the maximum budget share of this person and the minimum
average budget share of the economy.

We can consider an example of this limit. Let us suppose that there are only
two groups in society: rich (r) and poor (p). Their proportions in the population
are gr and gp. Further, there are only two commodities: necessities and luxuries.
The average consumption of commodity i is given as:

xi =
∑

h=r,p

ghxh
i and the average income is y =

∑
h=r,p

ghyh.

From equation (13.35) we have:

(�2 − �1)/�2 = 1/�1 because �2 = 1 −�1. Furthermore,

− Tp/yp = −
∑

i

�i�
p
i = �2{�p

1[(�2 − �1)/�2]− 1} or,

−Tp/yp = �2(�p
1/�

r
1 − 1). Now, if the rich are infinitely richer than the poor so

that yp/yr → 0 then �i = �r
i . Hence:

−Tp/yp = �2[�p
1/�

r
1 − 1]. (13.41)

If we take good 1 to be the necessity, i.e., �p
1 > �r

1, then it follows that �2 > 0.
This is as we would expect. The welfare of the poor can be improved only if
the luxury is taxed and the necessity is subsidized. Using 1 > �2 > 0 in equation
(13.41) we have:

−Tp/yp < �
p
1/�

r
1 − 1. (13.42)

To take a numerical example, if the poor spend as much as 80 per cent of
their income on necessities and the rich spend 20 per cent on necessities then
−Tp/yp < 3.

If income differences are finite (as opposed to the infinite difference assumed in
this example) the extent of redistribution is still smaller. The message from Sah’s
analysis is at once sobering and important. It tells us that commodity taxation
cannot be very (or, depending on your aversion to inequality, even sufficiently)
redistributive so that direct taxes have to be used. Second, we are well advised
to emphasize efficiency in allocation over redistribution in setting commodity tax
rates.
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13.6 The value added tax (VAT)

One of the principal forms that commodity taxation has taken in recent years is
that of the value added tax (VAT). It has been used in diverse countries around
the globe. The European Community, Australia, Canada, and New Zealand have
had VATs for some time now. Moreover, VAT is on the tax reform agenda for
many countries, some of which, for example, India, have already adopted modified
forms of the VAT and aim to have full-fledged value added tax systems in the
near future. In most of these countries the VAT has replaced excise and sales
tax structures. Hence, the VAT is a very important commodity tax, indeed the
dominant form of commodity taxation, and deserves special study. The literature
on VAT is vast and we shall make no attempt to survey it here. However, since
the VAT is in use in so many countries around the globe and is generally thought
of as being some sort of panacea for problems relating to commodity taxation, it
is perhaps more important to study its operational and practical significance.

There are several and, often conflicting, definitions of the VAT. The plain
definition of a VAT is a tax levied on businesses on the value they add to their
purchases of raw materials and goods and services. Leaving aside the problem of
capital and stocks, we can represent this by writing that value added (VA) equals
value of output (VO) minus total value of current inputs (VI):

VA = VO − VI. (13.43)

Now, the difference between value of output and value of input must be the stream
of income that is generated by this activity. Let us say that this stream of income
consists of wage income (W) and profits (�). Hence, we must have:

VA = VO − VI = W +�. (13.44)

Herein lies a crucial point. VA can be derived by addition (W + �) or
subtraction (VO − VI). These are called the addition and subtraction methods
of calculating value added (the base of the VAT).

In the theoretical literature VAT is often referred to as a means of collecting tax,
which could equally well replace an income tax or a corporation tax. In practice,
OECD countries have used VAT to replace other consumption taxes, like an
excise tax or a sales tax. In Table 13.1 we display some of the principal type of
VATS that have been discussed in the literature. In the VAT literature different
terminologies have been used and these types are distinguished by bold type in
the table.

The net consumption type VAT is the most popular method of calculating the
base of the VAT. Within this category the subtraction method is the preferred
method of calculating the VAT since there may be ambiguity about the items that
may be added (in the addition method). Further, most countries use the indirect
method of subtraction. However, the following additional caveats should be added:

1 Countries may disallow deductions for tax on certain business inputs which
introduces elements of a gross product type tax (1A) or a net income
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Table 13.1 Possible types of VAT systems

1 Possible coverage of VAT systems

A B C

A tax on all inputs with no
deductions at all for
business inputs.

Deduction for capital
goods limited to their
depreciation value.

Deducting for business
inputs.

Called gross product
type VAT.

Called net income
type VAT.

Called net consumption
type VAT.

2 Possible methods of operating net consumption type VAT

A B

Identification of value added by the
summation of all the elements of
value added (wages, profit, rents,
and interest).

Identification of value added by the
difference between inputs and outputs.

Called addition method. Called subtraction method.
Sometimes also called income

approach.
Sometimes also called product

approach.

3 Types of subtraction methods under net consumption type VAT

A B C

Deducting the aggregate
tax-exclusive value of
purchases from the
aggregate tax-exclusive
value of sales and taxing
the difference between
them.

Deducting the aggregate
tax-inclusive values of
purchases from the
aggregate tax-inclusive
value of sales and taxing
the difference between
them.

Deducting tax on inputs
from tax on sales for
each tax period.

Called direct subtraction
method.

Called intermediate
subtraction method.

Called indirect
subtraction method.

type tax (1B). For example, Belgium used to not allow deductions of expenses
on entertainment.

2 Countries may achieve effects similar to introducing (1A) or (1B) by
introducing taxes outside the VAT system. Some of the Scandinavian countries,
for example, taxed energy use separately.

3 Most countries in moving from (1A) type cascade taxes to (3C) type VAT
retained a transitional and declining tax on capital goods which was eventually
abolished or is in the process of being abolished.

There are a number of possible types of net consumption value added taxes to
choose between. VAT attempts to tax the value added by businesses in the course
of their business activities. Value added can be calculated in two ways: it can be
built up from its parts (payments such as wages, profits and rents to primary factors
of production such as labor, capital and land), shown in method (2A), or it can
be derived from the difference between value of the firm’s output and its inputs
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(the subtraction method, 2B). Subtraction methods may be direct or indirect. The
direct subtraction method consists of taking the aggregate value of sales and the
aggregate value of purchases during a period and taxing the difference between
them. The indirect subtraction method requires businesses to collect tax on their
individual sales (outputs) and pay tax on their individual purchases (inputs) and
hand over to the tax authorities the difference between the tax collected and the
tax paid for each tax period.

In the case of the addition method there may be difficulties in defining taxable
profits or of making exact border adjustments when dealing with firms operating
in more than one country or more than one province in a federal country. Further,
it would be hard to administer a VAT with more than one rate of tax under the
addition method. The direct subtraction method is the simplest to operate but this
tax may also be difficult to apply with more than one tax rate and when some
exemptions from the tax are to be granted.

The main advantages of the indirect subtraction method over the addition
method or the direct subtraction method are its greater flexibility and its greater
possibility of detecting tax evasion. So far as flexibility is concerned, apart from its
use in relieving from tax goods and services such as food, which governments may
not wish to tax or tax at a lower rate, the indirect subtraction method is an efficient
way of relieving exports of tax under the destination principle. An exporter can
claim credit, and a refund, on all his inputs. If he also sells in the domestic market,
then he deducts all his credits against the tax he has collected on his output and
either receives a refund (if the value of his exports exceeds his home sales) or pays
a smaller sum to the tax authorities than if all his sales had been domestic. There is
no tracing problem; inputs do not have to be divided into those related to exports
and those related to production for the home market. Similarly, this method copes
with imports more easily than either the addition or direct subtraction method with
its use of chain invoices. The seller and buyer have opposite incentives with regard
to tax evasion. This method also offers scope for an audit trail of cross-checking
by the tax authorities. No such facility is afforded by the addition method. With
the direct subtraction method such cross-checking can be undertaken, but it is not
simple, especially if more than one rate is involved.

A comparison of the VAT and the retail sales tax

Several authors, for example Tait (1988), have argued that a VAT and a retail sales
tax (RST) are almost indistinguishable from each other. If this is the case, then
the analysis of a VAT would be no different from that given at the beginning of
this chapter. However, this is only partially true. In this section we make a direct
comparison between the RST and the VAT.

The main difference between a single-stage RST and the multi-stage VAT is
that the RST is essentially a suspensive system: primary producers, wholesalers,
and retailers are generally required to be registered and are accountable for the tax
on sales of goods to non-registered persons (usually customers) but may buy and
sell goods among themselves without liability to tax, provided that none of these
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goods is for their own private use. Accordingly, payment of the tax is suspended
until the last stage – when the goods are sold by registered traders to unregistered
customers. VAT, in contrast, operates an invoice or credit or repayment system
and not a suspensive system, in that all traders buying goods and services have
to pay the tax – irrespective of whether they are registered or not. If they are
registered the tax paid is refunded to them. Assuming equal coverage and rates
between a VAT and a RST the same amount of tax would be collected under both
taxes. In this sense these two taxes are equivalent to each other. However, there
are some substantial differences as well. We discuss some of these below.

An important difference between a VAT and an RST is that in the VAT the onus
is always on traders to convince tax authorities that their claims for tax credits are
justified. In the case of an RST no such effort is required.

VAT credit mechanism obliges traders to keep detailed records of purchases
as well as sales, in order to get the rebate on the VAT paid on the inputs; such
detailed account-keeping is not required under the RST. However a certain amount
of account-keeping is always required to keep a check on trader activity.

Does this mean that administrative costs of a VAT are likely to be higher than
those of a RST? The answer is not necessarily so for the following reasons. First,
the number of registered traders with which the tax authorities have to deal is
unlikely to be very different in the two cases, since even under RST most traders
have to be registered. Second, because VAT traders have to record purchases as
well as sales, there is likely to be a close tie-up in the information requirement
which is absent in the RST case.

Third, and very significantly, possibilities of tax evasion are likely to be
higher under the RST. If this is true then it could be argued that if we were
comparing taxes with equal yield, the RST may give less revenue. Among the
kinds of tax evasion that could take place under both RST and VAT would be
concealment by enterprises of transactions through the ‘black labor market’, e.g.
construction workers, car mechanics, etc. Under VAT but not under RST, traders
can claim refunds on purchases never made. Under RST, but not under VAT,
non-registered users may set up counterfeit registration numbers to obtain tax-
free goods. However, with the VAT since both sales and purchases have to be
reported, there is a cross-check. Furthermore, it is thought that under RST the
whole of the tax is at risk but under VAT only the tax on value added by the
retailed at the last stage is at risk.

So far as services are concerned, there appear to be two reasons why it is
easier to accommodate services under VAT than under RST. The first is that the
bulk of services to consumers are provided by firms which also provide services
to firms. The second factor is that mixed-use services for business and private
consumption pose far fewer problems under VAT than under RST. Services
under VAT rendered to business firms are simply taxed in full. Identification of
the purchaser, required under RST if cascading is to be avoided, is unnecessary.
Whether or not the purchaser is subsequently entitled to take credit for tax is of no
concern to the seller, but a matter between the purchaser and the tax authorities. To
take a simple example, consider the purchase of a train ticket for a business trip.
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The VAT would not require any knowledge by the ticket office of the purpose
of the trip. It has been argued that a proper application of the RST would require
not only the presentation of an exemption certificate, but also an authentication
of the purpose of the trip. This example could be multiplied several-fold in the
fields of transportation, communication, advertising, and the like. Under the RST,
verification of end use falls on the supplier who cannot know the status of the
buyer nor, consequently, the end use; under VAT such verification falls on the
purchaser who does know.

So far as producer goods are concerned, it is generally agreed to be desirable
to relieve them of RST or VAT because the cascading effect of such taxes
haphazardly distorts competition. The VAT credit system permits a full credit
for taxes paid on purchases of all investment goods and auxiliary supplies used
by registered firms. In principle, RST systems permit the same sort of relief for
producer goods as VAT but, in practice, this does not work well for mixed-use
goods. Under the RST, it is necessary to find out the end use of these goods in order
to distinguish between those who should pay the tax and those who should not.

So far as internationally traded goods are concerned, the VAT credit mechanism
under which exporters pay tax on their inputs and then have this tax credited
against their sales has an advantage over the RST suspensive mechanism under
which exporters never pay in that the VAT system is more transparent and allows
proper crediting. On the import side, VAT requires importers to pay tax either at
the time of importation or soon after, whereas the RST would require that the tax
be paid only if the imported commodity is sold to an unregistered user.

There is some truth to these propositions and, perhaps, tax evasion is larger under
RST than under VAT. For countries that have undergone the transition from RST
to VAT, the experience with tax yields has been somewhat mixed although the
empirical evidence itself can be thought to be suspect. In the case of the Swedish
transition in 1970 tax revenues did not change very much. However, in the case of
the Irish transition during 1972 tax revenues increased from 4.5 per cent of GDP
to 5.1 per cent of GDP – a truly significant increase.

On the other hand, the two taxes have different compliance costs across different
categories of buyers. Since VAT requires traders to record both sales as well as
purchases, whereas an RST requires records only of sales, the compliance costs
in the aggregate may be lower in the latter case.

13.7 VAT and the informal sector

One of the advantages of the VAT is that since the tax base excludes inputs
there is no cascading effect. To appreciate this, consider the price paid for a
refrigerator in the absence of a VAT. When the steel manufacturer sells steel to
the refrigerator producer an excise duty is charged. Similarly when the final good –
the refrigerator – is sold to a consumer an excise duty is charged. So the consumer
pays tax twice – in fact she pays a tax on a tax (the duty paid on the tax inclusive
price of steel paid by the refrigerator producer). This is, then, a cascading effect.
Clearly, ceteris paribus, this is inefficient and would create incentives for vertical
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integration: the refrigerator producer would like to produce steel as well since this
would reduce duty obligations. But, clearly this is inefficient since, ideally, the
refrigerator producer should source steel from the most efficient producer. The
VAT makes this possible and eliminates the incentive for vertical integration by
enabling the write-off of duty paid at intermediate stages.

But is VAT then an efficient commodity tax? The answer is no.
An explanation for this is given in two stages. The first involves a uniform

VAT and the second a multi-rate VAT. The most common form of VAT is a
uniform tax on all commodities (barring essentials such as food items and some
medicines). This is usually the case in most developed countries where the VAT
is in operation. In several developing countries (such as India), multi-rate VATs
have been advocated.

Consider first the case of a single rate VAT. The VAT is more difficult to impose
on services than on goods, hence several services could escape the VAT tax net.
In fact Karoleff et al. (1994) argue that in the case of the Canadian economy
the underground sector accounts for somewhere between 14 and 22 per cent of
the GDP. Piggott and Whalley (2001) while reviewing this literature opine that
this figure may be exaggerated and the true value is between 7 and 8 per cent of
Canadian GDP. Nevertheless, this is a large magnitude.

Piggott and Whalley consider the case of a revenue neutral expansion of
the tax base to include goods not taxed, typically services. They work with a
representative agent model with three goods: manufactured goods, G, which are
taxed, services, S, which are not taxed and to which the VAT is extended, and
leisure, L. The utility function of the representative agent is written as:

U = U(G,S,L) (13.45)

The household allocates the available time H, between leisure, L, market
activities, M, and non-market (informal) activities, NM. Thus,

H = L + TNM + TM (13.46)

Output is given by a simple constant marginal production function for G:

G = �TG (13.47)

where TM = TG + TS (13.48)

with TG being time spent on producing the manufacturing good and TS the time
spent on producing services. Services are produced both in the formal and the
informal sectors. Service production in the formal sector is given by:

SM = 	TS (13.49)

whereas non-market production of services is given by:

SN = �(TNM)� (13.50)
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with �/(1 − �) being the supply elasticity of informal supply. The larger is � the
greater is the supply elasticity.

We begin with a situation in which only the manufactured good is taxed and the
proceeds of the tax are paid back to consumers in a lump-sum manner. Expansion
of the tax base to include S in a revenue-neutral fashion will increase consumption
of G but reduce consumption of S. This would have been the only effect had there
not been an informal sector. With the informal sector this expansion of the tax
base induces an expansion of production in the informal sector, in addition to
lowering of consumption of S. Broadening of the tax base will increase welfare to
the extent that it reduces the distortion in consumption between G and S but it will
reduce welfare to the extent that it increases the production distortion between SN

and SM. Sadka (1977) has shown that, even in the presence of separable preferences
(which we know is necessary for optimal commodity taxes to be uniform) moving
toward uniform taxation (by broadening the base) may reduce welfare. Piggott
and Whalley (2001) present some numerical examples where, as a consequence
of this base broadening, welfare may fall. They also discuss a variant of the model
with two groups of consumers – rich and poor. The rich work largely in the formal
sector, whereas the poor work in the informal sector. Base broadening, in this
case, may not affect the rich much but has a strong effect on the poor. Results
from calibration of their model to the data from Canada show that base broadening
of VAT has, in fact, reduced aggregate welfare.

Extending this line of inquiry Emran and Stiglitz (2005) model the impact
of a popular tax reform, i.e., a reduction of trade taxes and a revenue neutral
increase in the VAT rate, in the context of a developing country with a substantial
informal sector. There are only traded goods in this model – exportables and
importables. However, each of them could be produced in the formal or informal
sectors. The subset xf (xs) consists of all the exportables produced in the formal
(informal) sector whereas mf (ms) consists of all the importables produced in the
formal (informal) sector. All goods that are not taxable are lumped into a single
commodity (an exportable) and called commodity 0. This serves as numeraire. The
economy is endowed with a set of fixed factors (L). A representative consumer
owns all the fixed factors and maximizes a strictly quasi-concave utility function
subject to an overall budget constraint with the expenditure function denoted by
E(p0,p,U) where p0 is the price of the non-taxed good, p is the vector of consumer
prices of the other goods, and E is the minimum expenditure needed to reach
the utility level U. On the production side G(q0,q,L) is the maximum value of
national output produced with fixed factors, L, and producer price vector [q0,q].
The government raises revenue through trade taxes, �, and VAT, v. The world
prices for all these commodities are normalized to unity so that we must have:

pf = 1 + �f + v; qf = 1 + �f

ps = 1 + �s = qs; p0 = q0 = 1.

Thus goods in the formal sector pay both the trade tax as well as the VAT,
whereas only trade taxes can be imposed on goods in the informal sector.



326 The theory of taxation

The standard assumption that all tax revenues are returned to consumers in a
lump-sum manner is made. Total indirect tax burden on commodity j is denoted by
	j = vj +�j, with vj = 0 for goods in the informal sector. Tax burden as a proportion
of consumer price can be written as: �j = 	j/pj. The representative consumer then
maximizes utility with total expenditure (private budget constraint PBC)

E(p0,p,U) = G(q0,q,L) + R(�,v) (13.51)

and a government budget constraint:

R(�,v) ≡ �′(Ep − Gq) + v′Epf = R̄ (13.52)

where the subscripts to E(.) and G(.) denote the respective partial derivatives, the
prime denotes a transpose of a vector or matrix, and R̄ denotes the exogenous
government revenue requirement.

Emran and Stiglitz then consider the standard tax reform advocated by a number
of international agencies as well as national governments in many developing
countries is to lower the trade tax and substitute for this a rise in the VAT to
compensate for the loss in revenue. If all we had was the formal sector then this
would lead unambiguously to a rise in the utility of the representative consumer
since the economy would reap the benefits of trade reform which would more than
compensate for any loss in utility from the rise in VAT. However, in the presence
of an informal sector, the base of the VAT is lower. Other things remaining the
same, if the smaller is the base of the VAT the greater would be the required
hike in the rate of the VAT for any given reduction in trade taxes. This would
then increase the chances that the loss in utility from the VAT increase would
overwhelm the benefits from import tariff reduction. Emran and Stiglitz work out
the appropriate thresholds for general tax reforms of this sort as well as reforms
geared toward individual commodities.

Hence, there can be no unambiguous claim that the substitution of a VAT for
trade taxes would increase welfare.

13.8 Conclusions

In this chapter we have studied some aspects of commodity taxation. We
recognized that if lump-sum taxes are available then it is meaningless to impose any
commodity taxes. In the realistic situation that lump-sum taxes are not available,
commodity taxes do have a role. We derived key results relating to efficient
collection of commodity taxation. We also realized that uniform commodity
taxation is not desirable except under special conditions.

We then studied the redistributive role of commodity taxation. We derived the
standard Ramsey–Feldstein–Munk formula for optimal redistributive commodity
taxation. But we realized, as per the work of Sah, that the extent of redistribution
possible through commodity taxation is quite limited. We also studied some
operational aspects of a popular form of commodity taxation – the VAT. In the
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next chapter we broach the important question of the proper mix of direct and
indirect taxes.

Note

1 A specific tax and an ad valorem tax can be shown to be equivalent. If there is an ad
valorem tax at the rate of �i we can write the consumer price as pi = qi(1 + �i). For the
specific and the ad valorem tax to be equivalent qi(1 + �i) = qi + ti or ti = qi�i.

Additional reading

The following additional readings might be of interest to students. Hayek (1979),
Kay and King (1990), Wagner (1991), Mulgan and Murray (1993), Giles and
Johnson (1994). For a review of VAT issues in the context of developing countries
see Bird (2005).



14 Aspects of income taxation

Key concepts: optimal direct taxation: linear as well as non-linear; Pareto
optimal inter-generational taxation; optimal mix of direct and indirect
taxation.

14.1 Introduction

In this chapter we study income taxation or, more generally, direct taxation. Several
aspects have to be considered, and it would serve us well to make a list of the issues
to be considered. First, we study optimal linear income taxation. Then we move
to a study of optimal non-linear taxation. This, leads us to consider the role of
information in setting optimal income taxes. We then proceed to consider optimal
wage and interest income taxation. We realize that in all such models there is only
a limited role for indirect taxation. We show, however, that this is true only in
models of full certainty. Finally, we offer some concluding comments.

14.2 Optimal linear taxes

We have already encountered optimal linear taxation in Chapter 8 where we were
discussing the effects of taxation on labor supply. In this chapter we consider
optimal linear taxation more thoroughly. One part of the basic structure of most
optimal income tax models is that there is a trade-off in the imposition of a
distortionary tax. In a society where individuals have differing abilities, taxing
people with higher skills and, therefore income, will lead, ceteris paribus, to
higher tax revenues and also reduce income inequalities; whereas, at the same
time, if labor is variable then the size of the pie to be redistributed will be smaller
because more productive labor will reduce labor supply more than proportionately
under progressive income taxation. Hence, there is always an implicit trade-off
which one has to take account of.

Another aspect of the problem that has to be considered is as follows. The
analysis above implicitly assumes absolutely smooth substitution possibilities
between different types of labor. Hence, if a worker of type a is twice as productive
as a worker of type b then two workers of type b could, in principle, replace one
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worker of type a without any adverse output consequences. In other words, the
elasticity of substitution between the two types of labor is infinite. However, there
may be less than perfect substitution possibilities between different types of labor.
No number of unskilled workers can, for example, replace an accomplished heart
surgeon. In this case the elasticity of substitution between different types of labor
is finite and the analysis of optimal taxation is somewhat different. All these issues
will be considered in this chapter. We begin, however, with an analysis of optimal
linear taxation as initially studied by Sandmo (1976) and later by Yaari and others.

An optimal linear income tax

Several individuals exist and they are distinguished by their ability. The cumulative
distribution of abilities is given by �. This distribution of abilities is common
knowledge but the planner does not know the wage of any particular individual.
This knowledge is private to the individual alone. It is assumed that, under
competitive conditions, the wage of any individual reflects his ability by virtue of
the fact that any worker’s wage reflects his marginal product. It is further assumed
that the elasticity of substitution between different types of labor is infinite. We
normalize the distribution of abilities such that:∫ ∞

w0

d�= 1 (14.1)

where w0 is the wage of the least able worker. The most able worker will have only
finite productivity so that equation (14.1) is always true. Except for differences in
abilities, all workers are alike. In particular, they have the same utility function
with leisure and consumption as arguments.

Let Y be disposable income, Z pre-tax income, and T the tax paid. Then the
budget constraint of the individual, under progressive linear taxation, can be
written as:

Y = Z − T = (1 − t)wL + G (14.2)

where t is the (fixed) marginal tax rate, G the exemption limit of the linear tax, w
the wage rate, and L hours worked.

The government has an exogenous revenue requirement of R0 so that the
government’s budget constraint in view of equation (14.1) can be written as:

G + R0 = t
∫ ∞

w0

wLd�. (14.3)

The government’s tax policy attempts to maximize a social welfare function of
the form:∫ ∞

w0

�(U)d� (14.4)
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where U is the individual worker’s direct utility function. Different assumptions
about � would yield different tax rules. For instance, if � ′ = 1 then we have a
Benthamite social welfare function.

Forming the Lagrangean for the social planner we have:

� =
∫ ∞

w0

[� +�(twL − G − R0)]d� (14.5)

where � is the Lagrange multiplier. The first-order conditions are that:

∫ ∞

w0

[� ′(∂U/∂G) +�[tw(∂L/∂G) − 1]d� = 0 (14.6)

∫ ∞

w0

[� ′(∂U/∂t) +�(wL + tw(∂L/∂t))]d� = 0 (14.7)

(where a prime (′) denotes a partial derivative).
We have no reason to suppose that equations (14.6) and (14.7) will be well

behaved. There may be more than one solution to the first-order conditions. In
that case, we will have to look at the value of the social welfare function for each
such solution and choose the global optimum.

Now, we can write the Slutsky equation for the labor supply as:

(∂L/∂t) = −w(∂L/∂t)|dU=0 − wL(∂L/∂Z) (14.8)

since labor is an undesirable good. We also know that:

(∂L/∂t) = −�wL (14.9)

where � is the private marginal utility of income. Substituting in equations (14.6)
and (14.7) we have:

∫ ∞

w0

[� ′(�/�) + tw(∂L/∂Z) − 1]d� = 0 (14.10)

∫ ∞

w0

wL[� ′(�/�) + tw(∂L/∂Z) − 1 + tw(∂L/∂t)|dU=0]d� = 0. (14.11)

Now define b, the social marginal valuation of income, as:

b = � ′(�/�) + tw(∂L/∂Z) (14.12)

and substitute in equation (14.10) to get:

b̄ = 1 (14.13)
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(where b̄ is the average b); and in equation (14.11) to get:

∫ ∞

W0

Z[b − 1 + (tw)/(L)(∂L/∂t)|dU=0]d� = 0. (14.14)

Now write ∈LL= {w(1− t)/(L}{(∂L/∂t)|dU=0} as the compensated elasticity of
labor supply. We can then write equation (14.14) as:

∫ ∞

W0

Z[b − b̄ +{t/(1 − t)}{∈LL}d� = 0 (14.15)

or,

t/(1 − t) = −cov[b,z]/
[∫ ∞

W0

∈LL d�

]
. (14.16)

The conditions (14.13) and (14.16) have a very natural interpretation. b̄ is the
mean of the bs. Hence, equation (14.13) says that the lump-sum element (G) should
be so adjusted as to make the net social marginal valuation of the transfer of one
dollar of income measured in terms of government revenue equal, on average,
to the costs (one dollar). Equation (14.16) says that the tax rate depends on the
compensated labor supply elasticity and the way in which marginal social valuation
of income varies with total income. In equation (14.16) ∈LL> 0 since labor is an
undesirable good. The numerator could be positive or negative. Typically, b and
Z would be negatively correlated but if leisure becomes an inferior good at high
wages, then it is possible that b and Z could be positively correlated.

14.3 Optimal non-linear income taxation
(Mirrlees and Ramsey)

The work on optimal non-linear taxation dates back to the classic work of Mirrlees
(1971) and, perhaps even earlier, to the path-breaking work of Ramsey (1927).
Other important works in this area are Phelps (1973), Mirrlees (1976), Seade
(1977), and Auerbach (1987). Remember, though, that this is a purely wage
income tax problem and an atemporal one at that, and does not include the
taxation of other forms of income or problems of taxation over time.

The basic structure common to all purely wage income tax models is the
following. People are identical in their tastes but differ in their productivity at
work which we index by m. A person with ability m = 1 is only half as productive
as a person with ability m = 2. There exists a continuous distribution of people
along the ordinal scale of ability. The cumulative distribution function of abilities
is denoted by �(m). The highest and lowest levels of abilities are denoted by mh
and m1, respectively.

Apart from these efficiency differences workers are substitutable for each other.
Indeed, the elasticity of substitution between different types of labor is infinite so
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that one labor hour worked by one m = 3 worker can be perfectly substituted by
three labor hours of m = 1 type worker. The labor market is perfectly competitive
so that a person with ability m has a gross wage of mw where w is the wage rate of
a standard m = 1 type worker. Each person has an m-independent utility function:

U = U(−L,c) (14.17)

where L is labor (so that −L is leisure) and c is consumption. Leisure and
consumption are both desirable goods but one can only be had by sacrificing
the other. This utility function is assumed to be strictly quasi-concave and twice
continuously differentiable.

The individual’s budget constraint is dependent on his m. We chose units such
that the wage rate for a person of ability m =1 is simply 1. Thus the (before-tax)
earnings of a person with ability m is simply:

Z = Lm (14.18)

and the budget constraint is:

Z − T(Z) − c ≥ 0 (14.19)

where T(Z) is the (possibly non-linear) tax schedule that this individual faces.
Setting up the Lagrangean for this person we have:

� = U(−L,c) +�[Z − T(Z) − c] (14.20)

where � is the Lagrange multiplier.
To avoid cluttering up the notation, we write Ui as the partial derivative of

the utility function with respect to its ith argument. Thus U2 = (∂U/∂c) and
U1 = ∂U/∂L.

The first-order conditions are that:

U1 = m(1 − T′(.))� (14.21)

U2 = � (14.22)

Z − T(Z) − c = 0 (14.23)

In this set-up, it is assumed that the social planner can observe the distribution
of abilities � but cannot observe incomes. It is under these conditions that the
tax structure has to be set. In setting this tax structure, the government has two
requirements. First, it has an exogenous revenue requirement of the amount R0.
Second, it wishes to maximize a social welfare function. The first requirement can
be expressed in equation (14.24):∫ mh

m1

T(Z)�(m)dm = R0 (14.24)
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where, clearly,

T(Z) = Z − c. (14.25)

In specifying the second requirement, together with Mirrlees, we assume that
the government wishes to maximize a utilitarian social welfare function. The
government’s problem can, hence, be written as:

max
Z,c,T

∫ mh

m1

W[U(−L,c)]�(m)dm (14.26)

where W is a social welfare function. This took the utilitarian form in the
work of Mirrlees and the Rawlsian maximin form of that of Phelps. This social
welfare function is maximized subject to the revenue requirements expressed
in equations (14.24) and (14.25) and the utility maximization conditions in
equations (14.21) and (14.23). The latter constraints are necessary in view of the
fact that individual incomes cannot be observed and, therefore, the tax structure
has to be made consistent with rational behavior of individual tax payers.

A solution to this optimal income tax problem proceeds by converting the
revenue requirement conditions and the utility maximization conditions as
differential equations (in m) so that the resulting problem can then be solved
using the methods of optimal control. We first substitute equation (14.25) into
equation (14.24) and differentiate with respect to m to get:

dR/dm = (Z − c)�(m) (14.27)

with

Rmh = R0 (14.28)

where Rmh is the cumulative tax revenue until the level of ability mh.
We now work with the individual utility maximization conditions. Write the

indirect utility function as:

Vm = maxU(−Z/m,c). (14.29)

Differentiate this with respect to m to get:

dVm/dm = −U1(d/dm)(Z/m) + U2dc/dm + U1/Z/m
2. (14.30)

Equation (14.30) characterizes consumer equilibrium in the same sense as
equations (14.21) to (14.23) do. Now, when utility has been maximized, its
derivative with respect to m must be zero, i.e.,

−U1(d/dm)(Z/m) + U2(dc/dm) = 0. (14.31)
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Substituting into equation (14.30) we have:

dVm/dm = U1Z/m2. (14.32)

Equation (14.32) expresses fully and completely the constraint that individual
rationality places on the social welfare maximization problem.

We have a few more manipulations to carry out before we can make a complete
statement of the Mirrlees–Phelps optimal tax problem. In equation (14.29) since
U is monotonically declining in L it follows that we can invert this relation. Thus,
we write Z = Z(V,c,m). Hence, we eliminate Z as a control variable and include
V as a state variable. The final form of this problem is:

max
∫ mh

m1

W(V)�(m)dm

subject to:

(i) dV/dm = U1[−Z(V,c,m),c)]Z(V,c,m)/m2

(ii) dR/dm = [Z(V,c,m) − c]�(m)

and the terminal conditions:

Rmh = R0 and Rm1 = 0.

Using Pontryagin’s maximization principle (see Kamien and Schwartz, 1991) we
can write the Hamiltonian for this problem as:

H = W(V)�(m) + �1[U1/Z/m
2]+ �2[Z − c]�(m) (14.33)

where �1 and �2 are the costate variables attached to constraints (i) and (ii). In
this problem we have one control variable c, and two state variables R and V.

Controlling c defines the utility of the individual as well as his contributions to
the tax authorities. The necessary conditions for an optimum are:

(a) (∂H/∂c) = 0 = �1(∂/∂c){U1Z/m2}+ �2{(∂Z/∂c) − 1}�(m) (14.34)
(b) ∂H/∂V = −(d/dm)�1 (canonical equation for �1)
(c) ∂H/∂R = −(d/dm)�2 (canonical equation for �2)

(Realize that �1 is a function of m whereas �2 is not.)

(d) �1(mh) = �1(m1) = 0 (transversality conditions)
where �1(mh) is the value of the costate variable �1 at mh etc.

(e) Rm1 = 0 and Rmh = R0.
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The standard results in optimal tax theory are all derived by interpreting these
conditions. Let us first note that:

dVm/dm = U1Z/m2 ≥ 0.

In the face of very high marginal tax rates, a person with a high ability always
has the option of working less than a person with less ability and enjoying
higher leisure. Thus dVm/dm cannot be negative. A person with high ability
must have at least as high utility as a person with low ability. In later work on
optimal tax theory, this has been referred to as the incentive compatibility or
self-selection constraint.

It is also easy to see that T′ < 1 (the marginal tax rate is strictly less than
100 per cent). To see this let us suppose that T′ > 1. In this interval a person
who gives up leisure to work more ends up paying more than 100 per cent of the
incremental income in taxes. No rational consumer would target an income in this
range of Z.

We now show an important result. In equation (14.34), ∂Z/∂c is the marginal
rate of substitution between income and consumption. From the individual’s
first-order conditions for utility maximization we know that ∂Z/∂c = 1/(1 − T′)
whence, substituting in equation (14.34) we have:

T′ = −�1[(∂/∂c)(U1Z/m2)]/[�2�(m) − �1{(∂/∂c)(U1Z/m2)}]. (14.35)

This is a highly non-linear form for the optimal marginal tax rate. However, there
is one property of the optimal marginal income tax rate that can be established
immediately from equation (14.35). Since, from the transversality conditions,
�1 = 0 at the top and bottom ends of the ability distribution, it must be the case
that the optimal marginal income tax rate must be zero at both ends of the ability
distribution. We will have more to say about the intuition of this result at a later
stage.

A related result is that under the following two conditions the marginal tax rate
is non-decreasing (T′ ≥ 0). These conditions are:

(i) the cross-partial derivative of the utility function is non-negative: U12 ≥ 0
(marginal utility of leisure does not fall when consumption increases);

(ii) the marginal social value of leisure declines with ability, i.e., d(WUU1)/
dm ≤ 0.

We first show that if condition (ii) holds then �1 ≤ 0. From the canonical equation
for �1 we have that:

−(d/dm)�1 = [WV + �2ZV]�+[(∂/∂V)(dV/dm)]�1

= 	(m)�2 +�(m). (14.36)
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This is a linear differential equation in �1 which we can solve to get:

−�1(m∗) =
∫

m1

[�( j){e
∫ j

m∗ 	( ĵ)dĵ}]dj. (14.37)

Since the exponential function is non-negative, the sign of equation (14.37) is
given by �( j) alone. It is easy to see that �( j) ≥ 0 whenever WUU1 ≥ �2. Now,
WUU1 is monotonically decreasing by assumption and �2 is a positive constant,
hence we must have �( j) changing sign at most once from positive to negative.
Now, from the transversality conditions �1(mh) = �1(m1) = 0 so that �1 ≤ 0.
From equation (14.35) then we will have T′ ≥ 0 if (∂/∂c) (U1Z/m2) > 0. But this
derivative equals [−Z(∂Z/∂c)U11/m + ZU12 + (∂Z/∂c)U1]/m2. Now, U11 < 0,
by concavity of the utility function, so that (∂/∂c)(U1Z/m2)> 0 and hence T′ ≥ 0.

If we combine this with the result that T′ is zero at the top and bottom ends of the
ability distribution, we realize that the marginal tax rate will rise in some ranges
of the ability distribution and fall in others. Between the two extremes of mh and
ml, the marginal tax rate is non-negative whereas at the end points it is zero.

At the qualitative level, not much more can be said about the optimal non-
linear tax. To get more precise results, we must do numerical calculations.
Mirrlees himself did some calculations using a Cobb–Douglas example. His main
conclusions are threefold:

(1) the optimal tax schedule is approximately linear;
(2) the marginal tax rates are rather low;
(3) the income tax is optimally not a very redistributive tax.

Phelps, in his articulation of the optimal tax problem with a Rawlsian social
welfare function, came to almost the same conclusions as Mirrlees. As would be
expected, however, the Rawls optimum tax schedule is rather more redistributive.

Optimal taxation with many goods

How far can we go (qualitatively) in the case of optimal non-linear taxation with
many goods. We pose the problem in a manner completely analogous to the one
just discussed.

Labor, apart from efficiency differences, is still substitutable. There are n goods
for which taxes must be chosen. The individual’s utility function is written as:

U = U(−Z/m;c1, . . . ,cn) (14.38)

where c1, . . . ,cn are the amounts of n goods for which tax rates have to be found.
The individual’s budget constraint is:

T(Z) +
∑

j

pjcj = Z (14.39)



Aspects of income taxation 337

where qj is the producer price of commodity j, pj(= qj + tj) is the producer price,
and tj is the specific tax rate on commodity j.

By following the same steps as in the previous section, we can derive maximized
utility as a function of optimally chosen leisure and consumption goods:

V = maxU(−Z/m;c1, . . . ,cn) (14.40)

and again we arrive at our familiar envelope condition:

dV/dm = U1Z/m2.

Mirrlees (1976) has focused on the problem of derivation of an optimal income
tax schedule (T) and optimal linear taxes on the n goods. The latter amounts to
choosing the consumer prices pj.

The dual expenditure function for the consumer utility maximization problem
can be written as:

e = e(p1, . . . ,pn;V,−Z/m). (14.41)

Hence, we can write the envelope condition as:

dV/dm = (Z/m2)U1(−Z/m,ep1, . . . ,epn) (14.42)

where epi = (∂e/∂pi) represents the demand function for commodity i.
The final form of the optimal tax problem can now be written as:

max
∫ mh

m1

W(V)�(m)dm

subject to

dV/dm = (Z/m2)U1(−Z/m;ep1, . . . ,epn)

dR/dm = (Z −�jpjepj)�(m)

Rm1 = 0 and Rmh = R0.

The Hamiltonian for this problem can be written as:

H = W(V)�(m) + �1(Z/m2)U1 + �2(Z −�jpjepj)�(m). (14.43)

Once again �2 is a constant whereas �1 is a function of m.
The first-order conditions for an internal maximum are that:

∂H/∂Z = 0

−(d/dm)�1 = (∂H/∂V) (canonical equation)

−(d/dm)�2 = (∂H/∂R) (canonical equation)

�1(m1) = �1(mh) = 0 (transversality conditions)

Rm1 = 0 and Rmh = R0.
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Results are, on the whole, straightforward extensions of the problem considered
in the previous section. It is trivial to show that post-tax utility is a non-decreasing
function of ability. Similarly, the result that T′ < 1 follows easily. The end-
point conditions get amended somewhat. The individual’s tax liability (�) can
be written as:

� = T(Z) +
∑

tjepj . (14.44)

Now increase labor income, Z, by a small amount for some m person on the
optimal path. The controls are held constant so that:

(∂�/∂Z) = 1 −
∑

qj(∂epj/∂Z). (14.45)

Now, from the first-order conditions for the maximization of the Hamiltonian we
have:

0 = (∂H/∂Z) = �1(∂/∂Z)U1 + �2[1 −
∑

qj(∂epj/∂Z)]�. (14.46)

Combining equations (14.45) and (14.46) we get:

(∂�/∂Z) = −[�1/(�2�)][(∂/∂Z)U1]. (14.47)

At m1 and mh we have �1 = 0, so that, at these and points, (∂�/∂Z) = 0.
An intuitive explanation for this would go as follows. Let us take the higher

end of the ability distribution mh. If the marginal direct plus indirect tax rate is
positive here then people with this ability will supply less labor and move, in terms
of effective labor supply, to the position of persons whose ability is just less than
mh. The result that the total marginal direct and indirect tax rates should be zero
does not, of course, mean that each has to be zero. One of them could be positive
and the other negative.

In a similar vein one can establish that (∂�/∂Z) ≥ 0 so long as:

(i) goods subject to taxation and leisure have non-negative cross partials in the
consumer’s utility function, i.e., Uli = ∂U1/(∂epi ) ≥ 0;

(ii) the marginal social utility of a dollar is a non-increasing function of utility,
i.e., dWV�/dV ≤ 0 (where � is the Lagrange multiplier associated with the
consumer utility maximization problem).

This result, which is left as an exercise for the interested reader, is an exact analog
of the result proved for the one good Mirrlees optimal income tax case.

In the Mirrlees framework, then, the existence of several goods is tackled in a
relatively simple manner. All taxed goods and untaxed goods (such as leisure) are
treated as if they could be aggregated.
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14.4 Information theoretic foundations of optimal tax theory

Results in optimal tax theory are important because they do not assume
observability of incomes. This problem of optimal taxation under conditions of
imperfect information has been further analyzed by Stiglitz (1982, 1989) and by
several others, for example, Boadway and Keen (1993), Boadway et al. (1999).

We start off with the simplest version of this problem and then build it up in
complexity. Since imperfection of information is the key issue to be considered,
the structure of the model that does not have any bearing on the imperfection of
information is kept very simple. We will, for example, collapse the continuous
distribution of abilities of the Stiglitz to a situation in which there are only two
types of workers – skilled and unskilled. We will begin with the simplest case,
that of full information.

Full information case – fixed labor supply

Consider an economy consisting of two types of households (workers): high-
ability types (type h) and low-ability types (type l). Workers have utility functions:
Ui(ci,Li) where Ui, ci, and Li are the utility functions, consumption and labor of a
worker of type i(i = 1,h). If there are no taxes, the individual’s budget constraint
can be written as:

ci = Yi = wiLi (14.48)

where Yi is gross income and wi is the competitively determined wage rate.
Suppose, to begin with, that labor supplies are fixed so that lump-sum taxes are
feasible. The social planner attempts to tax the high-ability persons in order to
redistribute income to low-ability people.

With this stipulation, an individual’s utility maximization plan can be written as:

max
ci

Ui(ci,
Li) subject to ci = wi
Li − Ti.

The solution to this problem is:

ci = wi
Li − Ti. (14.48a)

The social planner attempts to maximize a social welfare function. Assume
that there are Nh number of high-ability workers and N1 number of low-ability
workers. Suppose the social welfare function chosen is of the utilitarian type. This
is maximized subject to the constraints given in equation (14.48). The Lagrangean
for the social planner is:

�= NhUh(ch,Lh) + N1U1(c1,L1)

+�[Nh(wh
Lh − Th − ch) + N1(wl
Ll − Tl − c1)]. (14.49)
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Choosing Ti is tantamount, in this model, to choosing ci. The first-order conditions
are that:

Nh(∂Uh/∂ch) −�Nh = 0 → ∂Uh/∂ch = � (14.50a)

N1(∂U1/∂c1) −�N1 = 0 → ∂U1/∂c1 = � (14.50b)

so that the marginal utilities of the two types of workers are equated. This
is depicted in Figure 14.1 where we have drawn a utility possibility frontier
between the utilities of the two types of workers. Social optimum occurs at point A
where the slope of the utility possibility frontier is −1. If, instead we were working
with the Rawlsian social welfare function, utilities would have to be equalized. The
social indifference curve would be of the type depicted in Figure 14.2. Optimum
occurs at point A.

Essentially, this means that, since there is full information, the government can
help solve the individual’s utility maximization problem. This would be true even
in the case where labor is variable and non-lump-sum taxes have to be used. In this
case the first-order conditions for utility maximization (when the social welfare
function is utilitarian) would read:

(∂Uh/∂ch) = (∂U1/∂c1) (14.51a)

wi(∂Ui/∂ci) + (∂Ui/∂Li) = 0. (14.51b)

It should be noted, however, that if both types of workers have the same utility
function and leisure is a normal good then the more able workers will actually

Uh

A

slope = −1

U1 Optimal choice with
a utilitarian social
welfare function  

Figure 14.1 Optimal choice with a utilitarian social welfare function.
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Figure 14.2 Optimal choice with a Rawlsian social welfare function.

be worse off. The utilitarian solution has the property that the high-ability person
would prefer the {c,L} combination of the low-ability person. This can be seen
most easily if the utility function is additively separable (and identical across
individuals):

Ui = U(ci) − b(Li).

In this case equation (14.51a) implies that all individuals, regardless of their ability,
receive the same level of consumption, but condition (14.51b) requires that those
with higher productivity have a high marginal productivity for work, i.e., they
work harder. This is shown in Figure 14.3 where we have drawn indifference
curves for the two types of workers in (c, Y) space. In the Rawlsian case, more
able workers are not worse off.

Imperfect information case

Suppose now that an individual’s labor input and wages are not observable. Hence,
the government cannot solve the individual’s utility maximization problem so as
to achieve a Pareto efficient outcome. Hence, the social planner must redefine
the individual’s optimization problem in terms of observables. Typically, gross
income (Yi) and consumption (ci) may be observable. Since Yi = wiLi we can
define an individual’s utility as Vi where:

Vi(ci,Yi) ≡ Ui(ci,WiLi/wi). (14.51)
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Figure 14.3 Indifference curves of low and high-ability persons.

First, let us define the properties of the transformed utility function.

(i) Increase in Yi decreases utility if ci is held constant. This is because this
would increase work without increasing consumption:

(∂Vi/∂Yi)|c̄i < 0.

(ii) More productive individuals will have flatter indifference curves in (c,Y)
space. We know that the mrs between ci and Yi is:

(∂ci/∂Yi)|
Vi =−(∂Vi/∂Yi)/(∂Vi/∂ci)=−(1/wi)(∂Ui/∂Li)/[∂Ui/∂ci].
(14.52)

More productive individuals have higher wis and hence (∂ci/∂Yi)|
Vi will be lower
for such individuals. If leisure is a normal good then, at any given set of values
of {c,Y}, more able persons will work less and, hence, the mrs between c and Y
will be lower for them.

(iii) We should also note that when individuals maximize their utility, in the
absence of taxation, they set the mrs between consumption and leisure equal
to the wage:

(∂ci/∂Li)|
V = −[(∂Ui/∂Li)/(∂Ui/∂ci)] = wi. (14.53)
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Substituting in equation (14.52) we get:

(∂ci/∂Yi)|
V = −[(∂Vi/∂Yi)]/[(∂Vi/∂ci)]
= −[(∂Ui/∂Li)/wi]/[∂Ui/∂ci] = wi/wi = 1. (14.54)

In the absence of taxation, then, the slope of the indifference curve in {c,Y} space
is unity.

We already know that in the full information case, the higher ability worker
had the incentive to behave like the low-ability worker. It was not possible in that
case because of full information. Now that we have admitted the possibility of
imperfect information this is a distinct possibility. Hence, any welfare exercise
must be consistent with the individual incentives, otherwise it is doomed to failure.

We now consider the following Pareto optimizing exercise. We maximize the
utility of a representative low-ability worker subject to the constraints imposed
by revenue requirement and individual rational behavior. Hence, we consider the
following problem:

maxV1(c1,Y1) subject to

(i) Vh(ch,Yh) ≥ 
Vh (standard Pareto constraint);
(ii) V1(c1,Y1) ≥ V1(ch,Yh) (self-selection constraint on individual 1);
(iii) Vh(ch,Yh) ≥ Vh(c1,Y1) (self-selection constraint on individual h);
(iv) R = (Y1 − c1)N1 + (Yh − ch)Nh ≥ R0 (revenue requirement).

The self-selection constraints ensure that a high-ability person does not find it in
his interest to mimic the behavior of the low-ability worker who, in turn, does not
find it profitable to mimic the behavior of the high-ability worker. Setting up the
Lagrangean we have:

�= V1(c1,Y1) +�Vh(ch,Yh) +�1[V1(c1,Y1) − Vl(ch,Yh)]
+�h[Vh(ch,Yh) − Vh(c1,Y1)]+�[(Y1 − c1)N1 + (Yh − ch)Nh − R0]

(14.55)

where �, �1, �h, and � are Lagrange multipliers. First-order conditions for an
internal optimum are:

(∂�/∂c1) = (∂V1/∂c1) +�1(∂V1/∂c1) −�h(∂Vh/∂c1) −�N1 = 0 (14.56a)

(∂�/∂ch) = �(∂Vh/∂ch) −�1(∂V1/∂ch) +�h(∂Vh/∂ch) −�Nh = 0
(14.56b)

(∂�/∂Y1) = (∂V1/∂Y1) +�1(∂V1/∂Y1) −�h(∂Vh/∂Y1) +�N1 = 0
(14.56c)

(∂�/∂Yh) = �(∂Vh/∂Yh) −�1(∂V1/∂Yh) +�h(∂Vh/∂Yh) +�Nh = 0
(14.56d)
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These first-order conditions assume that both �h and �1 are strictly positive. In
general, one or both of the �s are zero. Let us first consider the case where both
the �s are zero and study the utilitarian case where � = 1. This is the case of
the pooling equilibrium where it is not necessary to distinguish between the two
groups of people. From equations (14.56) the mrs is then:

(∂ci/∂Yi)|
V = −(∂Vi/∂Yi)/(∂Vi/∂ci) = 1. (14.57)

This is a result we already know and is depicted in Figure 14.4a.
Let us take the separating equilibrium cases now. If �1 = 0 then the self-

selection constraint on individual of type 1 is binding whereas it is not binding for
workers of type h. Then, from equations (14.56b) and (14.56d) we will have the
mrs for type h as:

(∂cl/∂Yl)|
Vi = �Nh/�Nh = 1.
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Figure 14.4 Optimal taxation under full and symmetric information.
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Hence, people of type h face a zero marginal tax rate. For people of type l from
equations (14.56a) and (14.56c) we have the mrs as:

(∂cl/∂Yl)|
V1
,=−[�h(∂Vh/∂Yl)−�Nl]/[�h(∂Vh/∂cl)+�Nl]<1 (14.57a)

so that people of type l face a non-zero marginal tax rate. This is shown in
Figure 14.4b. To see this analytically define:

�i = −(∂Vi/∂Yl)/(∂Vi/∂cl); and

� = �h(∂Vh/∂cl)/(�Nl).

Hence, equation (14.57a) can be written as:

�l = (1 + �yh)/(1 + �) = �h + (1 −�h)/(1 + �)

Since �l > �h it follows that 1 > �l > �h.
In an exactly analogous manner it can be shown that �h = 0 and �l > 0 then the

workers of type h will face a non-zero marginal tax rate whereas workers of type l
will face a zero marginal tax rate. This is sometimes referred to as the ‘normal’
case. The high-ability person is strictly better off in his own shoes than mimicking
the behavior of the low-ability worker. In this case the marginal tax rate on the
high-ability person should be zero. Further, it is easy to show that both �h and �l
cannot be zero at the same time.

In the discussion above we have been speaking in terms of a marginal tax rate
whereas we have actually been choosing consumption and income. We still have
to demonstrate the properties of the optimal tax schedule formally.

If the tax schedule was differentiable, and we have no reason to suppose it is,
then we have:

Ti = T(Yi) and, therefore, ci = Yi − T(Yi).

Now, the individual’s first-order condition can be written as:

−(∂Vi/∂Yi)/(∂Vi/∂ci) = 1 − T′. (14.58)

The lefthand side is the mrs and the righthand side is the marginal return to working
an extra hour. Although the tax function need not be differentiable we can refer to:

1 + (∂Vi/∂Yi)/(∂Vi/∂ci) = 1 + (∂Ui/∂Li)/[wi(∂Ui/∂ci)] (14.59)

as the marginal tax rate. The interpretation of the mrs in terms of the marginal tax
rate then follows.

It is instructive to visualize the case where persons of high-ability face a zero
marginal tax rate as in Figure 14.5. The 45-degree ray through the origin is the
no-tax line so that the vertical distance between this ray and any consumer’s
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Figure 14.5 Maximization of tax revenue.

indifference curve is an indicator of the tax collected from this individual at the
margin. So far as the more able individual is concerned, he has self-selected
himself into the ‘right’ category. Hence, society should try to extract as much
revenue as possible from this person, at the margin. This will happen when the
vertical distance between this individual’s indifference curve, at optimum, is the
same as that of the 45-degree ray. In other words, the slope is 1 and the marginal
tax rate on this individual is zero.

Stiglitz then goes on to extend this model to cover a continuous distribution
of abilities as in the Mirrlees model. This is sketched out in the Appendix to this
chapter. The principal conclusions are as follows:

• The marginal tax rate is lower the larger the fraction of the population, �, at
a particular income level that pays that marginal tax rate. The tax should not
impose large distortions where there are many people.

• The marginal tax rate is lower the lower is �(w), the shadow price of the
self-selection constraint. It is zero, at both ends of the ability disctribution.

• The marginal tax rate is lower, ceteris paribus, the higher the productivity of
the group.

• The marginal tax rate is lower, the higher the labor supply response.

14.5 Optimal taxation with imperfect substitution of labor

An important characteristic of the Mirlees–Stiglitz framework is that different
types of labor are perfect substitutes for each other. If you have enough masons
you can replace a brain surgeon.
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Clearly, a relevant extension would be to consider the case where no matter
how many masons you get you cannot replace a brain surgeon. The elasticity of
substitution between different types of labor is finite. This case was considered by
Allen (1982).

We assume that there are two types of labor: high ability, h, and low ability, 1,
labor. But each type of labor is necessary in the production process. Production is
given by the standard neoclassical production function:

Q = F(NhLh,N1L1) = L1Nlf (n) (14.60)

where n ≡ LhNh/(L1N1). NiLi is total labor supply by labor of type i and we
write the last term on the righthand side of equation (14.60) because we assume
constant returns to scale for the production function F(.).

Both types of labor are available in competitive factor markets where they each
get their marginal product. Thus:

wh = ∂F/∂(NhLh) = f ′(n) (14.61)

and

w1 = ∂F/∂(N1L1) = f (n) − nf ′(n) ≡ g(n). (14.62)

We now conduct the same Pareto optimizing exercise. We maximize the utility
of a representative worker of type h, given the utility of type 1 workers. This will
be subject to three constraints:

(i) There will be a revenue requirement constraint where output less consump-
tion will be set equal to the exogenous revenue requirement R0.

(ii) There will be a self-selection constraint on type h workers so that they do
not find it necessary to mimic the behavior of type 1 workers.

(iii) There will be a constraint on the wage for the 1 type workers.

Clearly we could have chosen a different self-selection constraint but the example
we are studying here will suffice for illustrative purposes.

Realize that upon substituting for Li we will get:

n = NhLh/N1L1 = NhYhw1/(N1Y1wh).

The Lagrangean for this problem can be written as:

�= Vh +�1V1 +�2[F(N1Y1/w1,NhYh/wh) − c1N1 − chNh − R0]
+�3[Vh(ch,Yh;wh) − Vh(cl,Yl;wh)]+�4[w1 − g(n)] (14.63)

where the �is are Lagrange multipliers.
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Differentiation yields:

(∂�/∂ch) = (∂Vh/∂ch) −�2Nh +�3(∂Vh/∂ch) = 0 (14.64a)

so that

∂Vh

∂ch
= �2Nh

(1 +�3)
(14.64a′)

(∂�/∂Yh) = (∂Vh/∂Yh) +�2F2(Nh/wh) +�3(∂Vh/∂Yh)

−�4g′Nhw1/(whY1N1) = 0 (14.64b)

where F2 is the marginal product of type h labor. Under competitive conditions
this is equal to the wage rate. Hence the second term on the righthand side of
equation (14.64b) is simply �2Nh. Now, let us examine the last term on the
righthand side of equation (14.64b). We realize that (Nhwl/(whY1N1) = n/Yh.
Hence, we can write equation (14.64b) as:

(∂�/∂Yh) = {(∂Vh/∂Yh) +�2Nh −�4g′n/Yh}/(1 +�3) = 0. (14.64b′)

Dividing equation (14.64b′) by (14.64a′) we will have:

−(∂Vh/∂Yh)/(∂Vh/∂ch) = 1 −�4g′n/(YhNh�2). (14.65)

Now, if f ′′ = 0 the last term on the righthand side of equation (14.65) will be zero
and the more able person will face a zero marginal tax rate – just as in the Mirrlees
model. But f ′′ = 0 corresponds to infinite elasticity of substitution between the
two types of labor, which is precisely the point that Allen is making. If f ′′ < 0, as
is usually the case, then the more productive individual should work beyond the
point where the slope of his indifference curve in {c,Y} space is unity. In other
words, he should face a negative marginal tax rate.

The intuition behind this result is quite straightforward. Since each type of
worker is indispensable and, in this example, the self-selection constraint is
relevant for type h persons, it pays society to induce workers of this type to work
more than they would with a zero marginal tax rate. Hence, we have the negative
marginal tax rate.

14.6 Optimal wage and interest income taxation in
steady state

An important limitation of the analysis above is that it is static in nature. This is
evident both from the atemporal nature of the optimal tax problem as well as from
the (implicit) specification of the production function in terms of labor only so
that all questions of capital accumulation and the effects of the tax structure on it
can be ignored. It is now time to confront this question.
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When we move to the question of taxation in intertemporal economies we
realize that the problem can be set up in two broad ways. First, we can study the
problem of optimal taxation in the steady state of a dynamic economy. The second
is to study this problem without reference to any steady state. Clearly, the former
method is simpler to work with and we begin with that.

We work with the life-cycle model with which we are familiar and focus on the
pathbreaking work of Ordover and Phelps (1979) in this regard. Another reference
is Sandmo (1980). At any point in time two generations are alive: the ‘young’ and
the ‘old’. Each generation lives for two time periods. In the first period it works
and saves and in the second period it is retired and consumes its savings. There are
two goods in the model. One good is labor (or leisure) and the other is produced
with the help of capital and labor. Capital, itself, is indistinguishable from this
commodity. The production function for this commodity is of the constant returns
to scale variety. Each consumer has a utility function defined over consumption in
both time periods and (first period) leisure. Labor in each period is heterogeneous
in the Mirrlees sense and the distribution of abilities stays stable from one time
period to the next. In each time period, the social planner imposes a (possibly non-
linear) tax on wage and interest income in order to finance exogenous government
expenditure. Since this is an intertemporal model it is entirely possible to
issue debt.

Let us look at this problem from the vantage point of generation j. Apart from
the taxation of savings and wage income, the social planner has two other policy
tools available. Each person gets a demogrant Gj when young and Hj when retired.
Lm is, as before, the labor supply of a person with ability m. Once again, units
are chosen so that the wage of a standard m = 1 type of labor is simply 1 so that
the earnings, or effective labor supply, of a person with ability m is mLm. An
individual of ability m solves the following optimization problem:

maxU(cm
1 ,c

m
2 ,L

m) (14.66a)

subject to

mLm + Gj + Hj/FK − cm
1 − cm

2 /FK − TL(mLm) − Ts(c
m
2 − Hj) = Sm ≥ 0.

(14.66b)

The budget constraint in equation (14.66b) needs a little explanation. mLm is
wage income and Gj are first period demogrants. Hj are second-period demogrants
which have to be discounted back (at the marginal product of capital FK) to
make them comparable with first-period earnings. cm

1 is first-period consumption
and cm

2 is second-period consumption which has to be discounted to make it
comparable with first-period consumption. TL(.) is the wage tax schedule and
TS(.) the savings tax schedule. For the sake of simplicity it is assumed that each
household has to prepay its savings taxes so that these do not have to be discounted.
Sm is net savings which, in the absence of a bequest motive, must equal zero
in optimum.
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Write down the Lagrangean for this problem as:

� = U(.) +�[mLm + Gj + Hj/FK − cm
1 − cm

2 /FK − TL(.) − TS(.)] (14.67)

where � is a Lagrange multiplier. We can write the first-order conditions as:

(∂U/∂cm
1 ) −� = 0 (14.68a)

(∂U/∂cm
2 ) +�[−(1/FK) − T′

S] = 0 (14.68b)

(∂U/∂Lm) +�(m − T′
Lm) = 0 (14.68c)

∂�/∂� = 0. (14.68d)

It is clear from these first-order conditions that the maximized utility of person
with ability m can be written as:

V∗(m) = maxU(mLm + Gj + (Hj − cm
2 )/FK − TL(.) − TS(.);cm

2 ,L
m).

(14.69)

In a manner completely analogous to the Mirrlees model (equation (14.32)) we
can write the envelope condition:

dV(m)/dm = −(∂U/∂Lm)mLm/m2 ≥ 0 (14.70)

and we can invert equation (14.69) to get (as a straightforward generalization of
the Mirrlees model):

cm
1 = Z(V∗(m),cm

2 ,L
m). (14.71)

These are the utility envelope conditions to be satisfied by the government
of generation j. We could impose a revenue requirement condition for this
government of generation j and solve for optimal taxes as do Ordover and Phelps
(1979). However, it makes more sense to think of generation j inheriting the debts
of the government of generation ( j − 1), borrowing some and passing on debt to
the government of generation ( j + l).

The full problem of intra- and inter-generational justice can be looked upon as a
two-step exercise. In the first step, each generation solves its own problem of intra-
generational justice according to some well-specified norm of justice, for example,
the utilitarian or Rawlsian criterion. In the next step, these plans are coordinated
and amended to make them conform to society’s notion of inter-generational
justice.

The government of generation j maximizes the following social welfare
function:

Wj =
∫ mh

m1

Wj[U(cm
1′j′ ,c

m
2′j′ ,L

m
j )]d�(m) (14.72)

where cm
1′ j is first-period consumption of an m ability person of generation j, etc.
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Ordover and Phelps place the following inter-generational restrictions on
the maximization of this welfare function. First, there is the question of inter-
generational trust. The government of generation j must meet the second-period
consumption expectations of the old of generation ( j − 1). In other words if, as
part of their own maximization plans, generation ( j−1) gave themselves second-
period consumption amounting to c2( j−1), then the government of generation j is
ethically bound to supply them with this much consumption.

Moreover, the future path of capital and second-period consumption is
predetermined, i.e., Kj+1 , c2, j+1(i = 1,2, . . .) is a datum. Why is this justified?
Take c2, j+1 first. The current generation can always increase its utility by leaving
less for future generations’ second-period consumption. Inter-generational justice
requires that the government of generation j should not be allowed to do so. This
would also, of course, imply that the capital stocks for future generations are also
predetermined. Thus generation j can choose its capital stock Kj, its second-period
consumption c1, j and its labor supply Lj. Maximized utility (V∗) is a state variable
and cl, j is a function of V∗. However, notice that since Kj+i and c2, j+i(i = 1,2, . . .)
are given it follows that Lj+i is already predetermined. Given the capital stock for
any generation and consumption obligations, the labor required to produce this is
also predetermined if the labor supply of generation 1 is known. Thus we need to
concentrate on the optimal tax program of generation 1 only.

For generation 1, cm
2′1 and Lm

1 are control variables, V∗ is a state variable,
and cm

1′1 is a function of V∗ from equation (14.71). Apart from the differential
equation (14.70) two other constraints exist for generation 1. First, the second-
period consumption expectations of the old of generation 0 must be met. In other
words, the second-period consumption of generation 1 cannot be larger than some
upper limit c̄2,1.Thus we must have:

c̄2,1 −
∫ mh

m1

cm
2,1d�(m) ≥ 0. (14.73)

Further, generation 1 must leave a certain minimum capital stock for the young
of the next generation:

F(K0,L1) −
∫ mh

m1

cm
1 d�(m) − c2,0 ≥ 
K1. (14.74)

F(K0,L1) is output produced by the young of generation 1 with its own labor and
capital stock inherited from generation 0. The second term on the lefthand side of
relation (14.74) is the first-period consumption of generation 1 and the third term
is the second-period consumption of the old of generation 0. Thus the lefthand
side of relation (14.74) is the saving of the young of generation 1 which will be
available as capital stock to the young of the next generation. This must be at least
as large as some minimum 
K1.
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The Hamilton–Lagrange expression for generation 1 can now be written as:

H(m) = V∗(m)d�(m) +�1[c̄2,1 −
∫ mh

m1

cm
2,1d�(m)]+�2[−
K1 + F(K0,L1)

− c2,0 −
∫ mh

m1

cm
1 d�(m)]+ �(m)[−(∂U/∂Lm)Lm/m

2] (14.75)

where �l and �2 are Lagrange multipliers for the two inter-generational constraints
and � is, as before, the costate variable on the self-selection constraint. The �s are
independent of m whereas � is a function of m. So far as wage taxation is concerned
all the results of the Mirrlees model will hold. Let us now look at interest income
taxation.

If W∗
1(
K1, c̄2,1) is the maximum welfare that generation 1 can attain, given its

target (
K1, c̄2,1) it would follow that:

∂W∗
1/∂


K1 = −�2 and ∂W∗
1/∂ c̄2,1 = �1.

Moreover, if we have an internal maximum then both �1 as well as �2 will be
negative. Now, totally differentiate the W∗

1 function and write the marginal rate
of substitution between capital and second-period consumption as:

d
K1/dc̄2,1 = −(∂W∗
1/∂ c̄2,1)/(∂W∗

1/∂

K1) = �1/�2 > 0. (14.76)

This relation makes sense because it says that if the young of current generation
are to leave behind more capital stock for the next generation then they will need
to be compensated for that with higher second-period consumption.

Generation 2 inherits K1 from generation 1 which it (generation 2) can invest
at the going rate of interest. Thus, along a contour where W∗

2 is constant we must
have:

(dK1/dc2,1) = 1/[FK(K1,L2(K1,c2,1))] (14.77)

where L2(.) is the predetermined amount of labor supply of generation 2.
Equation (14.77) is the mrs between K1 and c2,1 for generation 2 and it is implicitly
being assumed that capital markets are perfect.

If there is Pareto optimality across generations then the mrs between successive
generations must be the same. It should be pointed out that Pareto optimality is a
requirement in addition to those in equations (14.73) and (14.74) and is not a natural
ethical requirement in the same sense that these are. With Pareto optimality, then:

�1/�2 = 1/[FK(K1,L2(.))] or �1 = �2/[FK(K1,L2(.))]. (14.78)

Also define r∗1 and 
∗
1 by:

(1 + r∗1) = FK(K∗
1 ,L2(K∗

1 ,c
∗
2,1)) (14.79)


∗
1 = (1 + r∗1)−1c∗

2,1 −K∗
1 (14.80)
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where the stars (∗) refer to optimal values. Thus equation (14.79) defines the
relationship between the rate of interest and the marginal product of capital.
Equation (14.80) states that the discounted value of second-period consumption
for the old of generation 1 must equal the sum of the capital stock and the face
value of the debt (
).

Substitute equations (14.79) and (14.80) into the Hamiltonian (equation (14.75))
and use equation (14.78) to rewrite the Hamiltonian for generation i as:

H1(m) = V∗(m)d�(m) +�2[
∗
1 − (1 + r∗1)−1cm

2,1 + F(K0,L1)

− cm
1 − cm

2,0]d�(m) + �(m)[−(∂U/∂Lm)Lm/m2]. (14.81)

Differentiating with respect to c2,1 we get:

(∂H1(m)/∂c2,1) = �2[−(1 + r∗1)−1 − (∂cm
1 /∂cm

2,1)|V∗(m)]d�(m)

+ �(m)(∂/∂cm
2,1){−(∂U/∂Lm)Lm/m2} (14.82)

In practice nothing much can be said about equation (14.82) except at the end
points of the ability distribution where, we know, �= 0. At these end points then:

(1 + r∗1)−1 = −(∂cm
1 /∂cm

2,1)|V∗(m). (14.83)

Invoking equation (14.79) this implies that the mrs between cm
1 and cm

2 is the same
as the mrt. In other words, the marginal tax rate on interest income is zero.

This result is quite important and needs to be put into perspective. First, for a
general utility function, the marginal tax rate on savings is zero only at the end
points of the ability distribution. Second, Atkinson and Stiglitz (1976) argue that if
the utility function is weakly separable in consumption and leisure then the optimal
tax rate on savings is always zero irrespective of the level of ability. This can
be quite easily shown. In equation (14.82), if the utility function is separable then
the last term (within braces {.}) is zero and equation (14.83) will hold. Ordover
and Phelps make it clear that for this to hold we need Pareto optimality across
generations. Without this requirement, the Atkinson and Stiglitz result does not
hold. Jha (1978) reported numerical solutions in favor of this argument.

14.7 The optimal mix of direct and indirect taxes

The result of Atkinson and Stiglitz (1976) discussed above purports to be a general
one. Notwithstanding our clarifying the limitations of this argument, there does
appear to be a general feeling that when an income tax is available then commodity
tax rates are appropriately set equal to zero. To quote from Stiglitz (1987):

It can be shown, that if one has a well-designed income tax, adding differential
commodity taxation is likely to add little, if anything.

(Stiglitz 1987: 84)
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This result is, of course, predicated on the assumption of a utility function that
is separable between consumption and leisure. Because of this separability, high-
and low-ability individuals have (locally) the same indifference curves between
any two ordinary goods (except leisure). This would imply that commodity taxes
cannot be used to make the low-ability individual’s appealing to the high-ability
individual’s position less appealing to the higher ability individual than his own.
Does this mean that there is no role for commodity taxes in a program of optimal
taxation?

This issue was considered in recent papers by Boadway et al. (1994) and Cremer
and Gahvari (1995). They show that the Atkinson–Stiglitz argument holds only
under the special case where there is no uncertainty. When there is uncertainty
there is a well-defined role for commodity taxation. Let us examine the analysis
of Cremer and Gahvari.

The economy they consider is populated by homogeneous individuals – in order
to keep the analysis simple. The economy is subject to shocks which affect the
productivity of labor. With a favorable shock the competitive wage rate is wh and
with an adverse shock the wage is wl, where wh > wl. The (known) probability
of a favorable shock is �b and that of an unfavorable shock �l = (1 −�b). The
social planner cannot observe these shocks and, therefore, does not know the
post-uncertainty wage or labor supply. He has to design a tax structure which is
Pareto efficient and which, of course, also requires that there is no incentive for
workers to pretend that they have had a low wage realization when, in reality,
wh has been realized. The other self-selection constraint would be less relevant,
as before.

The consumer’s preferences are given by the following utility function:

U = u(b1,b2,a1,a2) +�(1 − L). (14.84)

This individual is assumed to be risk averse. The producer prices of all ‘ordinary’
goods (a1, a2, b1, b2) are each set equal to 1 and the amount of time at the worker’s
disposal is normalized to equal unity. The demand for goods b1, b2 have to be
precommitted before the resolution of uncertainty whereas the demand for good
a1 and a2 are determined after the resolution of uncertainty.

Let us now define:

(i) total income Z = wL;
(ii) vi = �(1 − Z/wi) i = 1,h;
(iii) ui = u(b1,b2,a1i,a2i) i = 1,h.

The optimal tax mix

Along familiar lines we can define the optimal tax problem as one of maximizing
expected utility subject to the self-selection constraint so that when the high wage
is realized there is every incentive to reveal this fact and an exogenous revenue
requirement of R0.
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The Lagrangean for this problem can be written as:

�= �l[ul + v1(Z1)]+�h[uh + vh(Zh)]+�1[uh − vh(Zh) − ul − vh(Zl)]
+�2[�l(Zl − a11 − a21) +�h(Zh − a1h − a2h) − b1 − b2 − R0]. (14.85)

The following first-order conditions can be derived:

(∂�/∂bi) = �l(∂ul/∂bi) +�h(∂uh/∂bi)

+�1[(∂uh/∂bi) − (∂ul/∂bi)]−�2 = 0. (i = 1,2) (14.86a)

(∂�/∂ai1) = �l(∂ul/∂ai1) −�1(∂ul/∂ail) −�2�l = 0. (i = 1,2) (14.86b)

(∂�/∂aih) = �h(∂uh/∂aih) +�1(∂uh/∂aih) −�2�h = 0. (i = 1,2)
(14.86c)

(∂�/∂Zl) = �l(∂vl/∂Zl) −�1(∂vl/∂Zl) +�2�l = 0. (14.86d)

(∂�/∂Zh) = �h(∂vh/∂Zh) −�1(∂vh/∂Zh) +�2�h = 0. (14.86e)

We now introduce taxation into the picture. Specific taxes on ai’s and bi’s are,
respectively, ti and �i so that consumer prices are pi = 1+ ti and qi = 1+�i . The
income tax is represented by the usual function: T = T(Z).

The individual consumer wishes to maximize expected utility (the maximand
of the Lagragean in equation (14.85)) subject to the following budget constraint:

Zj − T(Zj) =
2∑

i=1

(qibi + piaij), j = l,h. (14.87)

From the first order conditions for utility maximization in view of equation (14.86)
one can write:

(i) In either state, the mrs between the goods not precommitted must equal the
relative price ratio:

(∂ul/∂a1l)/(∂ul/∂a2l) = (∂uh/∂a1h)/(∂uh/∂a2h) = p1/p2. (14.88a)

(ii) The ‘expected value’ of the mrs between the committed goods must equal
their relative price ratio:

[�l(∂ul/∂bi) +�h(∂uh/∂bi)]/[�l(∂ul/∂b2) +�h(∂uh/∂b2)] = q1/q2.

(14.88b)

(iii) The ‘expected value’ of the mrs between committed and non-committed
goods must equal the respective relative price:

[�l(∂ul/∂bi) +�h(∂uh/∂bi)]/[�l(∂ul/∂ajl) +�h(∂uh/∂ajh)] = qj/pj

(i, j = 1,2). (14.88c)
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(iv) The mrs between leisure and the goods which are not precommitted must
equal the relative price:

−(∂vj/∂Zj)/(∂uj/∂aij) = [1 − T′(Zj)]/pi (i = 1,2; j − l,h). (14.88d)

As before, the income tax function T(.) may not be differentiable. However, it
is assumed that the tax function is differentiable and we write the marginal income
tax rate as:

T′ = 1 + pi(∂vj/∂Zj)/(∂uj/∂aij); j = l,h as the marginal tax rate in state j.

Equations (14.86) and (14.88) lead to the following results.

Result 1

In the presence of uncertainty, commodity taxation is essential. Furthermore, the
ai’s should be taxed differently from the bi’s. In particular, the ai’s should either
go tax free or be subject to a uniform tax whereas the bi’s must be taxed and not
necessarily at a uniform rate.

Result 2

If the u function is strictly separable between a and b it then follows that the
optimal tax rate on the precommitted goods should be smaller than the optimal
tax rate on the non-precommitted goods.

Result 3

When the high wage rate is realized the marginal income tax rate is zero but a tax
(positive or negative) is imposed on his consumption of precommitted goods.

Result 4

In the low-income state the marginal income tax rate is positive.

14.8 Conclusions

In this chapter we have examined several aspects of income taxation. The first
order of business was to tackle the problem of optimal income taxation when
there is imperfect information about the incomes of workers. We considered both
optimal linear and non-linear taxation when the elasticity of substitution between
different types of workers is infinite. An important result in the non-linear tax
case was that, irrespective of the form of the social welfare function chosen, the
marginal tax on the upper and lower ends of the ability distribution should be zero.
We also considered the case where there is less than perfect substitution possibility
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between different types of workers. The optimal mix of wage and interest taxation
for intra- as well as inter-generational justice was also examined.

These results have two important characteristics. First, with a proper income
tax in place there does not seem to be much of a role for commodity taxation.
Second, only a few analytical results can be drawn. Most results have to be
numerically ascertained.

However, we were able to establish that the first result here is applicable only
when we have full certainty. Recent results indicate that with uncertainty a mix
of direct and indirect taxes, rather than direct taxes alone, is called for.

Additional reading

The following additional texts may be of interest to students: McLure and Thirsk
(1975), Ballentine (1980), and Poterba (1992)

Appendix

In this appendix we trace out the version of the Stiglitz model which assumes that
there exists a distribution of abilities instead of just two ability levels. The formal
model is very similar to that of Mirrlees, so that we can be brief. The wage rate is
taken as an index of productivity. Wage rates are not observed but the distribution
function �(w) of people over wages is common knowledge. Instead of Mirrlees’
m, we have Stiglitz’s w.

The problem of the government is to maximize the following social welfare
function:∫

W[U{c(w),Y(w)}]d�(w) (A14.1)

subject to the constraint of a revenue requirement which, without loss of generality,
can be set equal to zero. This constraint can be written as:∫

[c(w) − Y(w)]d�(w) = 0. (A14.2)

The self-selection constraint is the exact parallel of that in the Mirrlees’ model
(equation 14.32):

dU/dw = −ULy/w2. (A14.3)

Defining �(w) as the density function d�/dw = �(w) we can write the
Hamiltonian for this problem as:

H = [W(U) − 	(c − Y)]�(w) − �(dU/dw). (A14.4)

We let U be the state variable and L(w) be the control variable for this problem.
Knowing L and U determines Y(w) = wL(w) and c(w) from the equation U(w) =
U[c(w),L(w)].
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Differentiating H with respective to L we have:

(∂H/∂L) = 	[w − (dc/dL)|
U]�(w) + �ε∗UL/w = 0 (A14.5)

where ε∗ = (∂ ln(dU/dw))/(∂ lnL) and (dc/dL)|
U = −UL/Uc. Using the same
methods as in the Mirrlees model we derive the marginal tax rate as:

T′/(1 − T′) = Uc�(w)ε∗/(	�(w)) (A14.6)

from which follow the conclusions mentioned in the text of Chapter 14.



15 Topics in the theory of taxation

Key concepts: exogenous and endogenous growth; bracket creep; income
tax indexation; Ramsey criterion; time-consistent policy; commitment; tax
compliance; underground economy and tax evasion; borrowing constraint
and tax compliance.

15.1 Introduction

In the previous few chapters we have worked on various aspects of optimal
commodity and income taxation. In this chapter we want to consider four additional
topics in the theory of optimal taxation which have been discussed recently in the
literature. We begin with a study of tax policy in a stylized model of endogenous
growth. We then consider the problem of income tax indexation in an inflationary
economy. We examine the problem of time inconsistency in the context of dynamic
tax models. Finally we study a recent model of tax compliance. We should be clear,
however, that each of the topics mentioned is a significant area of research in its
own right and the exposition here is not meant to be a survey. Our aim is to
highlight some important issues that have come up during the course of research
in these areas.

15.2 Taxation in models of endogenous growth

We have studied tax analysis in dynamic economies in Chapter 12. The growth
model studied there has been described as an exogenous growth model because
the sources of growth can be traced to the accumulation of exogenous factors of
production such as capital and labor. In recent years, emphasis has been placed
on models of endogenous growth where the source of growth can be traced to
the accumulation of human capital. Hence, the amount of resources devoted to
education, research and development, and the like becomes a crucial determinant
of the rate of economic growth. Good expositions of the endogenous growth
model can be found in Lucas (1988) and Romer (1990). Tax implications of
the endogenous growth model have been discussed in Rebelo (1991), Barro and
Sala-I-Martin (1992), Jones et al. (1993), Gruner and Heer (1994), and Xu (1994).
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In this section we will study a simplified version of the tax with endogenous
growth model.1 The concern here is to examine within the context of the
endogenous growth model the impact of taxation on the decisions of the private
sector, the size of government, the capital–labor ratio, and balanced growth. Two
taxes are studied here – an income tax and an inheritance tax.

An important ingredient of the endogenous models of economic growth has
been the development of aggregate relations from microeconomic foundations.
Consider an individual who lives for one time period but is perfectly altruistic
toward his progeny. Each of his descendants behaves in exactly the same way.
Hence, the representative individual can be approximated by an infinitely lived
agent even though each individual actually lives only one time period. During his
lifetime an individual allocates time between work, human capital accumulation,
and leisure. Growth is generated by human capital accumulation. The government
collects taxes to finance a public good. Since inheritances are taxed there is a
disincentive to accumulate and leave behind physical capital. By the same token,
there is an incentive to accumulate human capital and leave behind human capital
as bequests.

The tax rate on inheritance is �. Total time available is J which is allocated
between leisure, lt, education, ht, and work, Lt. Human capital (Ht) accumulation
takes place according to the production function:

Ht = H(ht,Ht−1) = �htHt−1 + Ht−1. (15.1)

This specification is originally due to Lucas (1990) and suggests that human capital
during any time period t is equal to past period human capital (Ht−1) and on current
allocations of time to human capital accumulation. It is assumed that �> 0. Hence,
the larger the amount of time allocated to human capital accumulation, the greater
is the generation of human capital. Furthermore, the base from which human
capital grows (Ht−1) is also positively associated with current human capital
accumulation.

The individual’s labor supply is measured in efficiency units: HtLt. This person
receives a wage (wt) which is the return to the efficiency labor.2 Moreover, the
individual earns interest income from his stock of physical capital.

This representative individual derives utility from consumption and leisure.
Instantaneous utility can be written as:

ut = �1lnct +�21n(J − Lt − ht). (15.2)

Consider now an individual at time 0. Since he is perfectly altruistic toward his
descendants the utility that he maximizes can be written as:

U =
∞∑
t=0

ut�
t (15.3)

where 1 > �> 0 is the discount factor.
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The maximization problem discussed above is subject to two constraints: a time
constraint and a flow budget constraint. The time constraint can be written as:

J = lt + Lt + ht (15.4)

The flow budget constraint can be written as:

ct + Kt+1/(1 −�) = (1 − ty)wtLtHt +[1 + (1 − ty)rt]Kt. (15.5)

The first term on the lefthand side is consumption by this consumer. He will leave
behind physical capital stock Kt+1 which will be taxed at the rate �. This explains
the lefthand side (the expenditure side) of this budget. On the righthand side we
have current earnings which consist of wage income (the first term) and interest
income (the second term) with rt being the contemporaneous interest rate and
where ty is the income tax rate. The maximization of the utility function subject
to the constraints is done by choosing ht, Lt, Ht, and Kt+l.

By repeated substitution the Lagrangean for this problem can be written as:

U/�t =···+�11n{(1−�)wtHtLt+[1+(1−ty)rt]Kt−(Kt+1/(1−ty))}
+�21n(J−Lt−ht)+�1�1n{(1−ty)wt+1Ht+1Lt+1

+[1+(1−ty)rt+1]Kt+1−Kt+2/(1−�)}+�2�1n(J−Lt+1−ht+1)

+···+�t(Ht−�htHt−1)+�t+1(Ht+1−�ht+1Ht−Ht)+··· (15.6)

where the �s and the �s are Lagrange multipliers.
Maximizing this Lagrangean we get the following implications from the first-

order necessary conditions:

(i) with respect to ht

�2/lt = −�t�Ht−1 (15.7a)

(ii) with respect to ht+1

�2�/lt+1 = −�t+1�Ht (15.7b)

(iii) with respect to ct

[�1/ct] (1 − ty)wtHt = �2/lt (15.8)

(iv) with respect to Ht

[�1/ct] (1 − ty)wtHt = −�t +�t+1(�ht+1 + 1) (15.9)

(v) with respect to Kt+1

ct+1/ct = � (1 − ty)[1 + (1 − ty)rt+1]. (15.10)
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The production function is assumed to be Cobb–Douglas with constant returns
to scale and can be written as:

F(Kt,HtLt) = K	
t (HtLt)

1−	 (15.11)

with 1 > 	> 0 and 	 being the share of capital in output.
Under competitive conditions the rental (interest) rate will be:

rt = ∂F/∂Kt = 	(HtLt/Kt)
1−	 = 	k−(1−	)

t (15.12)

where kt is the capital effective labor ratio. Similarly the wage rate will be:

wt = (1 − 	)K	
t . (15.13)

This model concentrates on the steady state. In such a situation output,
consumption, and human capital all grow at the same rate, say �. Thus we have:

� ≡ Ht+1/Ht = �h + 1. (15.14)

The time spent on education relative to the time spent on work rises with the
productivity of human capital accumulation,�, and falls with the discount factor, �:

L = h(1 − �) + (1 − �)/�. (15.15)

From the first-order conditions for utility maximization we can derive:

� = �(1 −�)[1 + (1 − ty)	k−(1−	)
t ]. (15.16)

Now, from equation (15.14) we will get:

h = (�− 1)/�. (15.17)

Substituting in equation (15.15) we get:

L = (1 − �)�/� (15.18)

and

l = J − L − h = J + (1/�) −[(2 − �)/�]�. (15.19)

Substituting equations (15.19) and (15.18) into the budget constraint equation
(15.5) and dividing by HtLt, we will get:

(�1/�2)(1 − ty)wt[{J − ((2 − �)/�)�+ (1/�)}/{((1 − �)/�)�}]
+�(kt/(1 −�)) = (1 − ty)wt +[1 + (1 − ty)rt]kt.

(15.20)
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Multiplying this expression by (1− �)� and then dividing by wt(1− ty) and some
rearrangement yields:

(�1/�2)[J�− (2 − �)�+ 1] = −{(1 − �)/(1 − ty)}{kt/wt(1 −�))}�2

+ (1 − �)�+[1 + (1 − ty)rt]{(kt/wt)(1 − �)/(1 − ty)}�
(15.21)

which can be further rearranged to yield:

�2 −{[1 + (1 − ty)rt](1 −�) +[(�1/�2)(2 − �)/(1 − �)]((1 − ty)(1 −�))

(wt/kt) + (1 −�)(1 − ty)(wt/kt)}�+ (�1/�2)(J�+ 1){(1 −�) (15.22)

(1 − ty)(wt/kt)}/(1 − �) = 0.

Using equations (15.12) and (15.13) in equation (15.22) we can derive:

�2 −{[1 + (1 − ty)	k−(1−	)](1 −�) +[(�1/�2)(2 − �)/(1 − �) + 1]
(1 −�)(1 − ty)(1 − 	(k−(1−	)}�+ (�1/�2)(J�+ 1)

[(1 −�)(1 − ty)/(1 − �)](1 − 	)k−(1−	) = 0.

(15.23)

Equations (15.16) and (15.23) are the fundamental equations of the model. We
can use them to solve for the equilibrium values of the growth rate (�) and the
capital labor ratio (k) as a function of the various tax rates in the model. Now, since
equation (15.23) is a quadratic equation and quite non-linear, analytical solutions
for � and k are well-nigh impossible. One has to resort to numerical methods for
this purpose. Gruner and Heer (1994) discuss this point carefully.

To introduce the public good we need a third equation. Let us define a fraction
� (1> �> 0) as the size of output going for the production of the public good. We
can write the resource constraint for the production of the public good as:

tywtHtLt + tyrtKt +�(Kt+1/(1 −�)) = �F(Kt,HtLt)

or

tyk	
t +[�/(1 −�)]�kt = �k	

t . (15.24)

This is the equation that is required to study the public goods sector. The numerical
results of Gruner and Heer are as follows.3

(i) Up to a certain level �∗ of the public sector size, it is best, from the point of
view of growth, to finance the public good with inheritance tax alone.

(ii) For � > �∗ an interior solution is desirable with the value of inheritance tax
being very high.

(iii) The growth rate � depends positively on the rate of inheritance tax and does
not depend upon the rate of the income tax.

(iv) The capital–labor ratio is a declining function of both tax rates.



364 The theory of taxation

15.3 Problems of income tax indexation

If income tax slabs are set in nominal terms then, in the context of progressive
taxation, inflation will drive people into higher and higher income tax brackets
without there being any change in their real pre-tax incomes. This phenomenon
is sometimes called bracket creep. As they move to higher and higher income
tax brackets, their tax liabilities under progressive taxation will increase and their
real disposable incomes will drop. Hence, an argument has often been made that
income tax obligations should be indexed to the rate of inflation so that no one
experiences a drop in real disposable income simply because of bracket creep.
Income tax indexation is, of course, linked to the problem of wage indexation.

Wage indexation has been studied for a long time.4 This literature has one strong
result. Compared to nominal wage rigidity, wage indexation stabilizes output with
respect to demand shocks but makes it more volatile with respect to supply shocks.
On the other hand, wage indexation destabilizes prices with respect to both types
of shocks.

The first paper to study income tax indexation was Bruce (1981). He studies
a closed economy and defines income taxes as being indexed if the real amount
of income taxes depends only on real income and not on the price level. Bruce
comes to the conclusion that income tax indexation makes output more sensitive
to demand shocks but less sensitive to supply shocks – which are exactly the
opposite of the results on wage indexation. With income tax indexation, however,
prices become more sensitive to both types of shocks. This is in conformity with
the results on wage indexation.

Income taxation in an open economy has been studied in two papers (Aizenman
1985; Lassila 1995). Our analysis here is suggestive only and based largely on the
work of Bruce (1981), although there will be some references to later studies.

Let yd represent the log of net of tax real income. Now

yd = y − � (15.25)

where y is the log of real income and � is the log of the ratio of gross to net income.
As � increases the average tax rate rises. Consider now the following tax structure:

� = �y +��p (15.26)

where p is the log of the price level, � indicates the degree of tax indexation5 and
� indicates the degree of progression of the tax structure.6

One can now write down the aggregate demand and supply curves of this
economy. Assuming all parameters to be positive one can set the IS-LM,
schedules as:

(IS) y = �ly
d −�i

2 (15.27)

(LM) m − p = �ly −�2i (15.28)

where m is the log of nominal balances and i is one plus the interest rate.
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Solving for i from equation (15.28), substituting into equation (15.27) and using
the definition of disposable income in equation (15.25) we can derive the aggregate
demand schedule:

yd = �0 −�1p (15.29)

where �0 = �2m/[{1 −�1(1 − �)}�2 +�2�1] > 0, and

�1 = [�2 +�2�1��]/[{1 −�1(1 − �)}�2 +�2�1] > 0.

On the supply side of the economy it is assumed that there exists an aggregate
production function of the form:

Y = EF(L) (15.30)

where Y is the level of real output, L is the labor input, and E is a productivity
shock. Perfect competition in the labor market ensures that the marginal product
of labor equals the real wage so that the demand for labor (Ld) can be written as:

Ld = f (E(W/P)) with f ′ > 0 and f ′′ < 0

where W is the nominal wage and P is the price level.
For simplicity it is assumed that demand for labor determines employment.

Output supply (Ys) is then:

YS = EF[f (E(W/P)]. (15.31)

Suppose the total supply of labor is fixed at Lf then full employment level of
output is:

Yf = EF(Lf ). (15.32)

In logarithmic terms we can write the two supply curves (15.31) and (15.32) as:

ys = b + e −��(w − p − e) (15.33)

yf = b + e +�lf (15.34)

where b is a constant, � is the share of labor in value added, � is the elasticity
of labor demand (defined to be positive), and the other symbols are logarithms of
their uppercase counterparts.

Choose units so that b = lf = 0 so that yf = e and full employment output
is identified with the productivity parameter. Now, let � be the degree of wage
indexation so that w = (1 − �)p. Hence if � = 0 we have full wage indexation
and the real wage is fixed and if � = 1 the nominal wage is not indexed at all.
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Further, upon defining � = �� we can combine equations (15.33) and (15.34) to
get one aggregate supply relationship:

ys = (1 + �)yf + ��p. (15.35)

The aggregate demand (equation 15.29) and aggregate supply (equation 15.35)
can be solved to get equilibrium values of (the logs of) output and the price level:

y = ��0 + (1 − �)(1 + �)yf (15.36)

p = �[�0 − (1 + �)yf ]/(��) (15.37)

where 1 > �= �(�)/(�1 + ��) = [��]/[��+{�2�1��}/{�2�1(1 −�1(1 − �))}].
Equations (15.36) and (15.37) give us considerable information on the effects of

indexation on output and the price level. One can see that � rises as � is decreased
(greater tax indexation) but falls as � is decreased (greater wage indexation). Thus
tax indexation has the opposite effects of wage indexation in the stabilization of
output around the full employment level. Further, wage indexation makes output
less sensitive to demand shocks but more sensitive to productivity shocks (changes
in �0 and yf ). Price level changes resulting from either demand or supply shocks
are amplified by both wage as well as income tax indexation.

15.4 Time inconsistency

The problem of time-inconsistent fiscal policy is an area of considerable interest
in current research. This debate was initiated in seminal papers by Kydland and
Prescott (1977, 1980), and then developed by Calvo (1978), Fischer (1980), and
Lucas and Stokey (1983). Currently, the practice of examining whether a given
dynamic policy is time consistent has become almost routine.

The basic time-consistency problem can be described as follows. Policies that
are optimal (defined as being derived from an appropriately specified intertemporal
optimization model) in period t may no longer be optimal in period (t + 1), even
when no structural changes (including taste) have occurred between the periods,
and there is no conflict between the objectives of the consumer and those of the
government. We turn now to an explanation of these ideas.

Consider a situation in which the optimal tax problem has been solved according
to some widely accepted criterion – say the Ramsey criterion. This solution is
basically an atemporal one. In an intertemporal context it is probably more useful
to think of policies being chosen at each date, with society having no ability to
commit itself to future policies. Suppose that we have Ramsey optimality at time t.
The solution to the policy choice problem typically does not coincide with the
Ramsey policies from that date onward. This problem of dynamic inconsistency
has been pointed out by, among others, Kydland and Prescott (1977), Prescott
(1977), Calvo (1978), Fischer (1980), and Chari et al. (1989).

We now make the more realistic assumption that policy-making at the current
point in time does not involve any precommitment. Policy rules must now
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maximize social welfare at each date given that private agents are behaving
rationally. Such policies have been called sequentially rational. Similarly,
optimality on the part of private agents requires that they forecast future policies
as being sequentially rational for society. A sequence of policy rules and private
action satisfying these conditions is a time-consistent equilibrium. If the Ramsey
optimal solution deviates from the time consistent equilibrium then a problem of
time inconsistency is said to exist.7 Our discussion will be based on the relatively
simple models of Prescott (1977), Fischer (1980), and Chari et al. (1989). We
illustrate the basic issues involved with an example due to Fischer (1980) and
Chari et al. (1989).

Consider an economy with a large number of identical consumers and a
government. There is a linear production technology for which the marginal
product of capital is a constant, say r where r > 1, and the marginal product
of labor is 1.8 There are two time periods in this simple model. Consumers make
consumption investment decisions in the first period and consumption labor supply
decisions in the second. At the beginning of the first period each consumer has
an initial endowment of � of the consumption good from which they consume
cl units and save k. In the second time period they choose to consume c2 and
work l. Labor income is taxed at the rate tw and capital income is taxed at the
rate tr.

The consumer’s utility function is U(cl + c2, l) which is maximized subject to
the following constraints:

c1 + k ≤ � (15.38a)

c2 ≤ (1 − tr)rk + (1 − tw)l. (15.38b)

Clearly, if the tax rate on capital (tr) is set so that (1− tr)r = 1 then the consumer
is indifferent about the timing of consumption. It will be assumed here that in this
case the consumer consumes everything in the second period.

The proportional tax rates, tr and tw, are set to finance an exogenously given
amount of government spending G. The government’s budget constraint is,
therefore:

G ≤ trrK + twL (15.39)

where L is total labor supply. We further assume that G > r�, so that even if
consumers save their entire endowments and the tax on capital is set equal to one,
the government will still need to tax labor.

Let us now consider an economy with commitment. This is defined as a
situation in which the social planner sets tax rates before consumers make their
decisions. Let a1 = (c1,k) and a2 = (c2, l) denote an individual consumer’s
first- and second-stage allocation. Further, let A1 = (Cl,K) and A2 = (C2,L)
denote the corresponding aggregate allocations. The government policy vector
is � = (tr, tw). It is now possible to define a competitive equilibrium for this
economy.
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A competitive equilibrium is an individual allocation (al,a2) and an aggregate
allocation (Al,A2) and a tax policy � such that:

(i) Given the tax policy the consumer maximizes utility.
(ii) At the aggregate allocation (Al, A2) the policy � satisfies the government

budget allocation.
(iii) The individual and the aggregate plans match:9

(al,a2) = (Al,A2).

Now let W(�,A(�)) denote the equilibrium value of utility under the policy �

so that:

W(�,A(�)) = U(Cl(�) + C2(�),L(�)). (15.40)

This is also referred to as the property of representativeness. If S denotes the
set of policies � for which an equilibrium exists, then we can define a Ramsey
equilibrium (�,A) which solves:

max
�∈S

W(�,A(�)).

In this set-up if (1 − tr)r ≥ 1 then consumers will save their entire endowments,
while if (1 − tr)r < 1 then all consumption will take place in the first period and
nothing will be saved. Consequently, the capital tax acts like a lump-sum tax
when it is set at any level less than or equal to (r − 1)/r, with all its incentive
advantages. Hence, it would be optimal to collect as much revenue as possible
from this tax. For this we should set tr = (r −1)/r. The tax on labor is set to cover
the gap between the revenue requirement and the amount collected from labor
taxation.

Lack of commitment

We now admit the possibility of lack of commitment on the part of the social
planner. The planner does not set tax rates until after consumers have made their
first-period decisions. The sequence in which decisions are made is as follows.
First, consumers make their first-period decisions, then the planner sets tax rates.
Finally consumers make their second-stage decisions. Hence, the planner’s policy
is no longer a set of tax rates but two tax rates as functions of first-period
decisions of consumers. We call this�(Al) = (tr(Al), ty(Al)). This is referred to as a
policy plan.

A consumer’s second decision depends on the first-stage decision, al, the
aggregate first-stage decision, Al, and the tax policy selected. Thus a consumer’s
second-stage decisions are described by a function d2 such that: d2(a1,Al,�) =
[c2(al,Al,�), l(al,Al,�)]. This is referred to as a second-stage allocation rule.
Similarly the aggregate allocation rule is described by D2(A1,�).
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An equilibrium for such an economy is defined recursively. To begin with,
second-stage competitive equilibrium is defined, given the history of past decisions
by the consumers and the social planner. Then symmetric histories (al,Al,�) for
which individual allocation a1 equals the aggregate allocation Al are considered.
This set will constrain policy-making by the social planner. Finally, the first stage
competitive equilibrium is defined. Combining all these gives us a time-consistent
equilibrium.

History is given as (al,Al,�). Given this history, a competitive equilibrium in
the second stage is a set of allocation rules d2 and D2 that satisfy:

(i) consumer utility maximization. Given the history (al,Al,�) the individual
allocation rule d2(a1Al,�) solves:

max
c2, l

U(cl + c2, l)

subject to c2 ≤ (1 − tr)rk + (1 − tw)l.
(ii) representativeness:

d2(a1,Al,�) = D2(A1,�).

We define this equilibrium for each history and summarize it by the D2(.)
function.

Now consider the problem of the central planner. Given the past aggregate
decisions A1 and knowing that future decisions are selected according to the
rule D2(A1,�), the planner sets a policy � = �(Al) that maximizes (aggregate)
consumer welfare. The planner’s objective function is, therefore:

maxW(�,D2;Al) = U(Cl + C2(A1,�),L(Al,�)) (15.41)

where �=�(Al). Once A1 and D2 have been selected we must also check to satisfy
the planner’s budget constraint:

G ≤ tr(Al)rK + tw(Al)L(Al,�(Al)). (15.42)

Let �(D2,Al) be the set of all policies �(Al) that satisfy equation (15.42). The
problem of the social planner is to pick a plan such that for every Dl,�(Al)
maximizes utility (equation 15.41) over the set of feasible policies �(D2,Al).

Finally, consider the consumer’s problem at the first stage. Each consumer
chooses an individual allocation for the first stage, al = (cl,k), together with an
allocation rule d2 for taking actions at the second stage. The consumer takes
as given that current aggregate allocation is some Al, that future policy is set
according to the plan �, and that future aggregate allocations are set according to
some rule D2. Under these conditions, the definition of the first-stage competitive
equilibrium is analogous to that of the second-stage competitive equilibrium, so
that the first-stage competitive equilibrium can be summarized by (�,Al,D2).
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The above method recursively defines the consumer’s and the planner’s
problem. Combining these gives us an equilibrium with sequential rationality
built into it for both the consumers and the social planner. Hence, this equilibrium
is time consistent.10 We can now define a time-consistent equilibrium as a vector
(�,Al,D2) that satisfies:

(i) sequential rationality by consumers. The vector (�,Al,D2) is a first-stage
competitive equilibrium. For every history (�′,A′

1) the allocation rule
D2(�′,A′

1) is a second-stage competitive equilibrium.
(ii) sequential rationality by the planner. Given D2, the policy plan � solves the

planner’s optimization problem for every history A′
1.

We can now show that the time-consistent equilibrium for this economy has
first-stage allocations Cl = �,K = 0 and a capital tax plan tr(A1) = 1. To see
this, consider first the policy plan �. For any given first-stage aggregate allocation
A1 = (Cl,K), it is obviously optimal for the planner to raise as much revenue
as possible from taxing the given amount of capital. By assumption G > r� so
even if all the endowments are saved and the resulting capital is fully taxed,
the revenues fall short of required public spending. Thus tr(Al) = 1. Faced with
such a tax, it is optimal for consumers to save nothing and consume all their
endowments.

At this point we need to ask ourselves the question: What causes the conflict
in this example? To answer this question we need to embed the budget constraint
of consumers and the government into preferences. Let the preferences of private
agents be given by:

U(�− k + (1 − tr)rk + (1 − tw)l, l) + B(K,L, tw, tr)

where the B function equals zero if its arguments (K,L, tw, tr) satisfy the planner’s
budget constraint, G ≤ trrK + twL, and B equals some large negative number
otherwise. At the same time let the planner’s preference be:

U(�− K + (1 − tr)rK + (1 − tw)L,L) + B(K,L, tr, tw).

Under our assumptions consumers are competitive in the sense that they regard
aggregates as being unaffected by their decisions. Hence, the source of the conflict
lies in the fact that each consumer cares more about his own utility than what is
happening in the aggregate (to other consumers).

Finite repetition of the Fischer model

Suppose now that the above optimization problem is repeated a finite number of
times. We make the simplifying assumption that capital cannot be stored between
periods. We further assume that there is neither borrowing nor lending between
periods, and that government spending is constant.
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A competitive equilibrium with commitment is easy to define for this problem.
The planner chooses a sequence of tax rates once and for all at the beginning of
the problem. A competitive equilibrium would then be a sequence of individual
and aggregate allocations that maximize consumer welfare and satisfy the
twin conditions of the planner’s budget constraint and representativeness. The
Ramsey equilibrium in this multi-period model is simply the one-period Ramsey
equilibrium repeated finitely many times.

Without commitment, however, the problem is quite complicated. Now all
decisions must be sequentially rational. Consumers must forecast how future taxes
will be chosen and the planner must forecast how its choices today will affect
consumer behavior in the future. We again have to fall back to the notion of
history of past decisions. Let h1t represent the history of an individual consumer
at the first stage of period t:

h1t = (av,Av,�v|v = 0, . . ., t − 1).

Aggregate history at the first stage is:

H1t = (Av,�v|v = 0, . . ., t − 1).

The aggregate history confronting the government after consumers have made
their first-stage decisions in period t is:

Ht = (Av,�v|v = 0, . . ., t − 1) ∪ A1t.

Correspondingly at the second stage an individual consumer’s history is given by:

h2t = (h1t,a1t,A1t,�t)

and the aggregate history is given by:

H2t = (H1t,A1t,�t).

Since individual consumers are unable to affect decisions on taxes, aggregate
histories do not include individual allocation.

Allocations and policies are defined as functions of the histories. Let dt =
(d1t,d2t) denote individual allocation functions that map first- and second-stage
individual histories into decisions at the respective stages. Let Dt = (D1t,D2t)
denote the corresponding aggregate allocation function that maps aggregate
histories into aggregate allocations. Let �t denote the planner’s policy function
that maps histories Ht into decisions at time t.

In order to define a time-consistent equilibrium, we need to explain how
allocations and policy functions induce future changes. Let dt = (dt,dt+1, . . .)
denote a sequence of individual allocation rules from time t onward. Let Dt

and �t denote the corresponding objects for the aggregate allocation rules and
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policy plans. Now, given a history h1t, the functions dt, Dt, and �t induce the
following individual histories:

h2t = {h1t,d1t(h1t),D1t(H1t(�t(H1t,D1t(H1t))}
h1t+1 = {h2t,d2t(h2t),D2t(H2t)}

and so on. In a similar manner, from any initial aggregate history, say H1t, the
functions Dt and �t induce future histories:

(Ht,H2t,H1t+1).

Now consider the first stage of period t. Given some history h1t, an individual
consumer chooses a contingency plan dt. Each consumer is assumed to behave as
if future aggregate allocation and policies will evolve according to the histories
induced by Dt and �t.

We can now define a competitive equilibrium at the first stage of t, given a
history H1t as a set of contingency plans dt, Dt, and �t that satisfy:

(i) consumer utility maximization. Given H1t, Dt, and�t the individual allocation
rules, dt, maximize:

T∑
v=t

�v−tU[c1v(h1v) + c2v(h2v) + lv(h2v)]

subject to:

(a) c1v(h1v) ≤ �− kv(h1v)
(b) c2v(h2v) ≤ [1 − trv(Hv)]rkv(h1v) +[1 − twv(Hv)]lv(h2v)

where for all v ≥ t, the future histories are induced by dt, Dt, and �t. Here
� (with 1 > � > 0) is a fixed discount factor and T is the time horizon over
which this tax model is repeated. twv and trv are, respectively, the tax rate on
wage and interest income in period v.

(ii) representativeness, i.e., dt = Dt. Consider the equilibrium pair (�t, Dt).
A competitive equilibrium at the second stage of t, given a history H2t is
a set of contingency plans (d2t, dt+1), (D2t, Dt+1), and �t+1 that satisfy usual
conditions for representativeness as discussed above. Call this equilibrium
(�t+1, D2t, Dt+1).

Consider now the optimization problem of the social planner in period t. Given
history Ht and taking as given that future aggregate allocations evolve according to
(D2t, Dt+1), the planner selects a policy plan �t that maximizes consumer welfare.
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The planner’s objective function is written as:

Wt(�
t,D2t,D

t+1,Ht) = U[C1t + C2t(H2t),Lt(H2t)]

+
T∑

v=t+1

�v−1U[C1v(H1v) + C2v(H2v),Lv(H2v)].

(15.43)

Given the history Ht and the allocation rules (D2t, Dt+1), the planner selects a plan
that not only satisfies its current budget constraint:

G ≤ trt(Ht)rKt + twt(Ht)Lt(H2t) as well as the constraint:

G ≤ trv(Hv)rKv(H1v) + twv(Hv)Lv(H2v)

for all aggregate histories induced by (D2t, Dt+1) and �t. Let �t(D2t,Dt+1,Ht) be
the set of all policy plans �t that satisfy these budget constraints. The planner’s
problem is, then, to choose a plan�t that maximizes consumer welfare as defined in
equation (15.43) over the set of all feasible policies: �t(D2t,Dt+1,Ht). Hence we
arrive at a type of equilibrium that will not break down as time evolves. This will
be true because these policies will be carried out for any possible set of histories.

We can now define a time-consistent equilibrium as a pair (�,D) that satisfies:

(i) sequential rationality by consumers. For every history H1t, (�t,Dt) is a
first-stage competitive equilibrium, and for every history H2t, the vector
(�t+1,D2t,Dt+1) is a second-stage competitive equilibrium.

(ii) sequential rationality by the planner. For every history Ht, the plan �t

maximizes consumer welfare over the set of feasible plans �t(D2t,Dt+1,Ht).

Intuitively this process works as follows. At the second stage of the last
period, the consumer’s decision problem is independent of history and depends
only upon current tax rates and the current capital stock. As a consequence, the
planner’s decision problem depends only upon the current capital stock. Hence the
equilibrium in the last period is identical as the single-period problem considered
earlier. In particular, it is independent of history. Now consider period (T − 1).
Obviously, neither the planner’s decisions nor private agent’s decisions have any
effect on outcomes in period T. Hence, the problem in period (T−1) is also static
and the outcomes will be identical to those discussed earlier for the single-period
case. Repeating this argument convinces us that the time-consistent equilibrium is
unique. In particular, it is the sequence of single-period, time-consistent equilibria.

15.5 Tax compliance and tax evasion

The problem of tax evasion is of considerable importance in most countries –
developed as well as developing. It has been extensively studied in public
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economics. For a recent survey see Tresch (2005: Chapter 15). Our purpose in this
section is a relatively modest one – we present a brief overview of the literature
and study one model (Andreoni 1992) in some detail.

Early models of tax compliance and tax evasion include Allingham and Sandmo
(1973), Srinivasan (1973) and Yitzhaki (1974). The main thrust of this literature11

was that, in principle, it was possible to ensure full tax compliance simply by setting
penalties so high that the expected net gain from cheating is negative. However, as
Reinganum and Wilde (1985, 1986), Border and Sobel (1987), Scotchmer (1987),
Sanchez and Sobel (1989), Townsend (1979), and Mookherjee and Png (1989)
point out, there may be limits to the size of sanctions against tax evaders and
enforcing compliance through audits may be a costly affair. Hence, incentives for
tax evasion exist. In a dynamic model of tax evasion, Greenberg (1984) assumes
perfect capital markets. Imperfect capital markets are introduced in an important
paper by Andreoni (1992). In this section we first study the static problem of tax
evasion and then Andreoni’s dynamic tax evasion model.

Taxation and the underground economy

Underground activity is an important segment of the market in many countries.
Economists have dealt with the problem of underground economy from two angles.
First, from a theoretical perspective attempts have been made to explain the extent
of the underground economy asking why people work in a clandestine manner,
buy and sell goods on the black market, and so on. Second, some economists have
tried to estimate the extent of the underground economy.12

Consider an economy with two broad sectors13 – the official or legal sector
labeled l and the clandestine or underground sector labeled u. There are two types of
labor markets and two types of good markets. Hence households and firms interact
in four interrelated markets: two goods markets (legal and underground) and two
labor markets (legal and underground). Both labor and goods are homogeneous
across the two sectors except for the different degrees of risk associated with
the two sectors. Legal and underground markets differ from each other because
of the fact that transactions in official markets are subject to taxes. We suppose
that there is a direct income tax for the labor market and an indirect tax for the
commodity market. Transactions in the underground market are not subject to
tax. If this tax evasion is detected then there is a penalty at rates fixed by the
government. The government is assumed to be able to detect tax evasion at fixed
probabilities.

The household works L1 and Lu hours, respectively, in the legal and under-
ground economies. Leisure is denoted by Le. L(D) denotes the total amount of
labor hours supplied by the typical household. The wage rate in the legal economy
is w1 and in the underground economy is wu. We will assume that when working in
the legal market, households are subject to a linear income tax with an exemption
limit of �0 and a marginal rate of �1. Hence, the net income of a household from the
legal economy is (w1L1(1 − �1) + �0). In the underground economy the income
is wuLu. Let p be the probability of being detected to be working in the shade
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Table 15.1 Outcomes of working in the underground economy

Working in the underground economy is not detected (probability 1 – p)

(i) Disposable income from the labor market is:
�0 + (1 − �1)w1L1 + wuLu = Y1(L1,Lu), where Y1 is income in this situation.

(ii) Utility in this situation from the labor market: U(Y1,L
1,Lu).

(iii) Utility in this situation from the goods market: V(d1,du)withY1 ≥ d1p1 +dupu where
p1 is the tax inclusive consumer price in the legal market and pu is the (tax-exclusive)
consumer price in the underground market.

Working in the underground economy is detected (probability p)

(i) Disposable income from the labor market is:
(1 − �1)w1L1 + �0 + wuLu(1 − �2) = Y2(L1,Lu).

(ii) Utility from the labor market: U(Y2,L
1,Lu).

(iii) Utility from the goods market: V(d1,du) with Y2 ≥ d1p1 + dupu.

economy so that (1 − p) is the probability of not being detected. Firms face no
penalties for hiring workers in the underground economy.

Household commodity demand in the legal market is denoted by d1 and in the
underground economy by du. The household’s choice problem can be depicted as
in Table 15.1.

A typical firm has the following choice problem. It may supply an amount s1

for the legal economy and amount su for the underground economy. p1 is the tax
inclusive price in the legal market and pu is the price in the underground economy.
The rate of indirect tax is �3 and the amount of indirect tax to be paid by the firm
per unit sold in the legal market is �3P1 for a total of �3P1s1. If the firm is caught
selling goods in the underground economy it has to pay a penalty proportional to
its revenue from the underground economy: �4pusu. However, consumers face no
penalty for buying goods in the underground economy.

We assume that labor is the only variable cost of production. There is a catch-
all fixed cost term labeled F. The firm may hire labor in the legal as well as the
underground economy. These are denoted l1 and lu respectively. This literature
typically assumes that the legal economy good is produced by labor from the
legal labor market alone and underground economy good is produced by labor
from the underground economy alone. This separability assumption simplifies
the analysis but is a drawback nevertheless. Let the probability of the firm being
detected selling in the underground economy be q. We can then write and depict
the decisions of the firm as in Table 15.2.

The expected utility of the worker is given as by the von Neumann–Morgenstern
form:

E(U) = (1 − p)U(Y1,L
1,Lu) + pU(Y2,L

1,Lu) (15.44)

where E(.) is the expectations operator. This utility function is maximized
with respect to L1 and Lu. Y1 and Y2 have been defined in Table 15.1.
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Table 15.2 Outcomes of selling goods in the underground economy

Selling goods in the underground economy undetected (probability 1 – q)

(i) Revenue: s1p1 + supu.
(ii) Cost: w1l1 + �3s1p1 + wulu + F.
(iii) Profit: (1 − �3)s1p1 + supu − wulu − F.

Selling goods in the underground economy detected (probability q)

(i) Revenue: s1p1 + supu.
(ii) Cost: w1l1 + �3s1p1 + wulu + �4supu + F.
(iii) Profit: s1p1 + (1 − �4)supu − w1l1 − �3s1p1 − wulu − F.

Additional constraints are that:

L1 + Lu ≤ H (15.45)

and L1 ≥ 0 and Lu ≥ 0 where H is the total amount of time available with this
individual.

Define the dummy variable D such that D = 0 for Y = Y1 (non-detection) and
D = �2 for Y = Y2 (detection).

Writing� as the Lagrangean and� for the Lagrange multiplier for the constraint
in equation (15.45) for the utility maximization problem of the household, we get
as first-order, Kuhn–Tucker conditions:

∂�/∂L1 = E[(∂U/∂y)]w1(1 − �1) + E[(∂U/∂L1)]−� ≤ 0 (15.46a)

(∂�/∂L1) = E[(∂U/∂y)wu(1 − D)]+ E[∂U/∂Lu]−�� ≤ 0 (15.46b)

L1 ≥ 0,Lu ≥ 0, and L1(∂�/∂L1) = 0 = Lu(∂�/∂Lu) (15.46c)

(∂�/∂�) = H − L0 − Lu ≥ 0,� ≥ �(∂�/∂�) = 0. (15.46d)

Consider the interior solution when labor is positive. In that case � = 0 for L1

and Lu > 0 and we obtain:

E(∂U/∂y)w1(1 − �1) + E(∂U/∂L1) = 0 (15.47a)

and

E[(∂U/∂y)wu(1 − D)]+ E(∂U/∂Lu) = 0. (15.47b)

From equation (15.47a) we get:

w1(1 − �1) = −E[(∂U/∂Lu)]/E[(∂U/∂y)(1 − D)] (15.48)

which says that the after-tax wage rate for legal work must be equated to the ratio
of expected marginal disutility from official work to the expected marginal utility
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from income obtained both from legal and illegal work. From equation (15.47b)
we can derive:

wu = −E[(∂U/∂Lu)]/E[(∂U/∂y)(1 − D)]. (15.49)

This is a parallel expression for underground work. It says that the wage rate for
underground work must be equal to the ratio of the expected marginal disutility
from underground work to the expected marginal utility from income obtained
both from legal as well as illegal work weighted by the penalty rate to be paid to
the tax authorities. This rate is zero if tax evasion is not detected and equal to �2 if
it is detected. Equations (15.48) and (15.49) determine the implicity labor supply
function in the two labor markets:

L1 = L1[w1,wu,�0,�1,�2,p] (15.50a)

Lu = Lu[wu,wu,�0,�1,�2,p]. (15.50b)

To facilitate analysis attention is focused on a special functional form of the utility
function. In particular it is assumed that there are no cross-effects:

∂2U/∂y∂L1 = ∂2U/∂y∂Lu = ∂2U/∂L1∂Lu = 0.

With this assumption we can write the two key conditions (equations (15.48) and
(15.49)) in implicit functional form as:

�1(L1,Lu,p,�0,�1,�2,w
1,wu) = 0 (15.51)

�2(L1,Lu,p,�0,�1,�2,w
1,wu) = 0. (15.52)

These are two equations in two unknowns L1 and Lu. The others are all parameters
of the model. Upon total differentiation we can solve for the change in each of
these endogenous variables in response to a change in any of these parameters.
These effects are summarized in Table 15.3.

A simplifying aspect of this model is that labor market decisions are separated
from goods market decisions.14 With respect to the goods market, in case income

Table 15.3

Effects on endogenous variables

L1 Lu

Increases in parameter values
p + −
�0 − −
�1 ? +
�2 + −
w1 ? −
wu − ?
? = ambiguous sign
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tax evasion is not detected, the household maximizes V(d1,du) with respect to d1

and du subject to the conditions:

Y1 = w1L1(1 − �1) + �0 + wuLu ≥ d1P1 + dupu (15.53)

with d1 ≥ 0 and du ≥ 0.
As long as the household is not satiated with respect to either good, the marginal

utilities are positive. Hence the non-negativity constraints are not binding. This,
in turn, implies that some of at least one good is consumed and total income, Y1,
is exhausted. The first-order condition for utility maximization can be written as:

(∂V/∂d1)/(∂V/∂du) = P1/Pu. (15.54)

This implies that the marginal rate of substitution between legal and illegal
transactions must be equal to the ratio of their prices.15 In a manner exactly
analogous to the case for labor supply we can write the commodity demand
functions, given L1 and Lu, as:

d1 = d1(P1,Pu,y1) (15.55)

du = du(P1,Pu,y1) (15.56)

We can then carry out comparative static exercises just as before.

Determination of the firm’s underground activities

It is generally assumed that the firm is a risk-neutral decision-maker, choosing
simultaneously the demand for labor and the supply of goods (in both legal and
illegal markets). The supply of goods is given by a production function with labor
alone as arguments. The demand for labor is determined by:

l1 = f−1
1 (l1) (15.57)

lu = f−1
2 (lu) (15.58)

where f1 and f2 are the production functions for output in the legal and illegal
sectors respectively.

The firm’s profit maximization problem can now be written as:

maxE() = f1(l1)P1(1 − �3)q + f2(lu)Pu(1 − q)�4 − w1l1 − wulu − F
(15.59)

where  is profits.
First-order necessary conditions are:

q(∂f1/∂l1)P1(1 − �3) − w1 ≤ 0 (15.60a)

(∂f2/∂lu)Pu(1 − q)�4 − wu ≤ 0 (15.60b)

l1 ≥ 0, 11[∂E()/∂l1] = 0, lu ≥ 0, lu[∂E()/∂lu] = 0. (15.60c)
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For an internal maximum, marginal product of labor in both markets should be
equated to the correctly defined real wage:

∂f1/∂l1 = w1/[P1(1 − �3)]q (15.61a)

∂f1/∂lu = wu/[Pu(1 − q)�4]. (15.61b)

Totally differentiating these conditions we can find out the response of labor
demand in the legal and illegal sectors to changes in the parameters. This is depicted
in Table 15.4.

The results of this model are to be interpreted as being suggestive. First, the
qualitative results have been obtained under very stringent conditions. Second,
there is an artificial separation of activities between the labor and commodity
markets. Nevertheless, it does point to the key role played by various policy
parameters such as the probability of getting caught, the wage rates, the prices and
tax rates in influencing producer and consumer behavior about tax evasion.

15.6 Intertemporal tax evasion: Andreoni’s model

Each tax payer in Andreoni’s model lives for two time periods. In the first time
period he receives an income yl which is the same for all consumers. This is
known to everyone. In the second period each person receives a bequest y2h
where h indexes individuals. This bequest is individual specific and, therefore,
private information.

Consumer h has a separable utility function between consumption in the time
periods:

Uh = u(c1h) + v(c2h).

The consumer can transfer income from one time period to the other and a
consumption level different from income in either time period borrowing from
banks. Banks know first-period income of each individual but they cannot monitor
the bequests of individuals.16 In addition, first-period income is taxed (at the

Table 15.4

Effects on endogenous variables

l1 lu

Changes in parameters
q 0 −
�3 − 0
�4 0 −
P1 + 0
Pu 0 +
w1 − 0
wu 0 −



380 The theory of taxation

proportional rate ty) but bequests are not.17 In order to get a loan to add to
consumption in the second period, an individual has to offer collateral. There
is an adverse selection problem here because since the bank does not know the
bequest of the person taking out the loan, it is entirely possible that this person
will take out a large loan and then default on repayment in the second time period.
Faced with this kind of situation, banks would set a limit to the amount of the
loan that they would give out. Let us suppose that this is L∗ and, without loss of
generality, assume that L∗ = 0.

Now define m(cl,c2) = (∂u/∂c1)/(∂v/∂c2) as the marginal rate of substitution
between current and future consumption. Consider a level of bequest y∗

2 such
that m(yn,y∗

2) = 1. Hence this person will consume yn in first time period and
y∗

2 in the second time period. Assuming that the consumer’s utility function is
concave we will get the result that a consumer with bequests, y2h,< y∗

2, would
have m(.) < 1 and this person would like to save (lend). People with y2h > y∗

2
would have m(.) > 1 and would like to borrow. Hence, the population is split up
into three segments. Those with large bequests would like to borrow. Those with
small bequests would like to save in order to add to second-period consumption
and there is an intermediate range of people who do not borrow or lend.

Now suppose that even first-period income is not observed by banks. In making
loan decisions, banks rely on the incomes reported by individuals to the tax
authorities. They, in turn, enforce compliance through random audits at the
beginning of period 2. The probability that any particular taxpayer will get audited
is �. Hence, there is a time lag between the reporting of income to the tax authorities
and the auditing of tax returns. This lag is crucial to Andreoni’s model.

In the first period the individual reports income yr
1h so that the amount of

underreporting is ur
h = y1h − yr

1h. Hence, for ur
h ≥ 0 this person will have

consumption in period 1 of c1h = y1h − tyyr
1h − sh = yn + tyur

h − sh where sh ≥ 0
is the amount saved.

During an audit if a person is caught to have cheated, he has to pay the evaded
tax tyur

h plus a penalty which is fixed at 
 for every dollar under-reported. Hence
total liabilities when caught are ur

h(ty +
.) If the tax payer is caught cheating (so
that he loses, denoted by the superscript 1) his second-period consumption will
be c1

2h = y2h + sh − (ty +
)ur
h. If, on the other hand, this person is not audited, so

that he wins (denoted by the superscript w), then second-period consumption will
be cw

2h = y2h +sh. Hence, if a person under-reports a dollar of income, then he will
get ty in the first period, but with probability � he will lose t+
 in the second time
period. Hence, expected value of each dollar of cheating is � = ty − �(ty +
).

Consumer h then maximizes the following utility function:

Uh = u(c1h) + (1 − �)v(cw
2h) + �v(c1

2h)

subject to:

0 ≤ ur
h ≤ y1h,sh ≥ 0.

This maximization is done with respect to ur
h and sh.
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The first-order conditions for this are as follows:

u′(c1h)ty − �v′(cl
2h)(ty +
) ≤ 0 (15.62)

− u′(c1h) + (1 − �)v′(cw
2h) + �v′(cl

2h) ≤ 0. (15.63)

Equation (15.62) holds with equality if ur
h > 0 and equation (15.63) holds with

equality if sh > 0. We denote ũr
h, s̃h as the solutions to equations (15.62) and

(15.63).
Let s′

h be the optimal level of savings under full compliance. We get s′
h from

equation (15.63) if we constrain ur
h to be zero. Then a necessary and sufficient

condition for ũr
h to be positive is that the lefthand side of equation (15.62)

evaluated at (0,s′
h) is positive. Rearranging this we have m(yn − s′

h,y2h + s′
h) >

�(ty + 
)/ty = 1 − �/t. However for all h such that y2h ≤ y∗
2 we know that

m(yn − s′
h,y2h + s′

h) = 1 and for all h such that y2h > y∗
2 we know that s′

h = 0
and m(yn,y2h) > 1. Hence if �> 0 then (1−�/t) < 1 and everyone will cheat. If
� = 0 then (1 −�/t) = 1 and only those who face binding borrowing constraints
will cheat. Let ye solve m(yn,ye) = 1 − �/t. Then if � < 0 only those liquidity
constrained people with y2h > ye will cheat.

Hence the existence of imperfect capital markets with the borrowing constraint
has a profound implication on tax compliance. If people are liquidity constrained,
they may be willing to take unfair risks in order to transfer income from the future
to the present. Furthermore, the more severely constrained are people18 (the greater
is their y2h), the lower the � that they are willing to tolerate. This implies that the
tax authorities cannot eliminate cheating by setting enforcement such that � = 0.
Even if � is set equal to one so that everyone is audited, we are still not guaranteed
full compliance. Someone with a sufficiently high y2h may be willing to pay the
penalty in order to increase consumption in period 1.

Cheating to free up the borrowing constraint

Consider cheating in the case where � < 0. Restrict sh = 0 and solve equation
(15.62) to get optimal ur

h, say ur′
h . With this we will have:

u′(yn + tyur′
h ) = v′(y2h − (ty +
)ur′

h )�(t +
)/ty. (15.64)

For s̃h > 0 the lefthand side of equation (15.63) should be positive when it is
evaluated at (ur

h,0). Evaluating (15.63) at this point and substituting from equation
(15.64) we get:

− u′(yn + tyur′
h ) + (1 − �)v′(y2h) + �v′(y2h − (ty +
)ur′

h )

= (1 − �)[v′(y2h) − v′(y2h − (ty +
)ur′
h )]+ (�/ty)v′(y2h − (ty +
)ur′

h ).

(15.65)

We assume that consumers are risk averse. Hence it must be the case that
v′(y2h) ≤ v′(y2h − (ty +
)ur′

h ). Now since we have assumed � to be negative, it



382 The theory of taxation

must be the case that equation (15.65) is negative. Hence (ũr
h, s̃h) = (ūr

h,0) for
all those with y2h > ye. In other words, if the expected return from cheating is
negative, then cheaters will never use their expected taxes to increase savings. If
�< 0 and a cheater wishes to transfer consumption from the present to the future,
then the least-cost way of doing this is to reduce cheating.

If � > 0, however, the situation is different. Now equation (15.65) could be
positive or negative. Moreover, it will change sign only once. Let y0

2h be the level19

of second-period income at which equation (15.65) is zero. In other words:

−u′(yn + tyur′
h ) + (1 − �)v′(y0

2h − (ty +
)ur′
h ) = 0.

Substituting from equation (15.64) we get:

u′(yn + tyur′
h )/v′(y0

2h) = 1 +�/
. (15.66)

Since u′(yn) > u′(yn + tyur
h), it must be the case that m(yn,y0

2h) > 1 which,
therefore, means that y0

2h > y∗
2. Hence for all persons with y2h < y0

2h savings will
be positive. This may include some people who are initially liquidity constrained.
Hence, for these people cheating frees up borrowing constraints. However, the
most severely liquidity-constrained people will remain constrained, even with
cheating.

Andreoni shows that his results generalize fairly readily to stochastic incomes.
The point that people may evade taxes in order to slacken their borrowing
constraint comes out well in this model.

15.7 Concluding comments

The theory of direct taxation has been the subject of intense research in recent
years. In Chapter 14 we studied the foundations and principal results in this
area. In this chapter we have studied four areas that have recently occupied the
attention of economists as well as policy-makers. These four areas are endogenous
growth theory and optimal taxation, the problem of income tax indexation in an
inflationary economy, time inconsistency direct taxation, and the problem of tax
compliance.

The results collected here are indicative of the work being done at the frontiers
in these areas and are not to be construed as exhaustive surveys. However, the
basic flavor of the questions asked and key results does come through.

In Chapter 14 and in this chapter we have been concerned with optimal taxation.
In the next chapter we broach the question of tax reform – an issue that arises when
optimal tax rates cannot be achieved in one step.

Notes

1 Our analysis will be based primarily on the work of Jones et al. (1993) and Gruner and
Heer (1994).
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2 wt is the wage rate of a standard unit of labor. Hence, the wage income of a person who
supplies HtLt units of standard units of labor is, simply, wtHtLt.

3 These also agree with the results of Jones et al. (1993).
4 For a recent statement see Jha (2003: Chapter 4).
5 If � = 1 then there is no indexation since a rise in the price level has the same effect

on tax liability as a rise in real income. If � = 0 then there is perfect indexation, since
a rise in the price level, by itself, has no effect on tax liability.

6 The higher is � the greater the fraction of income taken away as tax and, therefore, the
higher the degree of tax progression.

7 Strotz (1955) had shown that time inconsistency may arise if consumer preferences
change over time. The time inconsistency problem we are talking about arises even
if preferences are unchanged. The basic reason for time inconsistency here, as will
become clear soon, is conflict among agents.

8 We keep the production technology simple in order to focus on the key issue of time
consistency.

9 Since consumers are all identical we can normalize their size to equal 1.
10 It is easy to verify that utility of consumers in this time-consistent equilibrium is strictly

lower than the level in the Ramsey equilibrium.
11 For some amplification on this point for the case of consumer tax evasion, see Gideon

(1995). For tax evasion by firms, see Gideon (1994).
12 In this section we study a simple model of underground activity. Good account of

the empirical work on underground activity can be found in Mork (1975), Spicer
and Lundstedt (1976), Crane and Nourzad (1987), Poterba (1987) and Schneider and
Horfreither (1987).

13 In this section we follow the work of Nayak (1978), Cowell (1985), Isachsen and Strom
(1980) and Neck et al. (1989).

14 If they were jointly treated meaningful qualitative results would not be possible.
15 Assuming that the utility function is concave, the necessary conditions are also

sufficient.
16 A simple reason for this could be that first-period income is the same for everyone

whereas second-period bequests vary across individuals.
17 Hence net income in the first time period is yn = yl(1 − ty).
18 The extent of this constraint is defined in terms of the magnitude of second-period

income. The larger this income, given that first-period income is the same for
everyone, the greater will be the desire to transfer second-period earnings to first-period
consumption.

19 This level of income will be unique.

Additional reading

A good heuristic explanation of time inconsistency and some other problems
in dynamic tax theory can be found in Stern (1991). See also Feldstein (1983),
Bosworth (1984), Slemrod (1990b), Tresch (2005), and Tuomala (1990).
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Key concepts: tax reform; Diamond–Mirrlees criteria; dynamic tax reform;
marginal tax reform; social marginal cost, marginal benefit approach to tax
reform; Kay–Panzar–Sadka requirement; the Hatta criterion.

16.1 Introduction

In real life it is rarely possible to reach optimal tax rates immediately. It is more
likely that all the policy-maker is permitted is marginal changes around existing
tax rates. Tax reform, loosely speaking, deals with improving welfare by making
marginal changes in tax design and structure.

What exactly is tax reform? A moment’s consideration will tell us that there is
no agreement about this. Contradictory policy measures have been suggested, at
different times, under the general rubric of tax reform. For instance, in the 1960s
James Callaghan introduced a selective employment tax in the UK and called it
tax reform. In the 1970s this tax was replaced with VAT by the then Chancellor
of the Exchequer, Anthony Barber, and this move was once again called ‘tax
reform’. In the 1970s investment tax allowances were introduced in the UK and
then abandoned in the 1980s. Both the adoption of the tax allowances as well as
their abandonment were called ‘tax reform’. Hence, what a tax reform is depends
very much on the value systems prevailing at the time. However, not all changes
in taxes should be called ‘tax reform’. We would do well to reserve this term for
‘significant’ changes.

Tax reform, so defined, may take a variety of forms. It can cover increases
or decreases in tax rates, brackets or thresholds, and changes in the tax base; the
introduction of new taxes and the abolition of old taxes; and changes in the tax mix.
The indexation of a major tax (in the case of an economy experiencing inflation)
also constitutes tax reform as does a radical change in administrative practices and
procedures.

To be sure, current interest in tax reform has been fueled by almost universal
tax reforms in the 1980s and 1990s. The 1980s was truly a decade of world-wide tax
reform. Almost all countries of Western Europe would claim to have undergone
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tax reform during that period. The USA introduced a major Tax Reform Act
in 1986. In Canada the Goods and Services Tax (GST) came into place. Japan is
undergoing tax reforms. New Zealand has thoroughly revised its tax structures and
Australia has made substantial changes to tax laws. The 1990s saw an extension
of the VAT to many countries, including developing ones, and rationalization of
direct tax structures and tax harmonization in many countries.

Several developing countries have also undergone or are currently setting up
deep tax reforms. These include large developing countries such as India, where
the government has appointed a Tax Reforms Committee, and several smaller ones
as well. Cnossen (1992) reports, for example, that approximately forty countries
in Africa, Asia, and Latin America have a VAT. Twenty-one of the twenty-four
OECD countries have a VAT. It is quite surprising to recall that the VAT was
almost unknown twenty-five years ago. The phenomenon of tax reform has been
truly universal.

Even more interesting than the universality of reforms is the fact that those
taking place in different countries have a lot in common. We discuss below some
common characteristics, particularly for the developed countries.

(i) An important feature of tax reforms has been reduction in the top rates of
income tax. Table 16.1 shows the top rates of personal income tax for a set of

Table 16.1 Top rates of central government personal income tax 1976, 1986, 1992,
for selected OECD countries

Country Top individual tax rates per cent Percentage points
reduction 1976
figure minus 1992

Percentage points
reduction 1992
figure minus 2007

1976 1986 1992 2002 2007

Australia 65 57 48 48.5 41.5 17 6.5
Austria 62 62 50 35.2 37.5 12 12.5
Canada 43 34 29 22.0 22.0 14 7
Finland 51 51 39 27.6 23.5 12 15.5
France 60 65 57 32.8 30.1 3 26.9
Germany 56 56 53 51.2 44.3 3 8.7
Ireland 77 58 52 42.0 41.0 25 11
Italy 72 62 50 35.4 37.4 22 12.6
Japan 75 70 50 13.6 17.1 25 32.9
Netherlands 72 72 60 52.0 52.0 12 8
New Zealand 60 57 33 39.0 39.0 27 −6
Norway 48 40 13 27.2 24.6 35 −11.6
Sweden 57 50 20 25.0 25.0 37 −5
UK 83 60 40 40 40 43 0
USA 70 50 31 27 25 39 6

Unweighted
average

63.4 56.3 41.7 34.56 33.33 21.7 8.4

Source: Various OECD publications.
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OECD countries in 1976 (i.e., before the reforms began), in 1986 (when the
reforms program was well under way), in 1992 (when several countries had
finished the bulk of economic reforms), and later years when tax reforms
were deepened.

As Table 16.1 shows, the reduction in rates has been quite dramatic for
some of the countries. The US and UK top marginal tax rates were cut
by more than half between 1976 and 1992. Norway and Sweden effected
deep cuts as well, whereas France and Germany have had smaller cuts. The
unweighted average of the top marginal tax rates also fell quite sharply.
The trend toward lower top marginal tax rates continued in the twenty-
first century. With rare exceptions, top marginal tax rates fell, as did the
unweighted average of tax rates.

Coupled with reductions in the top marginal rates were reductions in rates
at the lower and middle ranges of the tax schedule, as well as an increase in
the exemption limit. In Sweden, for example, after the 1990 reform, there
was a single rate of central government income tax of 20 per cent; the lowest
rate of tax, hitherto 4 per cent, therefore went up to 20 per cent; but because
the exemption limit was increased, the net effect was to reduce the 4 per cent
rate to zero.

(ii) Associated with the reduction in tax rates and an increase in the exemption
limit was a reduction in the number of slabs in the income tax scale. In the
UK the income tax had ten steps in 1976 which came down to three in 1992.
At the beginning of the 1980s, New Zealand had nineteen slabs which came
down in ten years to just two.

Tax reforms effected were, however, revenue neutral; there was hardly any
change in tax revenue as a result of these reforms. How has it been possible
to make such marked reductions in income tax while more or less sustaining
tax revenue?

This was accomplished:

(a) by broadening the base of the income tax (including tightening up on
income-related taxes and/or imposing new income-related taxes);

(b) by changing the tax mix, i.e., raising more from other taxes.

This then leads us to the third and fourth major characteristics of recent tax
reforms.

(iii) The third major characteristic of recent tax reforms has been a broadening
of the income tax base. This has included reductions and streamlining of
different concessions, loopholes, and possible tax shelters.

A particularly important example of this was the taxation of fringe benefits.
In New Zealand and Australia, for example, the taxable value of these fringe
benefits was raised much closer to their market values and taxed in the hands
of the employees.

Another major innovation in this direction was tightening of laws relating
to taxing of capital gains. In the USA, for example, capital gains were
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completely assimilated in the income tax. Similar moves were made in
Canada, Australia, Japan, and several of the Scandinavian countries.

(iv) Another important characteristic of the tax reform package has been the
change in tax mix. Reductions in personal income taxation were partly
financed by an increase in other taxes. In most cases this took the form of
the introduction of a nationwide VAT. Most European Union (EU) countries
have long had the VAT, while Australia, New Zealand and Canada introduced
it in the guise of a Goods and Services tax.

Another route taken to compensate for the reduction in tax revenue from
personal income taxes was to collect more revenue from corporate taxes. This
was generally achieved by broadening the base of the corporate tax (without
increasing tax rates). This was done in Canada and the USA.

(v) The broadening of the base of the corporate tax was accompanied by a
reduction in the rates. In the UK, for example, from 1984 the 100 per cent
first year write-off for plant and equipment was replaced by a 25 per cent
depreciation allowance, and provision for stock relief against inflation were
withdrawn. In parallel, the rate of corporate tax was cut from 52 per cent to
33 per cent.

Similarly, in the USA the primary rate of corporate tax was cut from 46
to 34 per cent. At the same time, investment incentives were cut. Similar
reforms were effected by Canada, Australia, New Zealand, and some of the
Scandinavian countries.

(vi) Finally, tax reforms were always accompanied by considerable toning up of
tax administration.

Reasons for tax reform

An interesting question to ask at this point is why did such substantial tax reforms
take place in so many countries simultaneously. There are several reasons for this:

(a) There was extreme discontent with the existing tax system in most countries.
This took several forms. On the one hand, it was felt that high marginal
tax rates were having serious disincentive effects on savings, labor supply,
and entrepreneurship. On the other hand, they were providing considerable
avenues for tax avoidance and evasion and considerable energies and
resources were being diverted to making up tax shelters. Birnbaum and
Murray (1988), for example, provide numerous examples of the extent of
tax avoidance by individuals and firms and show why the US Tax Reforms
Act of 1986 had become a dire necessity. Similar examples can be found in
the experiences of Canada, Japan, Australia, and New Zealand.

(b) It was also felt that apart from diverting resources from work and savings
to tax avoidance, high marginal tax rates had not achieved the social and
economic objectives they had been designed to meet. For instance, there was
a widespread perception that high marginal tax rates had failed to reduce
or even limit inequalities of income and wealth which was their objective.
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The rich were best placed to obtain advice on tax shelters and take advantage
of tax loopholes. Thus, the effective progression of many tax systems was
much less than the nominal progression. It began to be felt that if the tax
concessions were reduced or eliminated, the same degrees of progression
could be achieved, with less horizontal inequity and with lower marginal tax
rates.

(c) At the same time there was concern in almost all OECD countries that
governments were taxing and spending too much. As Table 16.2 indicates,
total tax revenues had climbed up substantially. The 1970s were marked
by high inflation which, acting on large unindexed tax systems, perpetrated
inequities. (Recall the discussion in Chapter 15.) Those most dependent on tax
allowances, which failed to keep pace with prices, were hard hit. Taxpayers
climbed into higher tax brackets purely because of inflation, faced higher
marginal tax rates and had their real incomes reduced. Interest rates that were

Table 16.2 Growth in total tax revenue (including social security contributions) as a
percentage of GDP at market prices, OECD countries, 1965–2005

Country Tax revenue as
per cent of GDP

Increase of 1985
over 1965

Increase of 2005
over 1985

1965 1985 2005 Percentage
points

Percentage
increase

Percentage
points

Percentage
increase

Australia 23.2 30.0 30.8 6.8 29.3 0.8 2.67
Austria 34.7 43.1 42.1 8.4 24.2 −1 −2.32
Belgium 31.2 47.6 44.8 16.4 52.6 −2.8 −5.88
Canada 25.4 33.1 33.4 7.7 30.3 0.3 0.91
Denmark 29.9 49.0 50.7 19.1 63.9 1.7 3.47
Finland 29.5 37.0 43.9 7.5 25.4 6.9 18.65
France 34.5 44.5 43.9 10.0 29.0 −0.6 −1.35
Germany 31.6 38.1 34.8 6.5 20.6 −3.3 −8.66
Greece 22.0 35.1 31.3 13.1 59.5 −3.8 −10.83
Ireland 27.8 28.8 30.6 1.0 3.6 1.8 6.25
Italy 25.5 34.4 40.9 8.9 34.9 6.5 18.90
Japan 18.3 27.6 27.4 9.3 50.8 −0.2 −0.72
Luxembourg 30.6 50.1 37.8 19.5 63.7 −12.3 −24.55
Netherlands 33.2 44.9 38.8 11.7 35.2 −6.1 −13.59
New Zealand 24.7 34.1 37.5 9.4 38.0 3.4 9.97
Norway 33.3 47.6 43.5 14.3 42.9 −4.1 −8.61
Portugal 18.4 31.6 32.9 13.2 71.7 1.3 4.11
Spain 14.3 28.8 35.8 14.5 101.4 7 24.31
Sweden 35.2 50.4 49.5 15.2 43.2 −0.9 −1.79
Switzerland 20.7 32.0 29.2 11.3 54.6 −2.8 −8.75
Turkey 15.0 19.7 24.3 4.7 31.3 4.6 23.35
UK 30.4 37.9 36.3 7.5 24.7 −1.6 −4.22
USA 25.9 29.2 27.3 3.3 12.7 −1.9 −6.51
Unweighted

average
26.7 37.2 10.5 39.3 −0.35 −0.95

Source: OECD Revenue Statistics, 1992: 1965–1991, 2008.
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not indexed for inflation affected savers. The stagflation that hit major OECD
economies (indeed the world economy, generally) in the early 1980s made tax
reform more difficult but, at the same time, more necessary. Budget deficits
which had grown very large in the 1980s because of higher social sector
spending (due to recession) had to be brought under control without undue
pain. There was only a marginal decline of tax revenue as a proportion of
GDP between 1985 and 2005.

The growth in tax revenues across these countries has been achieved, as has
been noted above, by reducing marginal tax rates and broadening the tax base.
As a result, the shares of various taxes in total tax revenues have not changed
much. OECD Revenue Statistics 2008 attest to the fact that the relative shares
of three major heads of taxes, personal taxes, corporate taxes and commodity
taxes, have remained relatively stable in major OECD countries over the period
1965–2005.

What is more interesting to note, however, is the difference in tax perfor-
mance of developed and developing countries. This is shown in Tables 16.3
and 16.4.

Table 16.4 presents a revealing account of distribution of tax revenue by
GDP per capita. In the richest countries personal income taxes are the most
significant and contribute more than half (54.3%) of tax revenue. Next in line
are various commodity taxes and then the corporation tax. Border taxes and
seigniorage revenue are low. The latter is reflected in the low value for inflation.
The size of the informal economy is low. With falling GDP per capita, however,
there is steady deterioration in almost all of these parameters. Tax revenue as a
percentage of GDP drops and corporate taxes as percentage of revenue rise as
GDP per capita falls. Income taxes as a percentage of revenue remains within
the 30 to 35 per cent range. The share of commodity taxes is high. High rate
of inflation gets reflected in the high value of seigniorage revenue. The poorest

Table 16.3 Central government revenue by type of tax, 1990–2002 averages (percentage
of total tax revenue, median value of simple averages)

No. of Direct Payroll Sales Trade
countries taxes taxes taxes taxes

Complete sample 139 27.1 5.9 34.8 14.6
Developed countries 24 34.8 28.5 28.1 0.5
Transitional economies 23 17.7 33.3 38.9 6.2
Developing countries 92 27.6 0.7 33.0 24.9
Africa 32 27.2 0.2 30.7 33.0
Latin America & Caribbean 27 22.1 5.1 38.9 13.7
Asia & Oceania 33 34.1 0.0 34.8 25.6

Source: UNPAN Statistics
http://www.unpan.org/statistical_database-publicsector.asp
Accessed 8 February 2007.



390 The theory of taxation

Table 16.4 Sources of government revenue (1996–2001)

GDP per capita Tax
revenue
(% of
GDP)

Income
taxes
(% of
revenue)

Corporate
income
tax (% of
income
taxes)

Consumption
and
Production
taxes (% of
revenue)

Border
taxes
(% of
revenue)

Inflation
rate (%)

Seigniorage
Income (%
of revenue)

Informal
economy
(% of
GDP)

<$745 14.1 35.9 53.7 43.5 16.4 10.6 21.8 26.4
$746–2,975 16.7 31.5 49.1 51.8 9.3 15.7 24.9 29.5
$2976–$9205 20.2 29.4 30.3 53.1 5.4 7.4 6.0 32.5
All developing 17.6 31.2 42.3 51.2 8.6 11.8 16.3 30.1
>$9206 25.0 54.3 17.8 32.9 0.7 2.2 1.7 14.0

Source: Gordon and Li (2005).

among the developing countries raise almost a quarter of their revenue through
seigniorage. The informal sector in developing countries is about twice that in
developed countries. Dependence on (distortionary) trade taxes in developing
countries is high1 (Table 16.3).

The plan of this chapter is as follows. In the next section we examine the welfare
foundations of tax reform, then we study tax reforms in a life-cycle context. We
move on to a more detailed discussion of tax reform in a dynamic context and
articulate the recent marginal cost and marginal benefit approach to tax reform.
Finally, there is a section on key conclusions. Most of this discussion is in the
context of developed countries. Jha (2008) considers key elements of tax reforms
in developing countries.

16.2 Welfare foundations of tax reform

As we have seen, tax reform has often involved quite systemic changes. The
important point, however, is that the movement is gradual and proceeds in several
directions at the same time. Knowing from second-best theory that a move toward
Pareto optimality without actually attaining it may not be second-best optimal, we
have to inquire into the welfare foundations of tax reform.

Theoretical analysis of tax reforms was first initiated in a classic paper by
Diamond and Mirrlees (1971). This work was later developed by several others.
A comprehensive treatise on tax reform is by Guesnerie (1995). In the following
discussion we will adhere to Diamond and Mirrlees, and Guesnerie.

The specification of the Diamond–Mirrlees model is as follows. The economy
has n private goods indexed by i and H consumers indexed by h. Let us define zh
as the vector of net trade (the excess of consumption over production) of the hth
consumer. This individual has a strictly quasi-concave utility function Uh (zh, G)
where G is the amount of a pure public good consumed by this consumer and,
hence, by society.

The consumer price vector is p, the producer price vector is q and the vector
of specific commodity taxes is � where p = q + �. Let us now define the
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following terms: dh(p, G, S) is the solution to the consumer’s utility maximization
exercise: maxU(zh, G) subject to the budget constraint p. zh ≤ 0 where S is a
lump-sum transfer. Let Yv be the vector of private goods produced. The profit-
maximizing supply of private goods for producers of private goods is denoted by
�v(q). Thus �v(q) is the solution to:

maxq.y′
v subject to yv ∈ Yv

where Yv, is the private production set. We assume that the public good producer
produces two goods2 – the pure public good and an input, amounts of which are
denoted by Gi. This good is sold as an input (at price vector q) to producers of
private goods. Hence for this producer �p(G, q) is the solution to:

max q · Gi such that G, Gi ∈ Yp

where Yp is the production possibility set of this producer.
We can now define a feasible state for this economy. This consists of

consumption bundles zh, a private production plan y′
v, intermediate input vector

Gi and a public goods production plan G and the price vectors p and q such that
the following conditions are satisfied:

(a) zh = dh(p,G,S) (16.1)

(b) y′
v = �v(q) (16.2)

(c) y′′
p = �p(G,q) (16.3)

(d)
∑

h zh ≤ y′
v + Gi. (16.4)

In principle, it is possible to aggregate equations (16.2) and (16.3) to get

y′′ = y′
v + Gi = �(G,q) (16.5)

where � = �v +�p. Then we can rewrite equation (16.4) as:

∑
h

zh ≤ y′′. (16.6)

When the strict equality holds, Guesenrie calls the equilibrium tight or strict. To
define and support this equilibrium we would have to specify the following:

(i) a level of the public good G;
(ii) a vector of specific tax rates. Candidates for this would be a VAT (with

different rates, if necessary).

Further, since the producer’s profit does not enter the individual demand functions,
it is implicitly being assumed that the entire profit of the producers is being
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taxed away. We could assume that the revenue from this is passed on as lump-sum
payment to consumers.

In order to proceed with tax reform we assume full differentiability of all
functions above and full rank of the Jacobian so that the above relations can
be inverted. Let us denote time by t and think of the problem of tax reform
as examining whether there is an improvement in welfare in moving to a
neighborhood of the existing (strict) equilibrium. We also define Ṡ as (dS/dt etc.)
and equilibrium preserving directions of change (ṗ, Ṡ, Ġ, q̇) as those for which
the following expression holds:

(∂d/∂p)(ṗ) + (∂d/∂S)Ṡ + (∂d/∂G)Ġ ≤ (∂�/∂G)Ġ + (∂�/∂q)q̇. (16.7)

Expression (16.7) is a basic feasibility condition in that it says that, as a result of
the move to a neighboring point, the change in demand should be no greater than
the change in supply. It will be strictly equilibrium preserving if the equality holds.

Now, given that the last expression on the righthand side of expression (16.7)
is positive, we can write an alternative condition:

q(∂d/∂p)(ṗ) + q(∂d/∂S)Ṡ + q[(∂d/∂G) − (∂�/∂G)]Ġ ≤ 0. (16.8)

To simplify the notation we write:

�p ≡ q(∂d/∂p),�G ≡ q[(∂d/∂G) − (∂�/∂G)],�s ≡ q(∂d/∂S)

so that we can rewrite expression (16.8) as:

�pṗ +�sṠ +�GĠ ≤ 0.

By the homogeneity of degree zero of the demand function d we must have:

�pp +�sS = 0.

If expression (16.8) holds as an equality then the move is strictly equilibrium
preserving. From those moves that satisfy expression (16.8) we wish to single out
those that have certain desirable welfare properties. An obvious candidate for this
would be Pareto improving moves. To this end, let us define:

Ch(p,S,G) =
[
∂Uh[dh(p,S,G),G]/∂G

{∂Uh[dh(p,S,G),G]/∂G}−1

]
.

The components of Ch are the willingness to pay for the public good. Hence, for
the hth consumer the welfare improving directions of change (ṗ,Ṡ,Ġ) are those
that satisfy:

−dhṗ + Ṡ + ChĠ > 0. (16.9)

An interpretation of this condition would go as follows. Since all goods are normal
here the direction of dh would be the opposite of that of ṗ; hence the first term on
the lefthand side of (16.9) measures the welfare change because of the (consumer)
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price change. The second term measures the change in lump-sum subsidy to the
consumer, and the last term measures the effect of change in the public good. The
lefthand side of expression (16.9), then, measures all welfare changes for the hth
consumer when there is a tax reform.

A natural extension of this would be Pareto-improving directions of change.
These are moves for which expression (16.9) is satisfied for all consumers. In
other words:

−dhṗ + Ṡ + ChĠ > 0 for all h.

We can then define:

� ≡ (�p,�S,�G) and �h ≡ (−dh,1,Ch).

Then we can define a direction of reform ∇ = (ṗ, Ṡ, Ġ) to be equilibrium preserving
and Pareto improving if it satisfies the following two conditions:

(i) � · ∇ ≤ 0 (16.10)

and

(ii) �h · ∇ > 0. (16.11)

An important question that arises at this stage is the following: Do there exist
equilibrium-preserving and Pareto-improving directions of change? This amounts
to asking whether the set of directions associated with (16.10) or (16.11) is non-
empty. We can, if we wish, confine ourselves to a particular subset of directions
B (the set of politically feasible moves’?) and ask whether this set of directions
includes moves that are equilibrium preserving and Pareto improving.

We are then interested in a direction ∇B such that:

�B · ∇B ≤ 0 (16.12)

�B
h · ∇B > 0. (16.13)

Guesnerie then proves the following important result:
Consider a strict tax equilibrium in which (i) �B �= 0; (ii) the set of

Pareto-improving directions of change (within the set B) is non-empty. Then one
of the following must be true:

(a) The inequalities �B · ∇B ≤ 0 and �B
h · ∇B > 0 are incompatible with each

other. �B belongs to the cone generated by the vectors �B
h .

(b) The inequalities �B · ∇B ≥ 0 and �B
h · ∇B > 0 are incompatible with each

other. �B belongs to the cone generated by the vectors (−�B
h ).

(c) The vector �B belongs to the complement of �B
h and (−�B

h ) if and only if
there exist (in subset B) strict equilibrium-preserving and Pareto-improving
directions of change. (Proof: see Guesnerie 1995: 145–6.)
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The three cases mentioned above indicate that there are three different
possibilities when we are considering tax reforms. In case (a) it is not possible
to find a Pareto-improving and equilibrium preserving direction of move. In case
(b) it is possible to find a Pareto-improving direction of change but it is not strictly
equilibrium preserving. In other words (16.12) holds as a strict inequality. This
means that there is a Pareto-improving direction of movement which is feasible
but which ‘wastes’ some resources in the process. Guesnerie shows that this
phenomenon can only occur temporarily during a process of tax reform. Hence,
he calls these temporary inefficiences. In case (c) the direction of reform is
Pareto-improving as well as strictly equilibrium preserving.

A simplified exposition

To better understand the above result, let us take the case where there are no public
goods nor any lump-sum subsidies and focus exclusively on the case of pure tax
reforms. Let q0, p0 be the initial values of the producer price and the consumer
price vectors.

The feasibility condition now takes the following form:


0 · dp ≤ 0 (16.14)

where
0q0(∂d/∂p)|p0 is a vector of product of the row vector q0 and the Jacobian
matrix of total excess demand. The equality would hold in equation (16.14) if
the equilibrium was tight. Hence, starting from (q0,p0 + dp) where dp satisfies
equation (16.14) as an equality.

As a result of the tax reform the consumer price vector becomes (p0 +dp), as a
consequence of which the net trade vector of household h will change to z0

h · dp.
This will obviously change household welfare only if:

z0
h · dp < 0. (16.15)

In this case now, an infinitesimal change (dp) that satisfies both equations
(16.14) and (16.15) is both feasible as well as Pareto improving. Let us now
define the sets:

J0 = {a ∈ Rn/
0a ≤ 0} and

K0 = {a ∈ Rn/z0
ha < 0}.

We should note that knowledge of the two sets J0 and K0 only requires knowledge
of the production prices, the initial trade vectors of all consumers and the
elasticities of total demand. In line with Guesnerie’s general theorem discussed
above we can write the following three cases:

(a) J0 ∩ K0 = � (the intersection of the two sets is null, so that there exists no
infinitesimal change which is both feasible as well as Pareto improving).
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(b) J0∩ K0 �= � but K0 ∩ F(J0) = �.
(c) K0 ∩ F(J0) �= � (where F(J0) designates the frontier of J0). In this case there

exist infinitesimal changes that are both feasible and Pareto improving.

Once again in case (b) there are temporary inefficiencies in the process of tax
reforms. This would usually happen when the initial specific tax vector is very
large (there is a large gap between producer and consumer prices).

Let Z0 be the cone generated by the vectors z0
h and let ‘–’ represent symmetry

with respect to the origin. Then:

(i) case (a) is equivalent to 
0 ∈ −Z0;
(ii) case (b) is equivalent to 
0 ∈ Z0;
(iii) case (c) is equivalent to 
0 ∈ [Z0 ∪−Z0].

We can then develop algorithms of tax reforms. The problem here is to go
from the analysis of infinitesimal that gives the directions of desirable changes
to the analysis of finite changes that are feasible and Pareto improving. The local
analysis leads to a differential equation (with a multi-valued righthand side) which
has to be integrated to generate an actual tax reform algorithm. In principle, this
is the problem of existence and uniqueness of the solution to the differential
equation. We also need to study stability in order to examine convergence to the
solution.

Our analysis up to now should convince us that even marginal tax reform has
formidable data requirements. One would need at least three critical pieces of
information:

(i) the impact of the reform on tax revenue;
(ii) the incidence of the reform packet;
(iii) the social welfare weight of each household to be used in aggregating the

gains and losses of different households from such tax reform.

In a pioneering paper Ahmad and Stern (1984) showed that the first two data
requirements can be met from household expenditure surveys and from a study
of the tax system in the aggregate. The third requirement, however, has always
posed serious difficulties, since it involves complex value judgments.

Typically two approaches have been used to address this third question. Some
people have concentrated on Pareto improving tax reforms, thereby circumventing
the issue of distributional judgments. The second approach has utilized social
welfare function such as the utilitarian or the Rawlsian or Atkinson’s measure of
social welfare. (Recall the discussion in Chapter 3.)

Recently Mayshar and Yitzhaki (1995) have advocated the use of Dalton’s
1920 principle of tax reform. A tax reform is said to be Dalton improving if it
improves social welfare for all possible social welfare functions that conform to
Dalton’s principle of transfers. According to this principle, if there exists a prior
economic ranking of households, then a transfer is approved if it distributes from
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high-ranking (rich) to low-ranking (poor) households provided that the ranking
itself is not altered.

We immediately realize that Dalton’s measure has considerable data require-
ments. In order to maintain the ordinality of the ranking one has to identify each
household in the economy. This may not be required if tax reforms are required
to be Pareto improving. Dalton’s measure would, therefore, not allow people to
remain anonymous whereas in the case of Pareto the principle of anonymity is
respected.

In the Dalton scheme of things wealth or income is considered a normal good so
that tax payers are always willing to acquire more. It is assumed that the already rich
may have the strongest desire to acquire wealth whereas, from the planner’s point
of view, the poor may be the most deserving. The Dalton approach to tax reform
would set a ‘deservation’ level for a marginal increase in income of the richest
household to zero while making this household a strong candidate to give up
part of its income (i.e., most deserving marginal decrease). One can normalize
the deservingness of a marginal increase or decrease in income to zero for any
arbitrarily chosen income level (say at the mean or the median or at the poverty
level). The scope of tax reforms will then depend upon the choice of this cut-off
income level as well as the extent of inequality among households. Mayshar and
Yitzhaki use the Dalton measure to evaluate indirect tax reforms for the UK.

16.3 Tax reform in a dynamic context

The analysis of Guesnerie presented above deals with tax reform in static
economies. One of the important aims of tax reform, in recent years, has been to
increase savings and to affect the inter-generational distribution of resources. In
this section we study inter-generational transfers and the efficiency of tax reforms.
Tax revenues are assumed to be age independently transferred to households. We
follow, in the main, the work of Felder (1993).

The framework of the analysis is the standard life-cycle model of savings (with
fixed labor) that we have studied in Chapter 7. For a young person at time t we
define utility from first- to second-period consumption and write the utility of a
representative household as:

Ut = U(c1
t ,c

2
t+1) (16.16)

where the notation is obvious. This worker inelastically supplies one unit of labor
in the first time period for which the gross wage is wt and the net wage is wt(1−�t

w)
where �t

w is the proportional rate of wage tax in time period t. In each period the
worker gets a transfer of g and this is assumed to be constant. Thus the consumer’s
budget constraint with the wage tax is:

c1
t + c2

t+1/(1 + rt+1) = wt(1 − �t
w) + g + g/(1 + rt+1)

= wt(1 − �t
w) + g[(2 + rt+1)]/(1 + rt+1)

(16.17)

where rt+l is the interest rate prevailing in period (t + 1).
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If, instead, we had a consumption tax at the rate �t
c the budget constraint of the

consumer would have been written as:

c1
t /(1 − �t

c) + c2
t+1/[(1 + rt+1)(1 − �t+1

c )] = wt + g[(2 + rt+1)/(1 + rt+1)].
(16.18)

Finally let us consider an income tax which consists of a wage tax at rate �t
w

and a savings (or second-period consumption) tax at the rate �t
c. In this case we

can write the individual’s budget constraint as:

c1
t + c2

t+1/[(1 + rt+1)(1 − �t+1
c )] = wt(1 − �t

W) + g[(2 + rt+1)/(1 + rt+1)]
(16.19)

Let us assume that the population grows exogenously at the rate n.We further
assume that the government transfers all revenues to the households, then the
budget constraint of the government can be written in the three cases as:

(a) wage tax case:

�t
wwt = g + g/(1 + n) = g(2 + n)/(1 + n) (16.20)

since the relation between population this period and the population last period is
1/(1 + n) and this period the government has to make transfers to the young of
this period and the old of the last period.

(b) consumption tax case:

�t
c[c1

t + c2
t /(1 + n)]/(1 − �t

c) = g(2 + n)/(1 + n). (16.21)

The consumption of the young of today is c1
t /(1− �t

c). The number of old people
from the last generation per young person today is, by virtue of population growth,
1/(1 + n). Hence consumption by the old of last period is c2

t /(1 + n)/(1 − �t
c).

This then explains the lefthand side of equation (16.21). The righthand side has
already been explained above.

(c) income tax: the budget constraint of the government is now:

�t
wwt + �t

c[c2
t /(1 + n)](1 − �t

c) = g(2 + n)/(1 + n). (16.22)

The first term on the lefthand side is the revenue from the wage tax and the second
term is the revenue from the consumption tax on the old of the last period who,
because of population growth, are fewer than the number of young today.

Now since taxes paid are dependent on age whereas transfers do not depend
on age, it follows that there is an inter-generational transfer. This tax-transfer
mechanism corresponds to a pay-as-you-go financed public pension scheme. Let
us denote aw

t wt as the net tax paid (gross tax paid less transfers received) with the
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wage tax in place. In a similar manner we define ac
t wt and ay

t wt as the net tax paid
under the consumption and income taxes respectively. The net tax paid in each
case is linked to the wage rate although wage income is not the base for, say, the
consumption tax.

First-period net tax payment with the wage tax on substitution from equation
(16.20) is:

aw
t wt = �t

wwt − g = �t
w − �t

wwt(1 + n)/(2 + n) = �t
wwt/(2 + n). (16.23)

For the consumption tax on substitution from equation (16.21) we have:

ac
t wt = �t

c(c
1
t − c2

t )/[(1 − �t
c)(2 + n)]. (16.24)

For the income tax upon substitution from equation (16.22) we will have:

ay
t wt = [�t

wwt − �t
c(c

2
t /(1 − �t

c))]/(2 + n). (16.25)

Only the young pay the wage tax whereas both the young and the old pay the
consumption and income taxes.

The second-period payments received by old households equals the net tax
payments of young households multiplied by the growth factor. For any household,
each tax system looks like an inter-generational transfer mechanism to which it
contributes atwt when young and receives at+1wt+1 when old. Inter-generational
transfers plus the wealth and substitution effects associated with different taxes
determine the influence of these respective taxes on the savings decisions of
households.

When labor is inelastically supplied, as is being assumed so far, utility is a
monotonic function of wealth. Hence, to find out the effects of different taxes, we
have to examine their effects on lifetime wealth.

In steady state the rate of return on net tax payments in the first period always
equals the growth factor so that lifetime wealth Wj under tax regime j(j = w,c,y)
can be written as:

Wj = ajw(n − r)/(1 + r). (16.26)

Hence, whether wealth increases over one’s lifespan would depend upon the
sign of aj which itself depends upon the direction in which inter-generational
transfers are going and on the sign of (n−r). When r< n then tax regimes involving
a transfer from the young to the old, for example, will increase wealth. This is
because the net of return on tax paid (n) exceeds that on productive investment (r).
When r > n transfers to the young increase and transfers to the old would decrease
wealth. When we are at the golden rule (r = n) then there is no opportunity to get
a rate of return different from that given by productive investment and there are
no wealth effects.

With a wealth tax aw is positive and, hence there is a transfer from the
young to the old. Thus lifetime wealth increases (decreases) with the wage tax
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as r < n(r > n). With the consumption tax ac can take either sign. With a constant
elasticity type of utility function it can be shown that ac will be negative so that
the young are subsidized by the old. Thus lifetime wealth decreases (increases) as
r < n(r > n). With an income tax at the same rate on both wage and consumption,
the same results as those with wage tax will hold.

With non-distortionary taxation second-period consumption can be written as:

c2
t+1 = st(1 + rt+1) + (1 + n)at+1wt+1 (16.27)

where st represents first-period savings. When the tax changes b will change.
Differentiating st with respect to at and assuming that at = at+1, we will get:

dst/dat = [dc
t+1/dat − (1 + n)wt+1]/(1 + rt+1). (16.28)

The second term within parenthesis is negative. The higher the tax, the higher the
grant and the lower, therefore, the incentive to save. The first term is also negative
if second-period consumption is a normal good. The higher the a, the lower the
net wage and the lower the second-period consumption. These results are due to
the partial equilibrium exercise of Feldstein (1974a) and carry over to general
equilibrium provided that it is unique and stable.

Tax reforms

Tax reforms subject to a balanced budget requirement can easily be analyzed.
Since ac > aw, it follows that when consumption taxes are substituted for a wage
tax savings will increase. This is independent of whether wealth is rising or falling
(r > n or r < n). If preferences are Cobb–Douglas then, with uniform income tax
rates, aw > ay > ac. Savings would be highest with a consumption tax and lowest
with a wage tax with the income tax case falling in between.

Let us now discuss production efficiency. Suppose that production is carried on
with capital and labor as inputs using a standard neoclassical production function:
f (kt) where kt is the capital–labor ratio and f(.) is the intensive production function.
Factors are paid their marginal products so that rt = f ′ and wt = f − kf ′. Current
capital stock is the amortized value of last period’s savings: kt = st−1/(1 + n),
where st denotes savings per worker.

Suppose now that we substitute a consumption tax for the wage tax. Suppose
this change occurs at time period t = 0. Now, since aw > ac there will be a transfer
from the old to the young. Hence the old in time period 0 will find their pensions
lower by the amount (aw − ac)(1 + n)w. If r > n then3 the lifetime wealth of
everyone else increases. One can always get more from productive investments
than the increased commitments toward the elderly. Hence, savings will also rise.
Moreover, since kt = st−1/(1+n) it follows that per worker capital stock (kc

t ) will
be higher for the consumption tax case as opposed to the wage tax case (kt

w). This
will have the consequence that the rate of return to capital in the consumption tax
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case (rc
t ) will be lower than that in the wage tax case (rw

t ) :
rc
t < rw

t for t = 0,1,2, . . . (16.29)

The fact that the capital–labor ratio is higher means that output per worker is
higher but it can be shown that this increase in production is not high enough to
support an inter-generational transfer mechanism that would improve the welfare
of every generation.

Let us now define total consumption per worker ct as:

ct = c1
t + c2

t /(1 + n).

In period 0 the change in consumption is:


c0 = cc
0 − cw

0 < 0.

This decrease in consumption can be completely offset by an increase in
consumption in the subsequent period if:

(1 + n)
c1/(1 + rw
1 ) > −
c0. (16.30)

In expression (16.30) 
c1 is the change in consumption in period 1. Because of
the increase in population it will be (1 + n) times this value in time period 0. But
the change in consumption will occur in a later period and will, therefore, need to
be discounted back. Hence the lefthand side of expression (16.30). If this condition
holds then the young can fully compensate the old for their loss. Substituting 
s0

for −
c0 and rearranging allows us to write (16.30) as:


c1 >
s0(1 + rw
1)/(1 + n). (16.31)

Now, the increase in gross output (
yg
t ) can be written as: 
yg

t = 
kt + f ′
kt

but f ′ = r, because factor markets are competitive. Hence, we will have:


yg
1 = 
k1/(1 + r̄1) = 
s0(1 + r̄1)/(1 + n) (16.32)

where r̄ is the average4 rate of return on capital increase from kw to kc. But since
rw > r̄ we can write from (16.31) and (16.32) that:


yg
1 <
c1. (16.33)

Hence the increase in consumption in period 1 does not allow the formerly young
generation to be compensated adequately. Therefore, it can never be efficient to
substitute a consumption tax for a wage tax in this sense. Felder (1993) shows that
this result easily generalizes to the many period case.

At this point it is worthwhile to allude to the analysis reported in Chapter 7.
There we had gone through Summers’ (1981) analysis of the so-called ‘human
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wealth effect’ where he had shown that in many period life-cycle models savings
are very interest elastic. Consequently tax reforms of the above sort can create
big changes in the capital stock and result in high steady-state welfare gains. The
proposition here shows that a mere increase in the capital stock is not enough to
guarantee an increase in welfare.

Summary

Since labor supply is exogenously given in this model, a wage tax is not
distortionary. Moreover, a consumption tax is also not distortionary here. Hence
the growth path of the economy is dynamically efficient. In this situation the
substitution of one tax for another leading to an increase in savings is not
necessarily Pareto superior. On the other hand, a policy which reduces savings
along such a dynamically efficient path will improve welfare by inducing inter-
generational transfers. Examples of such policies are increases in the wealth tax or
the substitution of a consumption tax by a wage tax. In the case of the income tax,
an excess burden is imposed on the economy because the income tax alters the
rate at which the households can exchange present for future consumption. The
growth path associated with an income tax is dynamically inefficient as contrasted
to the growth path associated with the wage tax or the consumption tax.

However, none of these results will hold when we have an endogenous supply
of labor. In that case, a wage tax will also impose an excess burden – indeed each
tax will. The theorem of second best tells us that, a priori, we do not know which
tax is associated with higher welfare, and simulation or computational techniques
have to be resorted to.

16.4 The marginal approach to tax reform

An influential argument in tax reform theory has been that if, for example, we are
substituting one tax for another, then the new tax is an improvement if it involves
a lower marginal cost of public funds (MCPF). This is sometimes referred to
as the Kay–Panzar–Sadka requirement. This requirement is stated by Mayshar
(1990) as:

A tax reform replacing a tax tj by ti at the margin, keeping the total revenues
unchanged, is desirable if and only if the marginal cost of public funds measure
associated with tj is higher than the MCPF associated with ti.

Recently Fullerton (1991) and Ballard and Fullerton (1992) have made
important contributions in this area. Schob (1994) has extended this to cover
the notion of marginal benefit of public funds (MBPF). In this section we explore
this literature somewhat.

Throughout, this literature is concerned with efficiency issues and examines the
welfare aspects of tax reforms on the utility of the representative household. There
are H identical individuals in society. The utility function of the representative
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individual is written as:

U = u(x1,x2,G) (16.34)

where x1 and x2 are two commodities consumed by this individual and G is the
amount of a pure public good. All commodities are measured in terms of leisure5

(x0 say) which therefore serves as the numeraire and is untaxed. Producer prices
are qi and consumer prices are pi. The difference between them is the specific
commodity tax ti. Thus pi = qi + ti.

This consumer’s budget constraint can be written as:

p1x1 + p2x2 = Yh − Th = yh (16.35)

where Yh denotes an exogenously given income, Th is lump-sum tax, and yh is
net income for individual h. All individuals are identical.

Total consumption of commodity i is Xi where Xi = Hxj(i = 1,2) where H is
the total number of consumers.

Total lump-sum tax revenue is T = HTh. Now, if�(G) (with�′ > 0) of providing
the public good, the government’s budget surplus, S,is:

S = t1X1 + t2X2 + T −�(G). (16.36)

Realize also that �′ measures the marginal rate of transformation (mrt) between
the numeraire and the public good.

Totally differentiating equation (16.36) with respect to t1 holding T and S
constant and letting dS1 represent this change we have:

ti(∂X1/∂t1)dt1 + X1dt1 + t2(∂X2/∂t1)dt1 = dS1, or

X1[1 +
2∑

i=1

(ti/X1)(∂Xi/∂t1)]dt1 = dS1

which we write compactly as:

X1[1 + �1]dt1 = dS1 (16.37a)

with �1(= ∑2
i=1 (ti/X1)(∂Xi/∂t1)) is the own-tax elasticity of good 1 when the

cross-price effect is zero.
Similarly differentiating (16.36) with respect to X2, T, and G seriatim and

letting dS2 and dG denote the respective changes we have:

X2[1 + �2]dt2 = dS2 (16.37b)[
1 −

2∑
i=1

ti(∂Xi/∂Y)

]
dT = dST (16.37c)

[
2∑

i=1

ti(∂Xi/∂G) −�′
]

dG = dSG. (16.37d)
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With these definitions we can define and describe two types of tax reforms.

(a) A differential tax reform: in this case one tax is replaced by another or a
marginal public good is financed by increasing a particular tax. An example
of such a tax reform would be:

dS1 = −dS2 > 0. (16.38)

(b) Costs and benefits of a marginal unit of the public good: in this case we
would analyze the costs and benefits of a marginal public goods project. The
government wants to increase G and fully finance the additional requirement
by increasing a particular tax, say t2. This reform6 can be described as:

dS2 = −dSG > 0 (16.39)

This reform is sometimes also called balanced budget tax reform. To find
out whether differential tax reforms and balanced budget tax reforms are welfare
improving we should calculate the MCPF and the MBPF in both cases.

The marginal cost of public funds and tax reform

In the literature two different notions of MCPF in the context of tax reforms have
been mentioned. On the one hand Kay (1980), Stuart (1980), and Ballard et al.
(1985) calculate the uncompensated marginal cost of public funds (mcpfc).
On the other hand, authors such as Harberger (1965) and Browning (1976, 1987)
have emphasized the importance of the compensated marginal cost of public
funds (mcpfc).

Uncompensated measure of excess burden

Consider an individual with an indirect utility function Vcorresponding to equation
(16.34). The utility loss from a change in the tax, say t1, will be V1dt1 where V1 is
the partial derivative of the indirect utility function with respect to ti. Now using
Roy’s identity we get dul/dt1 = −x1 which is the negative of the consumer surplus
(CS1) from a change in tax rate t1. We know that, at the margin, the CS1 is equal
to the compensating variation CV1 and the equivalent variation EV. Hence one
notion of the excess burden of a marginal variation of t1 would be:

MEBu
1 = HCS1 − dS1/dt1 = −

2∑
i=1

ti(∂Xi/∂t1) (16.40)

so that the uncompensated marginal cost of public funds from changing t1
(MCPFu

1) is such that:

MCPFu
1 = 1 + MEBu/(dS1/dt1) = 1/(1 + �1) (16.41)

where MEB represents marginal excess burden.
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This definition of the marginal cost of public funds measures the social cost of
one marginal unit of tax revenue (public funds) raised by an increase of tax ti.
Note that this measure is unit free.

Compensated measure of excess burden

In an analogous manner we can define the compensated measure of marginal
excess burden (MEBc

1) (where the superscript ‘c’ represents compensated magni-
tudes) from a variation in t1 : MEBc

1 = HCS1 −dSc
1/dt1. Instead of looking at the

actual change in marginal tax revenue we are looking at the compensated change
in marginal revenue. Hence dSc

1
/dt1 is defined as:

dSc
1/dt1 =

[
X1 +

2∑
i=1

ti(∂Xi/∂t1)|u=ū

]
dt1 = (1 + �c

1)X1dt1. (16.42)

Here �c
1 = �c

11 + �c
12 is the sum of the partial compensated tax elasticities with

�c
ij = �c

ji and �c
ij = (tj/xi)(∂xi/∂tj).

The compensated measure of marginal excess burden can now be written as:

MEBc
1 = −

2∑
i=1

ti(∂Xi/∂t1)|u=ū. (16.43)

This is a measure of excess burden that has only the substitution effect at work.7

We can then write the compensated marginal cost of public funds (MCPFc
1) as:

MCPFc
1 = MEBc

1/(dS1/dt) + 1 = −�c
1/(1 + �c

1) + 1

=
[

1 −
2∑

i=1

ti(∂Xi/∂Y)

]
(1 + �c

1).
(16.44)

We need to compare the MCPF expressions in equations (16.41) and (16.44).
Using equations (16.37) we can see that:

MCPFc
1 = MCPFu

1

[
1 −

2∑
i=1

ti(∂Xi/∂Y)

]
= MCPFu

1(dST/dT). (16.45)

The marginal benefit of public funds

The measures of marginal cost of public funds derived above relate to tax
changes. To enable us to apply these to balanced budget analysis we need parallel
expressions for the marginal benefit of the tax revenue. The utility change from a
marginal unit of the public good can be written as (VG/Vy) dG where VG is the
partial derivative of the indirect utility function with respect to G, etc. From the
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expression for dSG in equation (16.37d) we know the amount needed to provide for
the additional amount of the public good. The first term (ti�(∂Xi/∂G)) denotes the
feedback effect of public goods provision on tax revenues. This may be interpreted
as the self-financing effects of the public good.

To define the marginal uncompensated benefits of public funds (MBPFu) we
have to express the sum of the marginal rates of substitution (mrs) over all
individuals in terms of the marginal expenditure. Thus we have:

MBPFu = H(mrs)/

[
�′ −

2∑
i=1

ti(∂Xi/∂G)

]
. (16.46)

The numerator of this expression is clear enough. In the denominator �′ represents
the mrt between the numeraire and the public good. However, as the consumption
of the public good expands, so does the consumption of private goods and revenue
from commodity taxation goes up by [�2

i=1ti(∂Xi/∂G)]. Hence this reduces
the cost of the public good or, equivalently, increases benefits. This explains
expression (16.46).

Similarly we can derive an expression for the compensated marginal benefits
of public funds (MBPFc). This computation can be split up into two steps. In the
first step an increase of ti is compensated for by a lump-sum rebate of the same
amount. In the second step a lump-sum tax is levied to finance the additional unit
of the public good. Hence we must have:

MBPFu
G

[
1 −

2∑
i=1

ti(∂Xi/∂y)

]
= MBPFc (16.47)

Evaluation of tax reforms

Having derived expressions for marginal costs and benefits of public funds we
can now investigate the effects of different types of tax reforms. We first consider
differential tax reforms and then balanced budget tax reforms.

Consider replacing t2 by t1. Define the social welfare function as Hu(x1,x2, G).
Using Roy’s identity the normalized change in welfare dW∗ ≡dW/Vy =−Xldt1−
X2dt2. Using equations (16.37 a,b) we have:

dW∗ = [−1/(1 + �1)]dS1 +[−1/(1 + �2)]dS2. (16.48)

Dividing through by dS1 = −dS2 > 0 and using the expressions for MCPFu we
have:

dW∗/dS1 = −MCPFu
1 + MCPFu

2. (16.49)

Using the Kay–Panzar–Sadka requirement this tax reform is welfare enhancing
only if the marginal cost of public funds associated with t1 is smaller than that
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with t2. We have:

dW∗/dS1 � 0 as MCPFu
2 � MCPFu

1. (16.50)

Let us now consider the second type of reform – the balanced budget tax reform.
This tax reform envisages dS1 = −dSG > 0. The welfare change of this tax reform
would be:

dW∗ = −X1dt1 +
∑

h

mrs dG.

Working from equation (16.49) we write:

dW∗/dS1 = −MCPFu
1 + MBPFu

G (16.51)

from which it follows that:

dW∗/dS1 � 0 as MBPFu
G � MCPFu

1. (16.52)

Additional remarks on tax reforms

An important issue in commodity tax reform has been the uniformity of tax
rates. This is reflected in the almost universal movement toward VAT with very
few rates. We know, however, that uniform commodity tax rates need not be
optimal. But Hatta (1986) and Fukushima and Hatta (1989) have demonstrated
both theoretically as well as empirically that the second-best optimum commodity
tax structure is close to uniformity. Hence any move toward uniform commodity
tax rates with conditions like (16.52) being satisfied along the path of adjustment
would be welcome. Jha (2006) discusses conditions under which uniform
commodity taxation is not optimal in developing countries.

16.5 Conclusions

In this chapter we have examined various aspects of tax reforms. We first remarked
on the fact that the meaning of tax reform has been somewhat ambiguous as it
has meant different things in different contexts. We have also emphasized the
fact that there have been common trends in tax reform in several countries – both
developing as well as developed.

Next we considered the standard static approach to tax reform as analyzed
in classic papers by Diamond and Mirrlees, and Guesnerie. We also considered
tax reform in an intertemporal context, as well as some other notions of welfare
improvements during tax reform such as reducing the marginal cost of public
funds or increasing the marginal benefit of public funds or both.

In conclusion, it is worth emphasizing that empirical models of tax reform which
actually calculate the drilled direction and content of tax reform in a specific
context are very important. The analytical results reported in this chapter can
act only as broad guidelines to policy, but in doing so they have an important
role to play.
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Notes

1 For a review of fiscal issues in developing countries see Jha (2008).
2 One can think of two goods or as the same good being put to two different uses.
3 The case r < n is not very interesting since no generation would profit from the shift to

consumption taxes.
4 This follows from the mean value theorem of differential calculus where f ′(k̄) = [f (kc)−

f (kw)]/(kc − kw) for some kc > k̄ > kw. This f ′ is called r̄ in the text.
5 Implicitly x0 enters into the utility function and we derive the specification after

expressing everything in terms of leisure. Let this original function be written F(x0,
x1, x2, G).

6 A third tax reform could increase lump-sum taxes while reducing a commodity tax. This
would be written as: dST = −dSG > 0.

7 This involves clarifying who is paying the compensation. If the government is paying
this consumption by, say, changing some other tax – say the lump-sum tax, this will have
its own budgetary impact. Since utility is being held constant here this expression could
be interpreted to denote the amount of the compensation required.

Additional reading

The following are useful texts on practical aspects of tax reforms: HM Treasury
(1986), Hughes (1988), Kay and King (1990), Bennett (1993), Giles and Johnson
(1994), Mulgan and Murray (1993), and Wilkinson (1994).
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Applied problems in public
economics



Introduction to Part IV

Part IV consists of six chapters and deals with some applied problems in public
economics. It is designed to enable students to understand how theory can help to
solve some practical problems.

Chapter 17 deals with public sector pricing. Various facets of this complex
problem are studied. We begin by developing the Ramsey–Boiteux linear pricing
problem when the public sector price is also to be used as a redistributive measure.
We study the properties of marginal cost pricing under constant and increasing
returns to scale. Then we examine multi-part tariffs and the limiting case of non-
linear pricing. The problem of peak-load pricing of utilities is taken up, followed
by consideration of the problem of pricing outputs which share fixed costs.
Attributable and other methods of allocating costs are discussed. The problem
of cross-subsidization is also investigated.

Chapter 18 studies international aspects of tax theory and the adjustments that
may have to be made to tax policy in an increasingly integrated world. Bare
elements of the theory of tariffs in an open economy are developed. Fiscal
coordination among countries for international interest tax harmonization is
also considered. The notions of residence-based and source-based taxation are
developed. There is an examination of why integration of corporate and personal
taxes may not be suitable for an open economy although this is definitely appealing
in a closed economy. Finally, there is a discussion of Ramsey taxation in an open
economy.

Chapter 19 concerns the rudiments of cost benefit analysis. Criteria for cost-
benefit analysis such as net present value, benefit cost ratio, and the internal rate
of return are looked at. There is a discussion of the social rate of discount. First-
order and second-order approaches to calculating shadow values are examined.
Some illustrations of calculating shadow prices as well as the inadequacies of such
calculations are also discussed.

Chapter 20 discusses various aspects of the emerging literature on global
public goods. Chapter 21 discusses cost-benefit analysis and the new literature on
randomized evaluation whereas Chapter 22 discusses the trade-offs in the choice
of environmental taxes versus carbon emission permits.



17 Pricing in the public sector

Key concepts: Ramsey–Boiteux linear pricing; marginal cost pricing;
second-best pricing; Feldstein redistributive pricing; multi-part tariffs;
non-linear pricing; peak-load pricing; allocation of joint costs; fully
distributed cost pricing; cross-subsidy free prices.

17.1 Introduction

In most countries public enterprises exist in the economy. This is certainly true of
many developing economies. It is also true of advanced capitalist economies.
Whereas in advanced capitalist societies the rationale for the public sector
usually involves considerations such as equity or natural monopoly, in developing
countries public-sector firms have often been given special importance in the
strategy for industrial development. Whatever be the reason for the creation of
public-sector firms, their existence has a profound impact on the economy.

In this chapter we focus on the important issue of pricing the output of the public
sector. At least four broad aspects of the pricing problem have to be considered.
These are:

(i) the Ramsey–Boiteux linear pricing problem;
(ii) an extension of this problem to cover redistribution as well as non-linear

pricing;
(iii) the problem of peak and off-peak load pricing;
(iv) the problem of public utility pricing when the public utility produces joint

products.

We will consider these problems in the course of this chapter.

17.2 The Ramsey–Boiteux linear pricing problem

Attempts to address the problem of public-sector pricing can be traced to
the work of Ramsey (1927) which we have already discussed in the context
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of optimal commodity taxation in Chapter 13. Ramsey’s work, appropriately
interpreted, points to the desirability of determining public-sector prices and
optimal commodity taxes at the same time since they occur in a similar
fashion in the government budget constraint. In most recent times, the Ramsey
model was developed and applied to the problem of public-sector pricing in
seminal works by Boiteux (1956, 1971) who, apart from being an excellent
economist, was at that time also the manager of the nationalized French electricity
industry.

Since that time the Boiteux model has been very popular and has been analyzed
and extended in several directions by, among several others, Dreze (1984), Dreze
and Marchand (1976), Jha and Murty (1987), and Bos (1986).

The basic Boiteux model can be presented as follows. There is a public enterprise
board whose objective is not to maximize net profits from the enterprise but the
social welfare generated by the enterprise. This social welfare, in accordance with
our thinking in the chapter on commodity taxation, can be written as:

W = W(Vl, . . . ,VH) (17.1)

where W is an index of social welfare which, in turn, happens to be a function
of individual (indirect) utilities Vh which are functions of the price vector (p)
and lump-sum income (yh). There are H such individuals in society and they are
indexed by h.

Let dh
i (p, yh) be private net demand for the ith good where p is the price vector

and yh is the income of consumer h. sk
i (p) is the supply of commodity i by producer

k and gi is the net production of good i by the public enterprise. Hence, the
constraint that excess demand for commodity i should be equal to zero can be
written as:∑

h

dh
i (p,yh) − gi −

∑
j

s j
i(p) = 0

for i = 0, . . . ,n
(17.2)

Some of the gi might be zero if these goods are not produced in the public sector.
Production conditions for the public sector enterprises can be written as:

�i(gi) = 0 (17.3)

or, in vector form, as:

�(g) = 0. (17.4)

In making decisions about its prices, the public enterprise board is constrained by
a minimum profit or maximum loss constraint which takes the form:∑

i
pigi = �(g,p) = �0 (17.5)

where the last equality would emerge as a special case when ∂�/∂g = 0.
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The public enterprise board then chooses its prices (pg) and net supplies gi so
as to maximize the social welfare function subject to the constraints mentioned
above. pg is the set of prices set by the public enterprise board and, therefore, a
subset of all prices. Writing down the Lagrangean we have:

� = W(.) −
∑

�i

⎡
⎣∑

h

dh
i (.) − gi −

∑
j

s j
i(.)

⎤
⎦− ��(.) −�

[
�(.) −

∑
i

pigi

]

(17.6)

where �, �, and � are Lagrange multipliers.
First-order conditions for an internal maximum are as follows:

∑
h

(∂W/∂Vh)(∂Vh/∂pg) −
∑

i

�i

⎡
⎣∑

h

∂dh
i /∂pg −

∑
j

∂s j
i/∂pg

⎤
⎦+�g = 0

(17.7a)

�i − �(∂�/∂gi) −�[(∂�/∂gi) − pi] = 0 (17.7b)

and that the derivatives with respect to the Lagrange multipliers are equal to zero.
pg is a subset of all prices. If lump-sum income could also be optimally chosen
then we would differentiate with respect to yh as well and write the following
additional first-order condition:

(∂W/∂Vh)(∂Vh/∂yh) −
∑

i

�i(∂dh
i /∂yh) = 0;h = 1, . . . ,H. (17.7c)

The unknown prices, quantities, lump-sum incomes, and Lagrange multipliers
can be computed from equations (17.7). However, lump-sum income can rarely
be chosen and we concentrate on conditions (17.7a) and (17.7b). Now solve for
�I from equation (17.7b) and substitute into equation (17.7a) to get:

∑
h

(∂W/∂Vh)(∂Vh/∂pg) −
∑

j

�i [�(∂�/∂gi) +�(∂�/∂gi − pi)]

[∑
h

(∂dh
i /∂pg) −

∑
h

(∂s j
i/∂pg)

]
+�g = 0.

(17.8)

Now divide this equation by �0 = �(∂�/∂gi) > 0.1 Define ωh as (∂W/∂Vh)/�0,

�0 =�/�0 and�i = (∂�/∂gi)/∂�/∂g0). Realize thatωh is a ‘normalized’ marginal
social welfare of utility of the hth individual. �0 is a ‘normalized’ measure of the
welfare effects of the size of the public enterprise’s deficit. �i is a shadow price
that measures the marginal labor costs of publicly producing good i (for gi > 0);
otherwise it is a partial marginal rate of transformation. It can also be interpreted
as marginal cost.
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We can now write equation (17.8) as:

∑
h

ωh(∂Vh/∂pg) −
⎡
⎣∑

i∈g

�i −�0pi +�0(∂�/∂gi)

⎤
⎦

⎡
⎣∑

h

(∂dh
i /∂pg) −

∑
j

(∂s j
i/∂pg)

⎤
⎦+�0g = 0.

(17.9)

where g is the set of goods produced in the public sector. To arrive at a clearer
interpretation of this equation we work with the price marginal cost differential
(pi −�i) rather than (�0pi−�i). To do this we add (1−�0)

∑
i pi/[∑h(∂dh

i /∂pg)−∑
j(∂s j

i/∂pg)] to both sides of equation (17.9) and rearrange to get:∑
h
ωh(∂Vh/∂pg)−(1−�0)

∑
i

∑
h

pi(∂dh
i /∂pg)−

∑
i∈g

[�i −pi +�0(∂�/∂gi)]
⎡
⎣∑

h

(∂dh
i /∂pg)−

∑
j

(∂sj
i/∂pg)

⎤
⎦=−�0g−(1−�0)

∑
i

∑
j

pi(∂sj
i/∂pg).

(17.10)

This expression consists of five terms which we can now examine. The first two
terms reflect distributional objectives. The first term �hω

h(∂Vh/∂pg) is the social
valuation of price changes. The absolute value of this is high for necessities and
low for luxuries. This becomes transparent when we use Roy’s identity:∑

h
ωh(∂Vh/∂pg) = −

∑
h
ωhdh

g(∂Vh/∂yh) (17.11)

where dg
h is the net demand for the commodity produced in the public sector by

individual h.
Along the lines of the optimal commodity tax literature already discussed in

Chapter 13, we define 	e as the distributional characteristic of any good e as the
distributionally weighted sum of individual consumption shares:

	e =
∑

h

ωh(∂Vh/∂yh)(dh
e/de) (17.12)

with de as the average consumption commodity e.
The second term in equation (17.10) refers to the level of prices and does

not include any distributional differentiation between luxuries and necessities. Its
absolute value is larger, the smaller is �0. A small value of �0 could result from
a low value of �. Thus the level of prices of a welfare maximizing deficit public
enterprise will be lower than that of a profit-maximizing monopolist. Applying
the Slutsky equation for ∂dh

i /∂pg and rearranging terms we can write the first two
terms of expression (17.10) as:

−	ede + (1 −�0)de (17.12a)
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where the first term refers to the distributional effects of the price structure and
the second term refers to the price level.

The third and fourth terms in expression (17.10) refer to whether and how far
the price of the commodity produced in the public sector should diverge from
marginal cost. In recent work, attention has shifted away from first-best pricing
rules to second-best ones. In the Boiteux model under consideration second-
best constraints are imposed through the profit requirement of �. Hence, we can
define an augmented marginal cost (�0(∂�/∂gi) + �i) = 
i. The first term in
this expression is the effect on profits of changing sales and the second term is
the marginal cost. Hence 
i is the augmented marginal cost. The price would
equal this in a first-best environment and would depart from it in second-best
situations.

The last term in (17.10) reflects the adjustment of public sector pricing to the
existence of non-competitive behaviour in the private sector. If the private sector
follows competitive pricing then profit maximization would lead to the satisfaction

of Hotelling’s Lemma which says that
∑

i pi/(∂s j
i/∂pg) = 0.

17.3 Some simplified examples

Equation (17.10) presents a general formulation of the optimal public-sector price
problem. We now consider some simplified versions.

Let there be just one public-sector undertaking whose operations are subject to
a profit constraint. There are n + 1 goods in the economy with the first n goods
being produced in the private sector and the n + 1st good in the public sector.
All individuals have identical utility functions Uh(dh

1 ,d
h
2 , . . . ,d

h
n;dh

n+1,L
h) where

Lh is labor. We will concentrate on efficiency issues and assume that the public
enterprise board maximizes the utility of a representative consumer.

We simplify further by assuming that the only costs are labor costs and choosing
labor as numeraire we write the profits (�p) of the private sector as:

�p =
n∑

i=1

pigi − G(d1, . . . ,dn) (17.13)

where G(d1, . . . ,dn) is the labor requirement by the private sector. If the private
sector is perfectly competitive �p = 0. Then the prices of the private-sector
commodities must equal respective marginal cost:

pi = ∂G/∂di (i = 1, . . . ,n).

Let Q(dn+1) be the labor requirement of the public-sector firm. Writing:

L =
∑

h
Lh

as total labor supply, we can write the total labor constraint of the
economy as:

G(d1, . . . ,dn) + Q(dn+1) − L = 0. (17.14)
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Let V(p1, . . . ,pn;pn+1, y) be the indirect utility function that society attempts to
maximize. y is some measure of average income in society. The profit constraint
before the public enterprise can then be written as:

pn+1dn+1 − Q(dn+1) + T ≥ �0 (17.15)

where T is a pure (poll) subsidy paid by the government and �0 is the stipulated
minimum profit that the public enterprise must earn.

Setting up the Lagrangean for the public enterprise board we have:

� = V(.) +�[pn+1dn+1 − Q(.) − T]. (17.16)

The first-order condition with respect to pn+1 yields:

−�dn+1 +�[dn+1 + (pn+1 − Q′)(∂dn+1/∂pn+1)] = 0 (17.17)

where a prime (′) stands for a first derivative and � is the private marginal utility of
income. Now if the lump-sum subsidy can be optimally selected � would denote
the marginal gain to society of increasing the subsidy by one unit. In other words,�
would be the marginal utility of income (= �). In that case, from equation (17.17)
we would have the optimal pricing rule that:

pn+1 = Q′. (17.18)

In other words, that price equals marginal cost. This is just a repudiation of the
first-best result that if lump-sum transfers can be optimally selected then price
should equal marginal cost for optimality. It should be noted that this pricing rule
breaks down if costs are falling. With falling average and marginal costs when
price equals marginal cost, the firm will be incurring a loss. This is why we have
to go back to equation (17.10) where the effects of the optimal price setting rule
on profitability are accommodated. This was done by defining an ‘augmented’
marginal cost function. If we had redistributive objectives in mind then the first
part of equation (17.17) would be �h(∂W/∂Vh)(∂Vh/∂pn+l) and prices would
depart from marginal cost in a manner completely analogous to the commodity
tax with redistribution problem considered in Chapter 13.

To emphasize the parallel of this problem with the optimal tax, consider the
following analysis. Let each of the n private-sector goods be taxed. Thus p1, . . . ,pn

are the consumer prices and q1, . . . ,qn are the producer prices. Profits of the private
sector are, then:

� =
n∑

i=1

pidi − G(.) (17.19)

This profit is taxed at the rate � and the rest is distributed to the population as a
lump-sum payment. Hence, the public sector’s budget constraint is:

pn+1dn+1 − Q(.) +
n∑

i=1

(pi − qi)di + �� = 0. (17.20)



Pricing in the public sector 417

In other words, tax revenue from taxation of profits and private-sector goods plus
revenue from selling the commodity produced in the public sector must equal
costs. We can make an allowance for a profit here as well.

Setting up the Lagrangean we have:

�=V(p1,...,pn;pn+1)+�[pn+1dn+1−Q(.)+�(pi −qi)di −��]. (17.21)

Differentiating with respect to pn+1, using the Slutsky equation for (∂xn+1/∂pn+1)
and defining 	e as before we can show that:

[pn+1 − ∂Q/∂dn+1]/pn+1 = 	e(dn+1 − ∂y/∂pn+1) (17.22)

and results for optimal commodity taxes can be derived along the lines discussed
in Chapter 13. Hence, there is a close parallel between the optimal commodity tax
and the optimal price for the public-sector problem.

17.4 The optimality of marginal cost pricing

The marginal cost pricing rule which we have obtained in the general case is a
challenge to economists because it gives a justification both for public production
as well as deficits in the public sector (if marginal costs are falling). It says, in effect,
that the public sector must price at marginal cost and suffer the accompanying
deficit. Indeed, this is optimal. Empirically this is quite important since most
public-sector firms seem to produce under conditions of increasing returns to
scale. In the Boiteux framework this problem is addressed by assuming that it is
possible to have lump-sum transfers. This, of course, is a gross oversimplification
although it is formally correct. Many economists have wondered, however, about
the usefulness of this arrangement. A typical concern is whether following the
marginal cost rule will mean negative income for ever. Some have suggested that
the pricing formula be changed to a two-part tariff. Here the pricing consists of
two parts. The enterprise follows a marginal cost pricing rule. This is the first part
of the pricing formula. The difference between total cost and total revenue (at this
price) is then apportioned among all consumers as the second part of the pricing
formula (see Beato 1982).

Others have argued that marginal cost pricing may not be optimal. If the
production possibilities are non-convex (increasing returns to scale), marginal cost
equilibria may fail to be Pareto optimal. This literature tries to find conditions under
which at least one equilibrium is Pareto efficient. However, there exist examples
showing that even in very simple cases such conditions cannot be found. We give
one example, due to Brown and Heal (1979), in Figure 17.1.

Consider a two-consumer, one-producer economy. The production possibilities
for this non-convex economy are shown by the steps in Figure 17.1. The Scitovsky
social indifference curve through point A is denoted as IA. If endowments and the
relative price change, the social indifference curve changes from IA to IB. This
means that the new equilibrium is at point B. Both A and B are equilibria since
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Commodity 2

Commodity 1

A

B

IA

IB

Figure 17.1 Failure of marginal cost pricing to attain Pareto optimum.

they satisfy the first-order conditions but neither is Pareto optimal because the
indifference curves intersect. The practical importance of such examples depends
upon endowments of consumers because these affect the social indifference curves
and the possibility of their intersecting.

Hence, we are faced with the question: When, in the presence of increasing
returns to scale, is marginal cost pricing optimal? This was clarified by Milleron
(1972) and Dierker (1986). Consider a particularly simple example. Let the
commodity produced by the public sector (dg) be related to an input s through
an increasing return to scale technology so that:

dg ≤ |s|� (17.23)

with � > 1 describes the production process. � is assumed to be fixed, hence
we are assuming equation (17.23) to represent the envelope of a one-parameter
family of short-run production functions geometrically represented by the tangents
of dg = |s|� in Figure 17.2. A typical tangent intersects the input axis at a
point −z < 0 with z indicating fixed costs measured in terms of the input
commodity.

In a well-known paper Baumol et al. (1982) argue that z should be associated
with public goods. After investing a fixed amount z in these public goods the
economy has a linear technology at its disposal as in Figure 17.2. Economic
agents have to fix a certain level of fixed costs (investment in public goods) and
to finance it. Given this investment, economic agents have a simple production
problem involving one input and one output and a linear technology.

Consider now the production plan (dg, s) with dg> 0 and s < 0. The tangent to
the technology at (dg, s) has a normal vector (at right angles to it). We measure
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dg = |s|α

(dg, s)

dg

(p, 1)

−z s

Figure 17.2 Baumol pricing mechanism.

price (p) in terms of the input commodity and call this normal vector (p, 1) where:

(p,1) = [(1/�)|s|1−�,1]. (17.24)

The tangent to the technology will intersect the s axis at −z = (1−1/�)s. Thus p,
the price of output, is optimally set equal to the marginal cost.

With this pricing rule in effect the value of the output (pdg ≡ v) as well as the
implied amount of the public good are proportional to the amount of the input.
Hence a production allocation for this economy is the triple (v, s, z) where:

(v,s,z) = [(1/�)|s|,s, (1 − (1/�))|s|]. (17.25)

The first two elements of this triple are private goods and the third is an
(aggregated) public good. All three elements of the triple are expressed in value
terms (in terms of units of the input s). The relative price of output is (1/�)|s|1−�

which when multiplied by the production (|s|�) yields p.dg.
Moreover, the total production set to the left of dg = |s|� can be thought of as

the union of all short-run production curves or tangents of dg = |s|�. Consider the
tangent intersecting the s axis at −z̄. Let (p(z̄),1) be the corresponding normal
price vector. The equation for this tangent is (p(z̄),1)(dg,s) = −z̄, or, this tangent
satisfies the equation:

(p(z̄) · dg + s + z̄) = 0 or v + s + z̄ = 0.

In this simple case the marginal rate of substitution between the public good z and
the private (numeraire) good s is one. This reflects the fact that the numeraire
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commodity serves both as a fixed cost as well as a variable cost. Hence, an
increasing returns to scale technology has been transformed into a simple linear
technology.

We now have to transform the consumer’s preferences from the original
two-commodity case to the transformed three-commodity case. Observe that
the triple (v, s, z) in value terms contains enough information to determine
uniquely a commodity bundle (dg,s). Information about the fixed cost z amounts to
knowledge of the short-run production function associated with z. This short-run
production function is linear and characterized by the normal price vector (p, 1)
where

p = (1/z)[1 − (1/�)]�−1z1−�. (17.26)

Now let consumers be indexed by h and let their preferences in the two-
commodity case be represented by Uh(.) a quasi-concave function. The equivalent
functions for the three-commodity case can be defined as Ũh which can be
written as:

Ũh(vh,sh,z) = Uh[�(1 − (1/�))1−�s�−1 · vh,sh]. (17.27)

The first argument of Uh(.) is, simply, dg.
The new public good economy has the advantage of exhibiting constant returns

to scale instead of the original increasing returns to scale. However, realize that
the preference relation Ũh need not be quasi-concave any longer. This is the price
that one has to pay for achieving this simplification

We can now define a marginal cost price equilibrium (MCP).
An MCP equilibrium is a vector [(dgh, sh), (dg, s), p] consisting of consumption

plans, a production plan, and a price p such that:

p = (1/�)|s|1−�,
∑

h

dgh = dg,
∑

h

sh = s + w

where (0, w) denotes initial total endowments of the output and input. The wealth
yh of each consumer is given by a lump-sum distribution of the total wealth y:

y = pdg + s + w (17.28)

among the consumers and consumer h’s consumption bundle (dgh,si) is demanded
at the price vector (p, 1) and wealth yh(p).

Given the above MCP equilibrium, we can prove that the associated allocation
in the transformed public good economy given by:

(vh,sh,z) = (pdgh,sh,�
1/(1−�))(1 − 1/�)p1/(1−�)

satisfies Samuelson’s condition (�mrs = mrt) for optimal supply of the public
good (in this economy mrt = 1).
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From the definition of Ũh we have that:∑
h

(∂Uh/∂z) =
∑

h

(∂/∂dg)Uh[�(1 − (1/�)11−�z�−1 · vh,si]

[�(1 − (1/�))1−�(�− 1)z�−2vh].
(17.29)

Hence, the sum of the mrs is:

sum of mrs =
[∑

h

{∂Ũh/∂z}/{∂Ũh/∂sh}
]

= p�

[
1 − (1/�)1−�(�− 1)z(�−2)

∑
h

vh

]

since p = {∂Uh/∂vh}/{∂Uh/∂sh}.
Using now the definitions of p (= (1/�)|s|11−�) and z (=[1−(1−�)]|s|) we get:

∑
h

mrs = [z/(pdg)]
(∑

h

vh

)
/z = 1. (17.30)

Hence�mrs = mrt and the claim that marginal cost pricing leads to Pareto optimal
supply of the public good is verified.2

The first-order condition �mrs = mrt would satisfy Pareto optimality if Ũh

was quasi-concave. However, we know that this need not be the case. Under
these circumstances the first-order conditions may be satisfied but the associated
equilibrium need not be a Lindahl equilibrium. If the Lindahl equilibrium does
not exist then an efficient outcome is ruled out.

We know from the second optimality theorem of Chapter 2 that Pareto
optimality requires not only that prices equal marginal cost but also that wealth be
properly adjusted. If this second condition is not satisfied then marginal cost pricing
may be incompatible with efficiency. An important problem at this juncture is:
under what conditions, for a transformed economy of the type that we are studying,
can satisfaction of the first-order conditions also mean the attainment of a Lindahl
equilibrium?

Let us examine the following Cobb–Douglas utility function: Uh(dgh,sh) =
dghsh, so that the transformed utility function becomes Ũh(vh,sh,z) = �(1 −
(1/�))d�

ghshz�−1 with �> 1. Now, under what conditions will Ũh retain its quasi-
concavity? If it is quasi-concave then the optimality of the MCP equilibrium can
be guaranteed.

Let us consider an MCP equilibrium
[
(d̄gh, s̄h), (d̄g, s̄)

]
and let the utility

associated with this be Ũh. Now consider the set of allocations B that are better
than this in the sense that utility is no lower. This set is defined by:

B =
{[∑

vh,
∑

sh,z
]
, such that for all h : Ũ

h
(vh,sh,z) ≥ Ũh

}
.
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In order to see when B is convex consider (dgh, sh) such that for all h Uh(dgh,sh) =
Ũh and the total derivative (dUh) is a positive multiple of some price system
(p, 1). Substitute vh = pdgh, v̄h = p̄d̄gh,z = �1/(1−�)p1/(1−�) and z̄ = �1/(1−�)

(1 − (1/�))p̄1/(1−�). We would like to know when:[
(1/2)

(∑
h

(vh + v̄h)

)
, (1/2)

(∑
(sh + s̄h)

)
, (1/2)(z + z̄)

]
∈ B.

Since we have assumed Uh to be quasi-concave, the above will be true when:

(1/2)
∑

(vh + v̄h) (1/2)
[(

p1/(1−�)+ p̄1/(1−�)
)]�−1 ≥ (1/2)

∑
(dgh + d̄gh).

(17.31)

It can be shown that if 2 > �> 1 then expression (17.31) will hold if:∑
(pdgh/p̄ + p̄d̄gh/p) ≥

∑
(dgh + d̄gh).

If we assume that p > p̄ then the requirement is simply that:∑
(pdgh − p̄d̄gh) ≥ 0.

In other words, the higher price must be associated with the higher value of
Hicksian (compensated) demand.

Hence, under certain conditions for a Cobb–Douglas utility function it is
possible to show that satisfaction of the Samuelson condition will be associated
with the Lindahl equilibrium. In fact it is possible to be a bit more general
(see Dierker 1986).

17.5 Second-best Ramsey–Boiteux pricing once again

Although it is theoretically possible to defend marginal cost pricing under certain
conditions, it would appear that we are well advised to go beyond it; indeed to
go beyond first-best pricing. To do this we now go back to the original Ramsey
problem. Suppose we make the following assumptions:

• Only the prices of publicly produced goods are to be set.
• The private sector is perfectly competitive.
• The distribution of lump-sum incomes is optimally chosen; hence we can

deal with compensated demand.
• The public enterprise is restricted by an exogenously fixed deficit or profit

level �0.

In this case the optimal pricing formula (17.10) can be shown to reduce to:∑
i∈g

(pi −�i)(∂dh
i /∂pg) = −�0g (17.32)
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with �0 �= 0. For the most relevant case where �0 exceeds the unconstrained
(first-best) optimum it will be the case that 0 < �0 < 1. Hence, price will exceed
marginal cost.

This Ramsey rule is characterized by a kind of trade-off between the level
and structure of prices. The level of prices is primarily influenced by the value
of �0 chosen. Ramsey pricing can, therefore, stand for high prices (low prices)
depending on the profit target (admissible loss). All or some prices can fall below
marginal cost to bring about a deficit, �0.

So far as the structure of prices is concerned, recall that the public sector
has to observe a revenue constraint and meet all demand. Hence, the public
enterprise board must consider the price elasticities of demand for different goods.
If redistribution is not an objective, the more price inelastic the demand for a
commodity is, the more easily can its price be raised in order to achieve �0. The
enterprise board will not raise the prices of goods with elastic demands very much.
Of course, cross-price elasticities may affect this pattern. If, however, we ignore
these cross-price elasticities then we would have the result that the price-cost
margin of a commodity should be higher the smaller the absolute value of the
price elasticity.3 The structure of Ramsey optimal prices is, then, quite like that of
Ramsey optimal commodity taxes discussed in Chapter 13 and the results derived
there basically carry over.

In order to avoid repetition we pose the problem slightly differently from
the optimal commodity tax problem. Let us suppose that there are n goods
each with demand function di(p1, . . .,pn) and that the aim of the planner is to
maximize the sum of consumer and producer surplus subject to, say, a break-even
constraint.

The consumer surplus (CS) can be written as:

CS =
∫ ∞

p

n∑
i=1

di(p1, . . . ,pn)dpi = U(d1, . . . , dn) −
∑

pidi. (17.33)

Similarly we can write the producer’s surplus (PS) as:

PS =
n∑

i=1

pidi(p1, . . . ,pn) − C(d1(.), . . . ,dn(.)) (17.34)

where C(.) is some joint cost function. Consumer surplus plus producer surplus
can, hence, be written as:

CS + PS =
∫ ∞

p

n∑
i=1

di(p1, . . . ,pn)dpi +
n∑

i=1

pidi(p1, . . . ,pn) − C(.) (17.35)

If there was no other constraint we would obtain efficient prices by maximizing
expression (17.35) with respect to the prices p = (p1, . . .,pn). Straightforward
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differentiation says that the optimum price vector p∗(= p∗
1, . . . , p∗

n) is given by the
following condition:

∂(CS + PS)/∂pi|p=p∗ =
n∑

j=1

[pi − (∂C/∂dj)](∂dj/∂pi)|p=p∗ = 0. (17.36)

If the maximum is unique then we get from equation (17.36):

p∗
j = ∂C/∂dj,

or price equals marginal cost.
Now let us impose a profit constraint, say a break-even constraint that∑n
i=1pidi = C(.). Forming the Lagrangean we have (with ϑ as a Lagrange

multiplier):

� =
∫ ∞

p

n∑
i=1

didpi + (ϑ+ 1)

[
n∑

i=1

pidi − C

]
. (17.37)

We have to choose prices p1, . . . ,pn to maximize the above expression.
The first-order conditions can be arranged to yield:

n∑
j=1

{[pj − ∂C/∂dj]/pj}εjipjqj/(piqi) = ϑ/(1 +ϑ), i = 1, . . . ,n (17.38a)

(where �ji = −(∂dj/∂pi)(pi/dj) is the cross-price elasticity of demand)

n∑
i=1

pidi − C = 0. (17.38b)

If demands are independent (so that �ji = 0 for i �= j and �ii �= 0) we will have:

ϑdi + (ϑ+ 1)[pi − (∂C/∂di)](∂di/∂pi) = 0

or

[{pi − (∂C/∂di)}/pi] = ϑ/[(1 +ϑ)�ii]. (17.39)

Hence the price–marginal cost margin depends upon the inverse of the own price
elasticity of demand.

In the general case when �ji �= 0 we can write the first-order condition as
(following Rohlfs 1979):

(ϑ/(1 +ϑ)) = [{pi − (∂C/∂di)}/pi]Si = [{pk − (∂C/∂dk)}/pk]Sk (17.40)
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where i and k are two products and Si is the super elasticity of di. This is
given by:

Si = 1/

⎡
⎣ n∑

j=1

rji �ji

⎤
⎦ , rji = pjdj/(pidi) and �ji

is the elasticity of the inverse demand function pj(di, . . . ,dn) with respect to dj:
kji ≡ (∂pj/∂di)(di/pj) is also referred to as the ‘flexibility’ of dj with respect to pi.

Yet another way to write the Ramsey optimal price formula is to work with the
utility function in equation (17.33). The appropriate Lagrangean is now (with ϑ1

as the Lagrange multiplier):

� = U(di, . . . ,dn) − C(di, . . . ,dn) +ϑ1

[
n∑

i=1

pidi − C(.)

]
(17.41)

where pi = pi(d1, . . . ,dn) is the inverse demand function. We maximize the
Lagrangean with respect to di to get:

(∂�/∂di) = (∂U/∂di) − (∂C/∂di) +ϑ1[MRi − MCi] = 0 (17.42)

where

MRi ≡ [(∂/∂di)]
{

n∑
i=1

pidi

}
and MCi ≡ (∂C/∂di).

From the utility maximization of the individual consumer (∂U/∂di) = pi so
pi − MCi +ϑ1[MRi − MCi] = 0 or, for any two outputs, i and k we must have:

(pi − MCi)/(MCi − MRi) = (pk − MCi)/(MCk − MRi] = ϑ1. (17.43)

This is a much more complicated set of results than the simple inverse elasticity
rule in the case of independent demands. However, the flavor of the argument is the
same. Instead of the simple own price elasticity term we have the super elasticity
terms (remember that MRi = pi[1+∑n

j=1rji�ji]) which include correctional terms
depending upon the cross-price elasticities. Markets are assigned high markups
where the effect of a small change in price is to perturb consumption a relatively
small amount in relation to where they would be under marginal cost pricing. The
effect of cross-elasticities is that even if the own price elasticity in a market is quite
low, when a rise in that price exerts a large distortionary effect in other markets,
then a low price is required.

17.6 Redistributive Ramsey (Feldstein) pricing – the
general case

We wish now to extend the analysis for the case when public-sector pricing has
distributional objectives as well. This is sometimes known as Feldstein pricing.
We have already discussed a simplified example.
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We assume that only prices of publicly produced goods are controlled and
there is perfect competition in the private sector. Further, all lump-sum incomes
are given so that we are dealing with uncompensated demand schedules and there
is a minimum profit or maximum loss requirement of �0.

Since we are dealing with redistributive pricing there is no point in having
optimal lump-sum incomes. If we had optimal lump-sum incomes, public-sector
prices would not have to perform a redistributive function.

As redistributional pricing is applied revenue will tend to fall – perhaps below
costs – because any internal subsidization of the poor is limited by the possibility
that the rich leave the market. The poor consume goods with low elasticities of
demand in higher proportion than the rich. Hence, the prices of precisely those
goods that should be high on efficiency grounds are to be lowered. Similarly,
the rich consume goods that have high elasticity of demand in higher proportion
than the poor. The prices of these goods, which should be lowered on grounds of
efficiency, are to be raised. These two facts imply that redistributive pricing will
lead to financial strain.

These financial difficulties would become even worse if private competitors
were allowed to enter public enterprise markets. We will not broach this issue
here; for details see Bos (1987).

With this assumption we can write the pricing formula in (17.10) as:

∑
(pi −
i)(∂du

g/∂pg) = −(1 − 	g)g (17.44)

where 	g is the distributional characteristic of the commodity produced in the
public sector as defined in equation (17.12) and du

g denotes uncompensated
demand.

The distributional characteristic of any good is higher, the larger is its share in the
consumption of low-income people. Hence 	g will be higher for necessities than
for luxuries. Thus Feldstein pricing would tend to reduce the price of necessities
and increase those of luxuries.

17.7 Multi-part tariffs

Sometimes it is possible to increase the efficiency of a pricing mechanism if we
move from a single price to more than one price. This allows the firm to distinguish
between consumers on the basis of the volume of their demand. We have seen an
example of this in Chapter 4. The discussion in this section is based on, among
others, the work of Brown and Sibley (1986).

To clarify this point let us suppose that consumer demand can be represented
in the following manner:

q = f (p,�) (17.45)

where q is the demand vector, p is the vector of marginal prices, and � is a taste
parameter.
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Figure 17.3 Shifting demand.

Preferences can be said to satisfy weak monotonicity when a person with high
value of � (great taste for this commodity) enjoys greater surplus from consuming
this commodity than persons with lower values of �. Preferences are said to satisfy
strong monotonicity if higher � is associated with demand.

The relationship between weak monotonicity and strong monotonicity is shown
by Figures 17.3 and 17.4. In Figure 17.3 at the price p1 the person with a high
value of � has a higher consumer surplus than a person with a low value of �. This
illustrates weak monotonicity. In Figure 17.4 a person with a high value of � has
higher demand at price p1. This illustrates strong monotonicity.

Most of the literature on public-sector pricing assumes strong monotonicity.
However, it is hard actually to measure the taste parameter, �. In any event it may
not be necessary actually to measure an individual’s �. All that is really required
is the distribution of � – which is a much weaker requirement.

Given that consumers differ in their tastes (and hence willingness to pay) the
response of the firm will depend upon how much it knows about consumers’ tastes.
If it broadly knows the distribution of tastes across the population of consumers,
the firm can set a non-uniform or multi-part price schedule with different prices
for consumers in different segments of the distribution of �. Let us examine how
this may be done.

We study an example whereby there are three segments to the distribution of �
as in Figure 17.5. Suppose the demand for the commodity that we are discussing
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Figure 17.4 Pricing with shifting demand.
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Figure 17.5 Pricing with three levels of demand shifts.
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is given by:

f (p,�) = (a − p)�

where a is a constant and p is the price. Suppose now that the following tariff
structure is offered. There is an entry fee of E and then the fee structure is as
follows:

p1 = b for 0 ≤ f ( ) ≤ B and

p2 = c for f ( ) > B

where c < b and B is a known level of demand.
Since for given � the demand curve is a straight line, potential consumer surplus

at any given price is a triangle with area equal to (a − p)2�/2.
Assume that at �0, the consumer, who is indifferent between consuming a small

amount and not consuming at all, buys on the first rate block. The value of �0 is
given by setting consumer surplus equal to zero with an entry fee of E. In other
words:

(a − p)2�0/2 − E = 0 or �0 = 2E/(a − p)2.

Now when demand is equal to B the willingness to pay off the next group of
consumers (with taste parameter �1) will be B = (a − c)�1. Knowing this we can
solve for �1 = B/(a − c).

In terms of Figure 17.5 the taste levels �̃ and ˜̃� are found by solving the following
two equations:

B= (a−p1)�̃ and B= (a−p2)˜̃�

so that �̃=B/(a−p1) and ˜̃�=B/(a−p2)

so that demands with price p1 and p2 are respectively (a −p1)�1 and (a −p2)�1. If
the distribution of � was lognormal, say, the distribution of � and that of demand
would be as in Figures 17.6 and 17.7.

We can now formally define a multi-part (m part) tariff structure as a non-
uniform price schedule with a finite number m (≥ 2) of rate steps. It consists of an
entry fee E and a marginal price schedule as follows (with d indicating demand):

p(q) = p1 for 0 ≤ q ≤ q1

= p2 for q1 ≤ q ≤ q2

. . . .

= pm for qm−1 ≤ q.
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Distribution of θ

θ

Figure 17.6 The lognormal distribution of �.

Distribution of q 

Quantity (q)

Figure 17.7 Distribution of demand when � is lognormally distributed.

Corresponding revenues will be:

R(q) = E + p1q for q < q1

= E + p1q1 + (p2 − p1)q for q1 ≤ q ≤ q2

. . . .

= E +
m−1∑
i=1

piqi + pm(q − qm−1) for q ≥ qm−1.

In an important paper Faulhaber and Panzar (1978) pointed out a link between
two-part tariffs and multi-part tariffs which points to the way in which multi-part
tariffs help to sort out consumers according to their tastes. Suppose that we have
a five-part tariff as in Figure 17.8 given by the revenue function E1J1J2J3. It gives
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Figure 17.8 The impact of multi-part tariff.

rise to the declining block price structure as in the lower panel of Figure 17.8.
Hence, we can think of the single multi-part tariff as consisting of four two-
part tariffs (E1,p1), (E2,p2), (E3,p3), and (E4,p4) with entry fees El,E2,E3, and
E4 such that E4 > E3 > E2 > El and marginal prices p1,p2,p3, and p4 such
that p4 < p3 < p2 < p1. Clearly, when these two-part tariffs are juxtaposed as in
Figure 17.8 consumers will only select portions of them which are in the lower
envelope of the set, which is E1J1J2J3. Thus when a multi-part tariff shows quantity
discounts, it can be viewed as the lower envelope of a set of two-part tariffs from
which consumers choose their optimal consumption plans. It is for this reason that
such tariffs are called the self-selecting set of two-part tariffs.

From Figure 17.8 it is easy to see why a multi-part tariff will achieve finer
sorting than a single price or a two-part tariff. It is the equivalent of offering



432 Applied problems in public economics

heterogeneous consumers a wider variety of tariff packages from which they can
select, some of which will be better tuned to the needs of more different consumers
than any single uniform price or two-part tariff could be.

Faulhaber and Panzar (1978) proved another important result which follows
naturally from the above. They show that if � has a continuous distribution
then, under an optimal set of selecting two-part tariffs, the lowest usage charge
will exceed the marginal cost. With a multiple tariff structure, the usage cost
lies closer to marginal cost than in the previous case. One can indeed show
that the optimal (m + 1) part tariff is at least as efficient as the optimal m part
tariff.

Derivation of optimal non-uniform prices (multi-part tariffs)

We now discuss a straightforward method of deriving the optimal non-uniform
price schedule under the condition that the distribution of � is continuous. Let
the willingness to pay be described by w(q,�) where q is quantity consumed,
with (∂w/∂q) < 0 (willingness to pay more declines as consumption rises) and
(∂w/∂�) > 0 (which follows from the assumption of strict monotonicity).

The marginal consumer group at q,�0, is defined by the self-selection constraint:

w(q,�0) = p(q) (17.46)

Hence,

∂�/∂p(�) = 1/w� > 0.

We assume that the marginal cost of production is constant – say �. Consumer
surplus up to a taste level �1 can be written as:

∫ �1

�0

[w(q,�) − p(q)]�(�)dq (17.47)

where � is the distribution function of �. Similarly, producer surplus is given by:

∫ �1

�0

[p(q) −�]�(�)d� = (1 −�(�))(p(q) −�) (17.48)

so that consumer surplus plus producer surplus is obtained by adding up
expressions (17.47) and (17.48).

The break-even constraint is given by:

∫ ∞

0
(1 −�(�))(p(q) −�)dq = F (17.49)

where F is the fixed cost.
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We use ϑ2 as the Lagrange multiplier and form the Lagrangean

�=
∫ ∞

0

[∫ �1

�0

{w(q,�) − p(q)}�(�)d�+ (1 −�(�))(p(q) −�)

]
dq

+ϑ2

[∫ ∞

0
(1−�(�))(p(q) − �)dq

]
− (1 +ϑ2)F.

(17.50)

The necessary condition for optimality is given by setting the total derivative
�� = 0 for any variation �p. Now:

�� =
∫ ∞

0
[{−w(q,�0) + p(q)

}
�(�0)(∂�0/∂p)−(1 −�(�0))

+ (1 −�(�0)) −�(�0)(p(q) −�)(∂�0/∂p)]�pdq (17.51)

+ϑ2

∫ ∞

0
[−�(�0)(∂�0/∂p)(p(q) −�) + (1 − �(�0) ]�pdq = 0.

Because w(q, �0) = p(q) expression (17.51) reduces to∫ ∞

0
[−(1 +ϑ2)(p(q) −�)�(�0)(∂�0/∂p) +ϑ2(1 −�(�0)]�pdq = 0 (17.52)

so that for the variation �� to vanish for any variation �p, the quantity inside the
square brackets in equation (17.52) must vanish.

Rewriting this we have:

(p(q) −�)/p(q) = (ϑ2/(1 +ϑ2))(1 −�(�0))[p(q)�(�0)(∂�0/∂p)]
= (ϑ2/(1 +ϑ2)){[−∂1n(1 −�(�0))]/[∂1np(q)]}
= [ϑ2/(1 +ϑ2)][1/ε(q,p(q))]

(17.53)

where ε is the price elasticity in a given q market. This formulation of the non-
uniform pricing problem is appealing because it has a link with the optimal Ramsey
price derived earlier. The quantity (1−�(�0)) is the demand in a given dq market.
Hence, equation (17.53) says that the optimal price–marginal cost markup in
any particular market segment is inversely related to the elasticity of demand,
ceteris paribus. This is the essential message from the Ramsey pricing problem
as well.

Some remarks on non-linear pricing

Our analysis of multiple tariffs extends quite naturally to the case of non-linear
pricing. This refers to different types of consumers being charged different prices
for the same publicly provided commodity. In the case of multiple tariffs, analyzed
above, the emphasis is on efficient pricing. It could well have been redisributive
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pricing with the publicly operated firm trying to maximize some kind of social
welfare index.

The maximization problem could, hence, be written as:

max
∫ �m

�0

w(q,�)�(�)d�

where �m is the upper limit of the distribution of �. One could then write
an individual’s constraint in terms of the price paid by each � type (p(q(�)).
The ensuing problem then is completely analogous to the optimal non-linear
tax problem analyzed in Chapter 14 and the same broad results would fol-
low. Formal analyses can be found in Spence (1977), Roberts (1978), and
Walsh (1978).

17.8 Peak load pricing

The peak load pricing problem has been dealt with in considerable detail by several
authors. We present here a simplified version of the analysis due to Williamson
(1966) and Platts (1981). Central to this work is the notion of effective demand
for capacity.

Suppose that a public utility (say a firm generating electricity) has two relevant
production periods. We have the peak period defined as one in which all of the
productive capacity of the firm is utilized. In the off-peak period the full capacity
of the firm is not utilized. Williamson’s approach consists of adopting the whole
cycle as the uniform time for which output is consumed or produced. Hence the
demand for electricity is basically the price for lKW for 24 hours (lKW-day) and
costs of production are in terms of the same unit of output. Let �j be the proportion
of the cycle taken up by period j with ��j = 1. Suppose that there are only two
periods of 9 hours and 15 hours. So �1 = 3/8 and �2 = 5/8.

Every possible short-run capacity has a fixed maximum output, however, up to
that limit, the running cost per unit is constant. Hence, each short-run marginal
cost curve (SMC) has a backward-L shape. It is further assumed that there are
constant returns to scale and that new capacity is completely divisible. The
marginal variable cost of production is (fixed at) � per 1KW-day, so that the
running cost of producing lKW for the portion �j cycle is �j�. The least daily
equivalent capital cost is � per 1KW extra generating capacity. Then long-run
marginal cost (LMC) = �+� per KW-day. In Figure 17.9 two LMC curves are
drawn, corresponding to a higher (�h) and a lower (�1) level of capital costs. We
want to determine optimal prices in the two periods.

Let us move on now to demand. We have to define period demand prices in the
same terms to be consistent. Let pj be the price that people would have paid per
KW-day if the level of demand in period j had persisted over the whole 24-hour
cycle day instead of just for the fraction �j. If people are willing to pay p0

j for

q0 KW-days of electricity if the level of demand in period j had continued for 24
hours. Hence the true period demand is such that people will pay �jp0

j for q0KW
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Figure 17.9 Peak-load pricing.

of electricity for the duration of the period itself. Hence (�jp0
j ) is a point on the

period demand curve.
From this we have Williamson’s result that each period’s demand could be

shown in either of two ways:

(i) The period demand curve with points (q,�jpj) where q is the number of KW
consumed for portion �j of the day.

(ii) Following Williamson, we could, from the period demand curve, construct a
schedule which shows the equivalent price–quantity relation that would have
materialized if demand for period j had actually persisted over the whole 24-
hour cycle. This has been called the cycle equivalent period demand curve.
It would have points (q,pj) where q is the number of KW-days.

It is standard to adopt this (ii) approach so that the unit of quantity in both cost and
demand curves is the KW-day. In Figure 17.9, Dl and D2 are the cycle equivalent
period demand curves for the peak and off-peak periods respectively.

The demand for capacity can be defined in the following manner. In any period
the price paid for any level of output must be high enough to cover running costs.
Moreover, it would make sense to add to the capacity of the plant only if the extra
output can be priced high enough to cover not only the running costs but also make
some contribution to the cost of adding to capacity. Hence, the requirement for the
demand in any period to contribute to the demand for capacity is that �jpj > �j�

or simply4 that pj > �. Assuming this condition to be met we have the result that
in period j consumers will contribute �j(pj −�) to the capital cost of an additional
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unit of capacity. Hence, the total5 contribution to the marginal unit of capacity
addition would be6 �j�j(pj −�). In Figure 17.9, for any particular unit of capacity
that may be added to the capacity of the plant, this sum is the vertical summation
over j of �j(pj − �) with pj > �. With this, the logical conclusion is that a unit
increase in capacity is warranted only if:

∑
j

�j(pj−�) ≥ �. (17.54)

At optimum capacity expression (17.54) must hold as an equality. From this
we get:

�+��j(pj −�) = �+�(LMC). (17.54a)

Since � = ��j� the expression � + ��j(pj − �) reduces simply to ��jpj.
Diagrammatically this would be the vertical summation of the two demand curves,
except for the stipulation that pj > �. Hence, �+��j(pj − �), with pj > � may
be interpreted as the effective demand for capacity price. This must be equated to
LMC for optimum capacity, at the margin. This is shown as Dc in Figure 17.9.
Optimum capacity is high (q∗

h) for the low level of marginal cost and low (q∗
1) for

the high level of marginal cost.
To discuss optimal pricing during the two periods we consider the special case

where marginal benefit is equated to marginal cost in each period. In Figure 17.10

Price
cost

Output
per cycle

LRMC

D2

C0

p2

p1

SRMC 

D1

Figure 17.10 Peak load pricing in the special case when marginal benefit equals marginal
cost in each period.
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we show fluctuating demand between the peak and off-peak periods and consider
the special case where the benefit of the new capacity accrues only to peak
users. In Figure 17.10 the demand curve for the peak period (Dl) is the same
as in Figure 17.9, similarly for demand curve for the off-peak period (D2). In
conformity with this, the horizontal axis shows output per cycle rather than output
per period.

At price p1 the existing capacity of C0 would just be rationed off among
consumers during the peak period (fraction �1 of the day). Thus total demand
during the peak period is �1C0. Suppose during the off-peak period the price
p2(= �) has been chosen.7 Then this will just cover marginal cost during this
phase of the cycle of demand. Total demand during the off-peak period would be,
then, �2C2.

For the peak users the marginal benefit is MB = �1p1. For the non-peak users
the marginal benefit is �2p2. The marginal cost of expanding the capacity is the
fixed cost � and the marginal running cost � which is incurred for a fraction �1

of the day by peak-period users. Hence marginal cost of expanding capacity is
MC = �1�+�. Equating this to MB for peak users we have: MC = ��+� = �p1

so that optimal peak period price (p∗) is such that p∗
1 = �/�+ �. Hence, optimal

peak period price exceeds marginal cost.
We can show that with this pricing arrangement total revenue will equal total

cost and the utility will just break even. Total cost (TC) equals �C0 + �1�C0 +
�2�C2.On the other hand, total revenue (TR) equals the sum of revenue from each
period. TR = p1�1C0 + p2�2C2 = (�+�/�1)�1C0 + ��2C2. Thus total revenue
equals total cost and the utility will break even.

This last result is contingent upon a non-varying cost of addition to capacity.
If this cost was falling then there would be a loss with optimal prices. We would
be back to the problem of funding deficits of public enterprises that are levying
optimal prices (equal to marginal cost) and incurring losses.

17.9 Pricing of joint products – allocation of common costs

In many instances public enterprises provide many services simultaneously and
these have significant joint costs which are very hard to allocate. Several examples
of this can be found. One of the most common is postal services. The Post Office
provides many services and these have many common costs. Yet these services
must be priced separately. Telephone pricing or pricing of different classes of
travel by train are all examples of this phenomenon.

In this section we discuss three different approaches to the allocation of fixed
costs. The first method is known as the fully distributed cost pricing method. The
second approach uses concepts from the theory of cooperative games, whereas the
third is sometimes known as the axiomatic method to cost allocation. The point
here is to start by specifying reasonable properties that an allocation mechanism
should satisfy and then deduce what price structures are consistent with these
axioms.
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Fully distributed cost (FDC) pricing

The FDC method proceeds in the following manner. It first separates the part of
the cost that can easily be ascribed to service i.This is called the attributable cost.
Then it selects a fraction �i of common costs which can be attributed to service i.
Thus the FDC of service i (written FDCi) is:

FDCi = attributable cost of i + �∗i (common cost). (17.55)

Three different approaches to estimating �i are common. Suppose n services
are being provided jointly. The output of service i is qi and the associated revenue
is Ri. Then:

�i = qi/

(
n∑

i=1

qi

)
(under the relative output or ROM method)

�i = Ri/

(
n∑

i=1

Ri

)
(under the relative revenue or RRM method)

�i = (attributable cost of service i) / (total attributable cost) (under the

attributable cost or ACM method).

In practice, FDC also involves numerous conventions regarding depreciation
rates, valuation of assets, work in progress and so on. But we shall ignore these
and simply think of the fixed cost, F, as the joint cost.

Recently some regulatory agencies have begun using price elasticities of
demand in setting FDC prices. Let us examine this in the context of the ROM.
Assume that demands are independent. Denote the attributable cost of service i in
period t by ACit. Using data from year t the unit price for service i is computed
using the following formula in period (t + 1):

pi,t+1 =
[

ACit +
{

qit/

(
n∑

i=1

qit

)}
F

]
/qit (17.56)

whereas the demand-compatible prices would have ACi,t+l and qi,t+l in the above
formula. So there is no guarantee of compatibility between the two sets of prices.

Braeutigam (1980) has shown that if the public firm is constrained to break
even then the RRM and the ACM give identical results. To see this, let us write
the price under the ACM:

pi = (ACit/qi) ∗
[

1 + F/

(
n∑

i=1

ACi

)]
. (17.57)

Under the RRM the price is: pi = [ACi + F.Ri/R]/qi = [ACi/qi][R/(R − F)]
where R is total revenue and F is fixed cost. With zero profit it must be



Pricing in the public sector 439

the case that:

R =
n∑

i=1

ACi + F.

Hence, substituting (R − F) for �ACi in equation (17.57) we get for the price
under the ACM: pi = (ACi/qi)[1 + F/(R − F)] = (ACi/qi)[R/(R − F)] which is
the price under the RRM.

The principal difficulty which some economists have with FDC methods is the
arbitrariness with which joint costs are allocated among the services. They argue
that there does not seem to be any economic rationale for this and no optimality
properties can be claimed for such prices. However, we shall soon see that FDC
prices are not entirely without merit.

The game theoretic method to allocating costs

Many public services that are jointly provided often have a large component of
joint costs that is hard to allocate. When prices are set without firm theoretical
foundations there may be complaints of cross-subsidization. This implies that
some services are being deliberately ‘overpriced’ in order to subsidize others.
Thus first-class travel on trains may be overpriced in order to charge lower prices
to second-class passengers.

This complaint can be made operational in the following manner. Suppose some
service (i) is cross-subsidizing some other service (j). If the extent of the cross-
subsidy is large enough then it might become profitable for another agency to
supply service i alone and on its own. In this sense we can think of the original
arrangement where all n services are provided jointly as a grand coalition. The
reason for forming this coalition is that, ceteris paribus, costs are lower for each
service separately as well as for any smaller coalition in the grand coalition than
these would be otherwise. However, if cross-subsidization is being practised then
there would be an incentive for the services providing the subsidy to defect from
this coalition.

The operational problem then is the following: What is the set of prices for these
n services such that no service, either singly or jointly in coalitions smaller than
the grand coalition, has the incentive to leave the grand coalition? This problem
in the theory of cooperative games was solved by Faulhaber (1975).

To analyze Faulhaber’s results assume that demands are price inelastic so that
outputs are fixed. Let the cost function with a coalition of J players be C(J) (also
known as the ‘stand-alone’ cost of J services) so that the cost function for the
grand coalition is C(n). Denote by si the price paid by any service (cross-subsidy
paid out) to belong to the grand coalition. To prevent J services from defecting
from the grand coalition it must be the case that:∑

i∈J

si ≤ C(J). (17.58)
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This must be true for each possible sub-coalition J which can be formed from the
grand coalition. In addition, the grand coalition must break even:∑

i=1

si = C(n). (17.59)

If conditions (17.58) and (17.59) are satisfied for all J then there would be no
incentive to break the grand coalition. Another interpretation of these conditions
is possible and more insightful. Consider a subset J for which condition (17.58)
is being satisfied. All other services (n − J) must also pay no more than their
stand-alone cost C(n − J). Substitute into equation (17.59) to get:∑

i∈n

si =
∑

i∈(n−J)

si +
∑
i∈J

si = C(n) which implies that

∑
i∈J

si > C(n) − C(n − J).

All groups in J, therefore, must bring in to the grand coalition their incremental
cost. This must be true for all J. Thus we know that, in order for there to be no
desertions from the grand coalition (the prices charged to belong to the core of the
game) two conditions must be satisfied:

(i) no group of services must pay more than its stand-alone costs;
(ii) each group of services must pay at least its incremental cost.

We have been talking of breaking coalitions in terms of the costs. It is
straightforward to extend this to cover benefit. This requires that the benefits
(bi) from staying in the coalition must at least outweigh subsidy paid out:

si ≤ bi. (17.60)

When this condition is met as well as conditions (17.58) and (17.59) then the
prices charged do certainly belong to the core. Such prices are also referred to as
subsidy-free prices.

It is possible to compare the prices consistent with equations (17.58) to (17.60)
with the prices under the fully distributed cost (FDC) method already discussed.
Under the FDC method price for service i is:

Ri = ACi + �iF with �i < 1. Thus∑
i∈J

Ri =
∑
i∈J

(ACi + �iF) ≤
∑
i∈j

(ACi + F) for J ≤ n.

and ∑
i∈J

(Ri − ACi) − F = 0.

Hence, when the cost function takes the form of an attributable cost and a joint
fixed cost, the FDC approach gives subsidy-free prices. Therefore, we come to
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two conclusions. First, since any FDC method is subsidy free, prices calculated
according to these methods cannot be used to test for cross-subsidy. Second, since
each of the FDC methods does have the property of being cross-subsidy free, there
are some merits to FDC methods.

The axiomatic approach to allocating fixed costs

This approach begins by trying to articulate the desirable properties of any
allocation scheme. These desirable properties are considered as axioms.

The precise nature of these axioms depends, in part, upon what costs are fixed
in the long run. It is sometimes argued that in the long run all costs are variable.
Mirman and Taubman (1982), Billera and Heath (1982), and Samet and Tauman
(1982) discuss these axioms for the case in which all costs are variable in the long
run. In the short run, however, some costs will be fixed and axioms for this case are
discussed in Mirman et al. (1983). They present six axioms for the case in which
the cost function is not assumed to represent the long-run efficient technology for
the given level of output and where a fixed cost is present.

Consider the following cost function:

C = F + V(ql, . . . ,qa) (17.61)

where V(.) is the variable cost of output. The six axioms for efficient pricing with
this cost function are:

Axiom 1: cost sharing

The prices chosen must be such that costs for the implied vector of output are fully
covered. This simply requires that the firm breaks even.

Axiom 2: rescaling

If the scales of measurement of the quantities of services are changed, the prices
should change accordingly. This axiom seems harmless enough.

Axiom 3: consistency

Services with the same marginal cost should be priced the same. This is required,
irrespective of the price elasticities of demands of these services. This is a major
departure, then, from Ramsey pricing which, as we know, requires prices to be
inversely related to elasticity of demand, ceteris paribus.

Axiom 4: positivity

Consider two alternative total cost functions C0 and C1 such that for zero output
costs under C0 are larger than those under C1. Further, as output rises the (positive)
difference between the costs between C0 and C1 keeps rising. In this case,



442 Applied problems in public economics

a reasonable pricing mechanism will have higher prices under cost function C0

than under C1. In this particular case marginal costs are higher under C0 than
under C1 and this axiom requires that the higher marginal cost is associated with
the higher price.

Axiom 5: additivity of allocations

Suppose that the variable costs associated with a given vector of output (q0
1, . . . ,q

0
n)

can be split up into m stages each with its own variable cost. Hence:

V(q0) = v1(q0) + . . .+ vm(q0).

This is often possible with production involving more than one stage. In this case
the pricing mechanism should allocate a fraction �j(j = 1, . . . ,m) of the fixed cost
to each stage’s variable cost. Further, total revenue for the output vector q0 should
be expressed as the sum of the costs of each stage. In other words:

Total revenue =
m∑

j=1

[vj(q
0) + �jF].

Thus this axiom is saying that common costs are to be ‘added on’ to allocable/
variable costs.

Axiom 6: correlation

With reference to Axiom 6, if the variable cost for any stage k is greater than for
another stage h (vk(q0) > Vh(q0)) then the fixed cost allocated to stage k must
also be greater than that allocated to stage h.

Mirman et al. (1983) consider these axioms as being reasonable and on that
basis prove an important result. Their result is related to the notion of an Aumann–
Shapley price after Aumann and Shapley (1974). We refer to Figure 17.11 where
two outputs (q1 and q2) are considered. Current output is labeled (q0

1,q
0
2) in the

diagram. At each point along the ray from the origin to (q0
1,q

0
2) we compute the

marginal cost of an additional unit of each service and then average each of these
marginal costs. This averaged marginal cost is referred to as the Aumann–Shapley
price for service i and is labeled ASPi. Mirman et al. show that the only price that
is consistent with the above six axioms is:

pi = (ASPi/qi)[1 + F/V(q1, . . . ,qn)]. (17.62)

With this definition revenue (Ri) from service i is:

Ri = ASPi[1 + F/V]. (17.63)

Hence costs are covered with this price.
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Quantity q1

Quantity q2

(q1
0
, q2

0
)

Figure 17.11 The Aumann-Shapley price.

To get further intuition into this price consider the following restricted variable
cost function:

V(q1, . . . ,qn) =
n∑

i=1

Vi(qi).

In this case ASPi = Vi(qi) and

Ri = Vi(qi)[1 + F/
n∑

i=1

Vi(qi)].

But this is the same revenue that is given by the attributable cost method (ACM)
discussed in connection with the FDC method.

17.10 Conclusions

This has been a long chapter and yet it has only presented the very basics
of the problem of public-sector pricing. Several issues have not been covered.
However, important results with regard to both first-best and second-best pricing,
efficient pricing and marginal-cost pricing, peak-load pricing and pricing under
joint production have been derived and interpreted. Issues neglected include price
reform – in parallel to tax reforms. When price optimality cannot be guaranteed
welfare improving price changes need to be considered. Considerations of this
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sort will take us too far afield into the area of public-sector pricing. If nothing else,
this chapter should have introduced students to optimal pricing issues and formula
and made them more appreciative of the enormous complexities associated with
public sector pricing.

Notes

1 Dreze and Marchand (1976) show the following. If we differentiate the Lagrangean
with respect to initial endowments of labor d0 and s0 it is straightforward to prove that
�0 > 0 and �0 > 0.

2 In this case we had lump-sum income (taxation). In case we had distortionary taxation
then the amended Samuelson conditions would be satisfied with marginal cost pricing.

3 If we can choose optimal lump-sum incomes the demand schedules are compensated and
if the concerned commodities are normal then the own price elasticity will be negative.

4 �jpj is the price consumers will pay for an extra KW of electricity for the duration of
period j, and �j� is the additional variable cost of producing it.

5 Across peak and off-peak periods.
6 Assuming, of course, that pj > �.
7 This would be a natural way to proceed since this would equate marginal benefit and

marginal cost during the off-peak period.

Additional reading

The survey article by Bos (1987) and subsequent work by him provide excellent
surveys of the field of public-sector pricing. The works of Feldstein and Munk
referred to deal with redistributive pricing. The reference for axioms relating to
fully distributed cost pricing is Billera and Heath (1982). For an illustration of
how the FDC approach can be used in practice see Jha et al. (1990).



18 International aspects of taxation

Key concepts: tariffs in an open economy; terms of trade; optimum tariff;
international fiscal coordination; second-best taxation; tax integration;
Ramsey optimal taxation.

18.1 Introduction

Traditionally, public economics has been the subject for a closed economy.
Open economy considerations were thought to be in the domain of international
economics. However, the theory of international economics had a considerable
amount to say about tariffs and quotas but relatively little about corporate and
personal taxes in the open economy.

Over the recent past this has changed considerably and has been partly due
to the rapid growth of international transactions. The globalization of domestic
economies has meant that issues of international taxation cannot be ignored.
Several important discussions on the subject are now available. Dixit (1987)
provided a pioneering survey article. Other important contributions include
Frenkel et al. (1991), Boadway and Bruce (1992), Tanzi (1994), Giovannini et al.
(1993), and Wagner and Eijffinger (2008). Needless to say, this area is expanding
very rapidly. In this chapter we do not intend to provide a comprehensive survey of
the research in this area but confine ourselves to studying some selected problems
in the theory of international taxation.

We begin with an analysis of some standard problems in the theory of taxation
in an open economy, followed by a study of tax coordination. In doing this we
draw on the work of Frenkel et al. (1991) and Boadway and Bruce (1992). Then
we examine the issue of integration of direct taxes in an open economy. Finally,
we consider some issues related to optimal tariffs.

18.2 The theory of tariffs in an open economy

We first study the rudiments of the theory of tariffs in an open economy. We will
use for this the ‘dual’ approach to international trade popularized, among others,
by Dixit and Norman (1980). The basic Dixit–Norman model is quite similar to
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the model of tax incidence in a static general equilibrium model studied at length
in Chapter 11.

Consider the static general equilibrium model from Chapter 11. Let aij (i =
K, L; j = X,Y) denote the quantity of factor i required to produce one unit of
commodity j. Then we have:

aLXX + aLYY = L (18.1a)

aKXX + aKYY = K (18.1b)

aLXw + aKYr = pX (18.1c)

aLYw + aKYr = pY (18.1d)

where w and r are the price per unit of labor, L, and capital, K, respectively, and
pX and pY are the prices of commodities X and Y respectively.

These equations emphasize the dual relations between factor endowments and
commodity outputs (first two equations), and between commodity prices and
factor prices in the presence of constant returns to scale (last two equations) from
Chapter 11. Further, with constant returns to scale, the input coefficients depend
solely upon the ratio of factor prices:

aij = aij(w/r), i = K,L; j = X,Y. (18.2a–18.2d)

The eight equations in (18.1) and (18.2) describe the production side of the
model and make it possible to determine the eight unknowns aij, x, y, w, are given
four parameters L,K, px, py. Totally differentiating equations (18.1) we have:

XdaLX + aLXdX + YdaLY + aLYdY = dL (18.3a)

XdaKX + aKXdX + YdaKY + aKYdY = dK (18.3b)

wdaLX + aLXdw + rdaKX + aKXdr = dpX (18.3c)

wdaLY + aLYdw + rdaKY + aKYdr = dpY (18.3d)

Letting a rate of change be denoted by a hat (∧) such that ŝ ≡ ds/s we get:

�LXX̂ +�LYŶ = L̂ − (�LXâLX +�LYâLY) (18.4a)

�KXX̂ +�KYŶ = K̂ − (�KXâKX +�KYâKY) (18.4b)

�LXŵ + �KXr̂ = p̂X − (�LXâLX + �KXâKX) (18.4c)

�LYŵ + �KYr̂ = p̂Y − (�LYâLY + �KYâKY) (18.4d)

where �LX ≡ aLXX/L, �LY = aLYY/L denote the fractions of the labor
force used in sector X and Y respectively with, clearly, �LX + �LY = 1.
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Similarly �KX ≡ aKXX/K, �KY ≡ aKYY/K and �KX +�KY = 1. The �s denote
the factor shares in each sector with, for example, �LX = aLXw/pX. Clearly
�LX + �KX = 1 and �LY + �KY = 1.

At this point we can derive an important result about the general equilibrium
effects of a tariff. From equations (18.4c) and (18.4d) we will have:

ŵ = (�KYp̂X − �KXp̂Y)/(�LX�KY − �LY�KX) (18.5a)

r̂ = (�LXp̂Y − �LYp̂X)/(�LX�KY − �LY�KX) (18.5b)

Suppose the economy is open and commodity X is the numeraire good so that
p̂x = 0. A positive (negative) value of p̂y therefore means an increase (decrease)
in the relative price pY/pX due to, say, the increase (decrease) of a tariff on
commodity Y (which can be thought of as the import). Similarly a positive
(negative) value of ŵ means an increase (decrease) in the unit real reward of
labor (in terms of the numeraire).

Suppose now that the commodity Y is labor intensive and that the relative
price of this commodity increases (say because of a tariff). Given the definitions
of the �s, the greater relative labor intensity of Y amounts to the inequality
�LY/�KY > �LX/�KX and, therefore, the denominator of the expressions on the
righthand side in equation (18.5) is negative. As we have supposed that p̂Y > 0,
it follows that ŵ > 0 and r̂ < 0. The increase in the unit real reward of the factor
used intensively in the industry producing the commodity with the relative price
increase is proved. This is known as the Stolper–Samuelson theorem, initially
proved by Stolper and Samuelson (1941). Thus if, following the Heckscher–Ohlin
factor proportions theory, a capital intensive country is exporting capital intensive
goods and importing labor intensive goods, then the imposition of an import
tariff will improve the earnings of domestic labor at the expense of domestic
capital.

Tariffs, terms of trade, and domestic relative prices

Suppose we live in a world of two countries: country 1 and country 2. Suppose
that country 1 imports commodity X and exports commodity Y while the opposite
holds for country 2. Define p ≡ pY/pX as the relative price with commodity X
taken as numeraire. Also define Xd(IX, p) as the demand for commodity X in terms
of the income in terms of commodity X called IX, and the relative price. Further
let EiX(p) be the excess demand for commodity X in country i. Consider now the
excess demand for commodities X and Y in country i and the budget constraint:

E1X(p) = Xd
1(I1X,p) − X1(p). (18.6a)

Excess demand for commodity X is defined as the demand less the supply.
(The supply of X depends on the relative price, p.)

E1Y(p) = Yd
1(I1X,p) − Y1(p). (18.6b)
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Excess demand for commodity Y is demand less the supply.

E1X(p) + pE1Y(p) = 0. (18.6c)

Sum of the excess demand is equal to zero (Walaras’ Law).
(It is left as a simply exercise for the student to show that I1X is a function of p
alone, under competitive conditions. Hint: realize that factor rewards are equal to
the respective marginal products.) If the economy is closed then the equilibrium
conditions would require that E1X = E1Y = 0. However, with international trade
we have, for country 2:

E2X(p) = Xd
2(I2X,p) − X2(p) (18.7a)

E2Y(p) = Yd
2(I2X,p) − Y2(p) (18.7b)

E2X(p) + pE2Y(p) = 0. (18.7c)

International equilibrium requires that the world demands for the two commodi-
ties are equal to the respective world supplies, namely:

E1X(p) + E2X(p) = 0 (18.8a)

E1Y(p) + E2Y(p) = 0. (18.8b)

These conditions are not independent because either can be derived from the
other given the two countries’ budget constraints. By using these constraints,
international equilibrium can also be expressed as:

E1X(p) = pE2Y(p) (18.9a)

pE1Y(p) = E2X(p) (18.9b)

where, of course, either one depends on the other.
If we assume that country 1 exports commodity X and imports commodity Y

while the opposite holds for country 2, international equilibrium is defined as:

E2Y + E1Y(p) = 0 (18.10a)

or, as

E2Y(p) = −E1Y(p) (18.10b)

i.e., excess demand for commodity Y by country 2 (country 2’s demand for
imports) is equal in absolute value to the excess supply of this commodity by
country 1 (country 1’s supply of exports).

In the case that a country, say country 2, levies a tariff, the domestic relative
price of that country – to which its economic agents respond – is no longer p but
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p�d = p(1 + �) where � is the rate of ad valorem duty. Therefore E2Y will be
a function of P� instead of p. Moreover, we must introduce the spending of
the revenue by the government, which in real terms is dE2Y. We assume that
the government spends a fraction �, (0 < � < 1), of this revenue to purchase
commodity Y and the remaining fraction (1−�) to purchase commodity X. Hence,
country 2’s total (private government) demand for imports will be (1 +��)E2Y.

Hence we have the relations:

(1 +��)E2Y(p�) + E1Y(p) = 0 (18.11a)

p� − p(1 + �) = 0. (18.11b)

Equation (18.11) constitutes a set of two implicit functions in three variables
(p�, p, �). Therefore, provided that the Jacobian of these functions with respect to
p� and p is different from zero at the equilibrium point, by the implicit function
theorem we can express p� and p as differentiable functions of � in a neighborhood
of the equilibrium point and conduct exercises in comparative statics. In particular,
we are interested in the effects on p and p� of the introduction of a tariff.

The Jacobian of equations (18.11) is:

J =
∣∣∣∣ (1 +��)E′

2Y
1

E′
1−(1 + �)

∣∣∣∣= −(1 +��)(1 + �)E′
2Y − E′

1Y (18.12)

where a prime (′) denotes a partial derivative. At the initial free trade point (where
� = 0) this Jacobian is:

J = −(E′
2Y + E′

1Y). (18.13)

Multiplying and dividing by E2Y/p we get:

J = −(E2Y/p)[E′
2Yp/E2Y + E′

1Yp/E2Y] (18.14)

and, since E2Y = −E1Y in the initial equilibrium situation we have:

J = −(E2Y/p)[E′
2Yp/E2Y − E′

1Yp/E1Y] (18.15)

which can be rewritten as:

J = −(E2Y/p)[ 2 − ε1] (18.16)

where  2 and ε1 are elasticities whose magnitudes are defined in equation (18.15).
It is easy to show that ε1 =−(1+ 1) where  1 is conformably defined. Substituting
in equation (18.16) we have:

J = −(E2Y/p)(1 +  1 +  2). (18.17)

It can be shown that for stability we must have (1 +  1 +  2) < 0 so that J > 0.
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We now calculate p′
� and p′ the derivatives of p� and p with respect to �. Totally

differentiating equation (18.11) with respect to � we have:

�E2Y + (1 +��)E′
2Yp′

� + E′
1Yp′ = 0 (18.18a)

p′
� − p′(1 + �) − p = 0. (18.18b)

Now, by using the fact that the derivatives are computed at the initial free-trade
equilibrium situation (� = 0), and rearranging terms we have:

E′
2Yp′

� + E′
1Yp′ = −�E2Y (18.19a)

p′
� − p′ = p. (18.19b)

From these we can solve for p′
� and p′ to get:

p′
� = (�E2Y − E′

1Yp)/J (18.20a)

p′ = (�E2Y − E′
2Yp)/J (18.20b)

By replacing J with the expression in (18.17) we have:

p′
� = −(p/E2Y)[�E2Y − E′

1Yp]/(1 +  1 +  2) = −p(�+ ε1)/(1 +  1 +  2).
(18.21)

Similarly we can obtain:

p′ = −p[�+  2]/(1 +  1 +  2). (18.22)

Given that (1 +  1 +  2) < 0 the signs of (18.21) and (18.22) depend only upon
the numerators of the two expressions.

Suppose now that country 2 imposes a tariff on its imports – commodity Y.
Typically, its domestic terms of trade (pY/pX) should increase. However, there
is an interesting special case called the Metzler Paradox where the terms of
trade decrease. In this case we require that p′

� < 0, i.e., � + ε1 < 0. But since
ε1 = −(1 +  1) (a fact that is easy to show and left as an exercise for the reader)
we have:

�−  1 − 1 < 0 or that �−  1 < 1. (18.23)

In the normal good case the elasticity  1 < 0 so that the condition for Metzler’s
case to occur is that the sum of the fraction � and the absolute value of the
elasticity of the rest-of-the-world’s demand for imports should be smaller than
one. This is equivalent to saying that the rest-of-the-world’s import demand
must be sufficiently inelastic. If, on the other hand, we have an abnormal case
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(for example commodity X is an inferior good for country 1), the elasticity  1 < 0
and condition (18.23) is satisfied for any non-negative �.

Another interesting case is Lerner’s. This occurs when after the imposition of
the tariff, the terms of trade are higher, instead of being lower than in the initial
free trade situation. In formal terms this requires that p′ > 0; i.e., given (18.22),
�+  2 > 0 or:

− 2 < �. (18.24)

As before, two cases ought to be distinguished. In the normal case the elasticity
 2 is negative, so that the conditions for Lerner’s result to occur is that the tariff
imposing country’s demand for imports is sufficiently rigid, with an elasticity in
absolute value smaller than the fraction �. In abnormal cases (for example, when
commodity Y is an inferior good for country 2), the elasticity  2 is positive and
equation (18.24.) holds for any non-negative �.

The optimum tariff

As a final topic in the theory of tariffs in open economies, we examine the argument
for an optimum tariff. If we denote W as the social welfare function having the
quantities demanded (consumed) of the two commodities as arguments, we have
for country 2:

W = W(Xd
2,Y

d
2) = W(X2 + E2X,Y2 + E2Y). (18.25)

We have to maximize this welfare function. From the transformation function
for country 2 we write X2 = �(Y2). We also know that E2Y = −E1Y and that
E2X = −E1X = pE1Y. We thus have to maximize:

W = W[�(Y2) + pE1Y(p),Y2 − E1Y(p)] (18.26)

with respect to Y2 and p. The first-order conditions are that:

∂W/∂Y2 = (∂W/∂X)(∂�/∂Y2) + (∂W/∂Y2) = 0 (18.27a)

∂W/∂p = (∂W/∂X)(E1Y + E′
1Yp) − (∂W/∂Y2)E′

1Y = 0 (18.27b)

From the first, we get:

(∂W/∂Y2)/(∂W/∂X) = −∂�/∂Y2 (18.28a)

and from (18.27a) after some manipulation:

E1Y[(∂W/∂X){1 + E′
1Y(p/E1Y)}− (∂W/∂Y2)(1/p)E′

1Y(p/E1Y)] = 0.
(18.28b)
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Using the definition of ε1 and rearranging terms we have:

(∂W/∂Y2)/(∂W/∂X) = p(1 + ε1)/ε1. (18.29)

We also know that:

−�′ = p(1 + ε1)/ε1.

It is also the case that in equilibrium the marginal rate of transformation (mrt)
equals country 2’s domestic relative price, which in turn equals the terms of trade
plus tariff. Hence, we have:

p(1 + �) = p(1 + ε1)/ε1

so that, in optimum, we must have:

� = 1/ε1 (18.30)

Thus we have the result that optimum tariff for country 2 equals the reciprocal of
the elasticity of country 1’s supply of exports.

There are several other results in taxation in open economies but the discussion
here has given a sample. Interested readers should read Dixit (1987) and Dixit and
Norman (1980).

18.3 International fiscal coordination: interest taxation

We now move to studying international coordination when capital and goods
markets are fully integrated. What does this imply for coordination with respect
to direct and indirect taxation?

Two principles have been advanced for taxing income in an international
context. These are the residence principle and the source principle. According
to the residence principle residents of a country are taxed on their worldwide
income uniformly, regardless of the source of their income (domestic or foreign).
Hence, incomes of non-residents are not taxed. According to the source principle
all incomes generated within the geographical boundaries of the country are taxed.
Hence, incomes of non-residents generated within the country are taxed whereas
the foreign incomes of residents are taxed.

Since capital markets are assumed to be integrated residents of a country are
able to invest in other countries. Hence there will be international tax arbitrage.
Such arbitrage has important implications for the viability of equilibrium in the
capital markets of both countries.

To see this consider a two-country example – the home country and the
foreign country. All foreign magnitudes are denoted by a star (*). The
home interest rate is r and the foreign interest rate is r∗. The literature
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then distinguishes between three different effective tax rates applying to interest
income:

(i) tax rate levied on residents on domestic source income labelled trd;
(ii) effective rate of additional tax levied on residents on foreign source income

(over and above the tax paid in the foreign country), labeled tra;
(iii) tax rate levied on the income of non-residents, labelled trn.

For the foreign country we have the corresponding magnitudes t∗rd, t∗ra and t∗rn. It
is assumed that these taxes are applied in both the home and foreign countries
symmetrically on both interest income as well as interest expenses.1

In equilibrium an investor in the home country must be indifferent between
investing in the home and the foreign countries. Abstracting from exchange rate
fluctuations, then, international interest tax arbitrage will imply that the net rates
of return in the two countries be equalized for the home investor:

r(1 − trd) = r∗(1 − t∗rn − tra). (18.31)

Similarly for the foreign investor we can write:

r∗(1 − t∗r d) = r(1 − trn − t∗r a) (18.32)

since equations (18.31) and (18.32) must hold simultaneously and are, hence,
linearly dependent. Thus we can write:

(1 − trd)(1 − t∗r d) = (1 − tr n − t∗r a)(1 − t∗r n − tra). (18.33)

Equation (18.33) implies that even though home and foreign countries may
not explicitly coordinate their tax policies, international arbitrage would require
that coordination takes place. To see this, suppose that both counties adopt the
residence principle of taxation. Then we would have:

trd = tra + t∗rn, t∗rd = t∗ra + trn, trn = t∗rn = 0 (18.34)

whereas with the source principle we would have:

trd = trn, t
∗
rd = t∗rn, tra = t∗ra = 0. (18.35)

In both cases equation (18.33) is satisfied. However, if one country uses the source
principle, whereas the other uses the residence principle, then equation (18.33) will
not be satisfied and a viable capital market equilibrium may not exist.

Note further that if both countries follow the residence principle so that
equation (18.34) holds then from equation (18.34) we must have r = r∗ (gross
rates of return on capital in both counties are equalized). This would lead to a
Pareto optimal international allocation2of capital. However, if trd �= t∗rd then the
net rates of return to capital are not equalized: r(1− trd) �= r∗(1− t∗rd) even though
the gross rates of return to capital are equalized.
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If both countries use the source principle then, from equation (18.35), it must be
the case that the net rates of return to capital are equalized: r(1− trd) = r∗(1− t∗rd).
However, if the tax rates are not the same (trd �= t∗rd), then the gross rates of return
are not equalized. In either case international capital market equilibrium will exist.

Indirect taxation

Let us now look at the problem of indirect tax coordination. This is most easily
studied in the case of a single rate VAT. According to the destination principle
of VAT in an open economy, a good or service purchased by a resident is taxed
irrespective of whether this commodity is domestically produced or imported. In
other words, exports are tax exempt whereas imports are taxed. According to the
source principle all goods produced within the country pay the VAT irrespective
of whether these items are meant for domestic or foreign consumption. Hence,
exports are not exempt from VAT in this case. Now let:

(i) td be the tax rate levied on the good if produced and sold domestically;
(ii) tx tax rate levied on exports of the good;
(iii) tz effective tax rate levied on the imports of the good (in addition to the tax

levied abroad);
(iii) q is the producer price of the home good in the home country.

Then international commodity market equilibrium for the home country would
require that:

q(1 + td) = q∗(1 + t∗x + tz) (18.36)

whereas for the foreign country we would require that:

q∗(1 + t∗d) = q∗(1 + tx + t∗z ). (18.37)

Once again, in the face of international commodity arbitrage, equations (18.36) and
(18.37) will not be independent of each other. For full international equilibrium
we will have to satisfy:

(1 + td)(1 + t∗d) = (1 + t∗x + tz)(1 + tx + t∗z ). (18.38)

It is straightforward to see that if both countries adopted the source criterion or
the destination criterion then equation (18.38) will be satisfied. However, if one
country uses the source criterion and the other uses the destination criterion then
equation (18.38) will not be satisfied and commodity market equilibrium may not
exist.

Second-best taxation

Suppose capital is free to move across international boundaries and the principle
of residence-based taxation of interest income is applied. We know that this
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would lead to the equality of the domestic interest rate with the world interest
rate and, hence, to the satisfaction of Pareto optimality conditions with respect
to the capital market. An important question to ask at this stage is the following:
Should we persist in satisfying this condition for Pareto optimality even though
other conditions may not be satisfied?

Frenkel et al. (1991) use a slightly amended two-period, life-cycle model of
optimum taxation to address this question. In the first period there exists an initial
endowment of the composite good for each household. Households are free to
choose how much of this initial endowment to consume and how much to save
in the first period. This saving is allocated to home and foreign investment and
income from these is taxed according to the residence principle.

Hence the first-period budget constraint can be written as:

c1h + Kd
h + Kf

h = �h (18.39)

where c1h is first-period consumption, Kd
h and Kf

h are, respectively, savings in the
home and foreign capital markets and �h is the initial endowment of household h.

In the second period, output produced by capital and labor3and the income
from foreign investment earnings is allocated between private consumption (c2h)
and a public good amounts of which are denoted by G. The government employs
taxes on labor, and on income from domestic and foreign investments in order to
finance the public good as well as a uniform lump-sum subsidy for purposes of
redistribution. Hence, the second-period budget constraint of the household can
be written as:

c2h = Kd
h [1 + r(1 − trd)]+ Kf

h[1 + rf (1 − tra)]+ (1 − tw)wLh + D (18.40)

where trd is the tax on capital income from domestic sources, tra is the tax on
capital income from foreign sources, tw is the wage tax, D is the lump-sum subsidy
(demogrant) given in the second period, and rf is the return on foreign capital after
all foreign taxes.

There are H households. The utility function of consumer h is written as:

Uh(c1h,c2h,Lh,G). (18.41)

Consider the case where the country under question is a capital exporter, i.e.,
Kf

h ≥ 0.
International capital market arbitrage will require4 that:

r(1 − trd) = rf (1 − tra). (18.42)

Now, households are completely indifferent between investing in the home
economy or the foreign economy. Hence the budget constraints for the two periods
can be consolidated into one:

c1h + pc2c2h = �h + wLLh + D′ (18.43)
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where pc2 = [1+ (1− trd)r]−1 is the after-tax price of second-period consumption,
wL is the after-tax wage rate, and D′ = Dpc2 is the present value of the
demogrant.

Maximizing the utility function subject to the budget constraints yields
consumption and labor supply in the second period in terms of the variables that
are exogenous to consumer h. Thus we write:

c2h = c2h(pc2,wL,�h + D′,G) (18.44)

and

Lh = Lh(pc2,wL,�h + D′,G) (18.45)

which when plugged into the utility functions (equation 18.11) yields the indirect
utility function:

Vh(pc2,wL,�h + D′,G). (18.46)

Production in the second time period is described by a standard neoclassical
production function:

Y = F(K,L) (18.47)

where Y is the amount of the composite output. Clearly K = ∑
h Kd

h and Lh =∑
h Lh. Competitive factor markets ensure that factor rewards equal respective

marginal products:

r = ∂F/∂K and w = ∂F/∂L. (18.48)

In the first time period the aggregate resource constraint can be written as:∑
h

�h =
∑

h

c1h +
∑

h

Kd
h+

∑
h

Kf
h. (18.49)

The second period aggregate resource constraint can be written as:

Y + (1 + rf )
∑

h

Kf
h +

∑
h

Kd
h =

∑
h

c2h+G. (18.50)

Now substitute (18.39), (18.44), (18.45), (18.47), and (18.49) into equation (18.50)
to get the overall constraint:

F

[∑
h

�h−
∑

h

c1h(pc2,wL,�h +D′)−
∑

h

Kf
h,
∑

h

Lh(pc2,wL,�h +D′,G)

]

+(1+rf )
∑

h

Kf
h +

∑
h

�h−
∑

h

c1h(pc2,wL,�h +D′,G)−
∑

h

Kf
h

−
∑

h

c2h(pc2,wL,�h +D′,G)−G=0. (18.51)
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The government’s second-best optimal tax problem is then to maximize the
social welfare function:

W = W(V1(pc2,wL,�1 + D′), . . ., (VH(pc2,wL,�h + D′)) (18.52)

subject to the overall constraint expressed by equation (18.51). The control
variables are pc2 and wL which are actually controlled by changing the tax rates
trd and tw.

From the first-order conditions it is easy to check that:

r = rf . (18.53)

This will hold only if capital moves freely across international boundaries and the
residence principle of taxation is followed. In other words trd = tra. The intuition
behind this result is that if capital is freely mobile across international boundaries
and labor is completely immobile, source-based capital taxes are completely
shifted to labor and it is better then to tax labor directly rather than indirectly
through capital.

18.4 Integrating personal and corporate taxation in an
open economy

It is generally argued that integration of personal and corporate income for
purposes of comprehensive income taxation as per the Haig–Simons criterions5 is
desirable. One obvious example of the advantages to be had from such integration
is that corporate income will not be taxed twice.6 Second, it removes the tax
disadvantage for making distributions to shareholders in the form of dividends
rather than share redemptions. Third, it removes a bias in the choice of investment
finance – debt vs equities. Moreover, in an unintegrated set-up the corporation
tax acts like a partial factor tax.7 Some economists argue that as a tax on capital
income it probably reduces the incentive to save and invest. On equity grounds,
the corporate income tax violates horizontal equity since taxpayers who receive
greater capital income would be taxed at a higher rate. In the USA, for example,
non-capital income up to a limit is exempt from income taxes. But if someone had
this amount as capital income – say from pensions – she would be taxed. Thus,
it would appear that integration of corporate and income taxes would be welfare
improving. Integration would involve the lumping together of corporate and all
other incomes for purposes of direct taxation.

In an important paper Boadway and Bruce (1992) show that such integration is
not unambiguously desirable in an open economy.8 Let us study this result in the
context of a simplified version of the Boadway–Bruce model.

There are two time periods in this model. At the end of the second time period
all wealth is transferred to households. Households and firms are heterogeneous
in the Boadway–Bruce model. Householders (or shareholders) can be classified
according to whether they are acquiring or divesting equity. In a closed economy
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this has to be domestic shares whereas in an open economy this could be domestic
or foreign shares. Firms could be mature (in which case they pay dividends in
the first time period) or immature (in which case they pay dividends only in the
second time period). Firms can also be classified according to whether they are
capital importing or capital exporting.

There are three types of taxes in this model: ty is the tax rate on household income
(including dividend income), t� is the tax rate on capital gains on a realization
basis,9 and t� is the rate of corporate tax. In addition, there is an investment tax
credit10 at the rate �. Hence, the effective tax rate on dividends received by the
shareholder is � = (ty −�)/(1 −�).

Capital is fully mobile internationally but labor is not. In the first time period
domestic capital stock for the firm (Kd

1 ) and ownership of foreign shares (Kf
1) are

known. The firm has to decide upon the extent of domestic investment (Kd
2 −Kd

1)
and foreign investment (Kf

2 −Kf
1). Kd

1 and Kf
1 are predetermined. In the first period

the dividend per share (�1 ≥ 0) is also announced. Let Pd and Sd, be respectively,
the purchases and sales of shares by domestic shareholders and let Pf be the
purchases of shares by foreign shareholders. Thus Pf

2 −Pf
1 will be net acquisitions

of domestic shares by foreigners in period 2. Hence the net change in share holdings
between period 2 and period 1 can be written as (Pd − Sd + Pf

2 − Pf
1). If Vl is the

value of a share redeemed at time 1 then we can write the cashflow constraint of
the firm as:

V1(Pd − Sd + Pf
2 − Pf

1) + Q1(1 − t�) + r∗xKf
1 − �1(Pd

1 + Pf
1)

= Kd
2 − Kd

1 + Kf
2 − Kf

1.
(18.54)

The first term on the lefthand side measures the earnings from shares, Q1(1− t�)
is the earnings from domestic investment after corporate taxes. r∗x is the fixed rate
of return on foreign shares so r∗xKf

1 is earnings from foreign shares. �1(≥ 0) is the
dividend paid out in the first period so that �1(Pd

1 +Pf
1) is the value of shares paid

out. Hence, the lefthand side of equation (18.54) represents the net earnings by
firms. This is expended on domestic and foreign investment (righthand side).

Shareholders derive utility from first- and second-period consumption (C1 and
C2 respectively). First- and second-period consumption can, in turn, be written as:

C1 = W1 + �1(1 − �)Pd
1 − V1(Pd − Sd) − t�(V1 − V0)Sd (18.55)

C2 = W2 +[V2 + �2(1 − �)](Pd
1 + Pd − Sd) − t�(V2 − V0)(Pd

1 − Sd)Pd].
(18.56)

Wi(i = 1,2) is exogenous wage income in period i. Taking equation (18.55) first,
the second term on the righthand side is after tax earnings from domestic shares.
The third term represents the net value of earnings forgone because of selling
shares. The last term is the capital gains tax paid on change in asset value between
period 0 and period 1. Now, examining equation (18.56), the second term on the
righthand side can be interpreted as follows. V2 is the value of shares redeemed,
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�2(1 − �) is the dividend earned so this second term represents earnings from
shares. The last term represents capital gains taxes paid out.

In addition, the following firm valuation constrains must obtain:

(i) V0(Pd
1 + Pf

1) = Kd
1 + Kf

1. (18.57)

This says that the investment in capital – whether domestic or foreign – in time
period 1 must be financed by earnings evaluated at the value of shares during time
period 0.

(ii) (V1 + �1 − V0)(Pd
1 + Pf

1) = Q1(1 − t�) + r∗xKf
1. (18.58)

On the righthand side of this expression we have earnings of the firm during
period 1. This consists of domestic earnings after taxes (the first term) and foreign
earnings (the second term). This is expended in share purchases and dividends
paid less share sales which is the expenditure of the firm noted on the lefthand
side of equation (18.58).

(iii) (V2 + �2 − V1)(Pd
1 + Pd − Sd + Pf

2) = Q1(1 − t�) + r∗xKf
2. (18.59)

Equation (18.59) states that earnings during the second time period (the righthand
side) must equal expenditures (the lefthand side). In addition, if domestic
corporations must attract foreign capital, Pf

2 > 0 then they must pay a sufficiently
high rate of return. This is expressed by the constraint given in (18.60):

V2 − V1 + �2 = r∗mV1 (18.60)

where r∗m denotes the rate of return that must be paid in order to attract foreign
capital. Typically r∗m > r∗x unless both countries exempt foreign income of
corporations from taxation.

The firm tries to maximize the utility of the household which is given by a twice
continuously differentiable utility function U(Cl, C2) with Cl and C2 being given
by equations (18.55) and (18.56). This maximization is subject to the constraints
given by equations (18.58) and (18.59) and some non-negativity constraints.

The Lagrangean expression is written as:

�= U(C1,C2) +�1[V1(Pd − Sd + Pf
2 − Pf

1) + Q1(1 − t�) − Kf
2 − Kd

2

− �1(Pd
1 + Pf

1)]+�2[(V1 + �1 − V0)(Pd
1 − Pf

1) − Q1(1 − t�)]
+�3[(V2 + �2 − V1)(Pd

1 + Pd − Sd + Pf
1) − Q(Kd

2 )(1 − t�) − r∗xKf
2]

+�4�1 +�5�2 +�6V2 +�7Pd +�8Sd +�9Kf
2 +�10Pf

2. (18.61)
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The first-order conditions for an internal maximum are given by:
(i) with respect to �1:

(∂U/∂C1)(1 − �)Pd
1 + (�2 −�1)(Pd

1Pd
2) +�4 = 0. (18.62a)

(ii) with respect to �2:

(∂U/∂C2)(1 − �)(Pd
1 + Pd − Sd) +�3(Pd

1 + Pd − Sd + Pf
2) +�5 = 0.

(18.62b)

(iii) with respect to V1:

(∂U/∂C1)(1 − t�)S
d −{(∂U/∂C1) − t�(∂U/∂C2)}Pd + (�2 −�3)

(Pd
1 + Pf

2) + (�1 −�3)(Pd − Sd + Pf
2 + Pf

1) = 0. (18.62c)

(iv) with respect to V2:

(∂U/∂C2)(1 − t�)[Pd
1 + Pd − Sd]+�3(Pd

1 + Pd − Sd + Pf
2) +�6 = 0.

(18.62d)

(v) with respect to Pd:

[−(∂U/∂C1) + t�(∂U/∂C2) +�1 −�3]V1 +[(∂U/∂C2)(1 − t�) +�3]V2

+[(∂U/∂C2)(1 − �) +�3]�2 +�7 = 0. (18.62e)

(vi) with respect to Kd
2 :

−�1 −�3(∂Q/∂Kd
2)(1 − t�) = 0. (18.62f )

(vii) with respect to Kf
2:

−�1 −�3r∗x +�9 = 0. (18.62g)

(viii) with respect to Pf
2:

(�1 −�3)V1 +�3(V2 + �2) +�10 = 0. (18.62h)

These first-order conditions are different across closed and open economies. For
closed economies Kf

2 = Pf
1 = Pf

2 = 0. To simplify further we set �2 = �6 = 0
to get for the immature11 firm:

(∂U/∂C1)/(∂U/∂C2) − 1 = (1 − �)(∂Q/∂Kd
2)(1 − t�).

Unintegrated tax systems in a closed economy will impose several distortions
on the investment and financing decisions of firms. The presence of both personal
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and corporate taxation will impose a ‘double distortion’ on investment financed
with equity. Marginal investment by immature firms, for example, will bear both
the personal tax rate as well as the corporate tax rate. Further, the effect of
the tax structure will depend on the mode of finance of investment. Clearly,
unincorporated businesses are favored over incorporated businesses since the
former bears only the personal tax whereas the latter faces both the personal
as well as the corporate tax.

With full integration the equilibrium levels of savings and investment are
defined by:

(∂U/∂C1) − 1 = (1 − ty)(∂Q/∂Kd
2). (18.63)

This will be satisfied if corporate income is imputed to the shareholders and they
are then taxed at the rate ty. In the case of the open economy for a capital importing
country, for example,12 we will have:

(∂Q/∂Kd
2)(1 − ty) = r∗m. (18.64)

As in the case of the closed economy an unintegrated income tax system creates
a distortion between saving and investment because of the combined corporate
and personal (when marginal saving consists of acquiring new shares) tax rates
on equity income. However, because of the independence between the saving and
investment decisions in an open economy, investment decisions will be affected
only by the corporate tax rate and saving decisions will be affected by the personal
income tax rate alone. The unintegrated income tax system also discriminates
between new share purchases and retained earnings. However, this differential
arises from the personal tax system alone and, therefore, affects savings alone –
not the investment decision.

Further, because of this separation the incidence of the corporate tax is not on
corporate income. The corporate tax causes investment to fall. As a consequence of
this the pre-tax rate of return rises such that the after-tax rate of return is unchanged.
Hence, non-capital factors of production bear the burden of the corporate tax.

18.5 Ramsey optimal taxation in an open economy

Dixit (1987) has extended the Ramsey framework of optimal taxation to an open
economy. The social welfare function is defined as:

W = W(U1(C1), . . .,UH(CH))

where there are H individuals in society. The constraints for this maximization
are written as:∑

h

Ch ≤
∑

h

ωh +
∑

j

yj + z − x (18.65)



462 Applied problems in public economics

where ωh is initial endowment of individual h, yj is production of the jth
commodity, z is imports, and x exports. In addition, we will have the following
constraints.

Fj(yj) ≤ 0 (production constraint for the jth unit) (18.66)

G(z) ≤ 0 (imports constraint). (18.67)

The solution to this problem will yield the first-best solution, if incomes can be
arbitrarily chosen. The first-best conditions will imply: DRS = DRT = FRT where
DRS is the marginal rates of substitution in consumption in the home country,
DRT is the domestic marginal rate of transformation in production, and FRT is
the marginal rate of transformation achievable through foreign trade. This is the
usual set of conditions implying the optimality of free trade. If the country has
some degree of market power in international trade then the appropriate condition
would read DRS = DRT = MFRT where MFRT stands for the marginal foreign
rate of transformation.

If optimal lump-sum transfers across consumers are not possible, then we have
to solve the second-best Ramsey problem in the context of an open economy.
Let Vh(p,0) be the indirect utility function of the hth consumer with p as
the consumer price vector. For the sake of simplicity, units have been chosen
so that the consumer’s income is zero. The social welfare function is, then,
W(Vl(.), . . .,VH(.)) and the material balance condition can be written as:∑

h

Ch(p,0) ≤
∑

h

ωh +
∑

j

yj + z − x. (18.68)

The first-order conditions here will parallel the optimum commodity tax conditions
derived in Chapter 13. Domestic equilibrium conditions will be as derived in
Chapter 13. So far as the foreign sector is concerned we will still have DRT = FRT.
Only the monopoly argument can justify the imposition of a tariff.

Other topics covered by Dixit include tax and tariff reforms as well as optimal
taxation in a situation with non-traded goods. Some aspects of international
investment and taxation have been covered by Giovannini et al. (1993).

18.6 Concluding remarks

With increasing globalization occurring in the world economy the international
aspects of public economics have become increasingly important. In this chapter
we have studied some problems in this area. We first spelt out some well-
known results in the theory of taxation in an open economy. Then we examined
the implications of integrated capital markets for interest taxation and an open
economy for the VAT were also worked out. We then took a brief overview of the
proposition that direct tax integration, while desirable in a closed economy, loses
its appeal in an open economy. Finally, we examined some aspects of the familiar
Ramsey problem in an open economy.
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The international aspects of public economics are subjects of intense research.
Some important developments and references in this area were mentioned.

Notes

1 In other words, full interest expenditure deductibility is allowed.
2 Assuming that all other conditions for Pareto optimality are satisfied.
3 People are assumed to work only during the second period.
4 If capital flows are restricted then equation (18.12) need not hold. In that case there will

be an infra-marginal profit on foreign investment resulting from the net interest rate
differential. We assume that this profit is fully taxed away by the government so that
equation (18.12) holds in effect.

5 The Haig–Simons criterion defines all increments to gross wealth (human as well as
non-human) during a year as the base for income taxation during that year. Thus all
income earned during the year from all sources will be included in the base of the tax.

6 In the absence of such integration corporate income is typically taxed twice – once as
corporate profits tax at the level of the firm and the second as income tax on dividends
at the level of the individual tax payer.

7 We know this from Chapter 11.
8 As we shall see, an important reason for this is the breakdown of the link between

savings and investment in an open economy. However, empirically there is much to
be said for carrying on with the recommendations of the closed economy model to the
open economy in view of the so-called Feldstein–Horioka puzzle. See Feldstein and
Horoika (1980). They argue that even in an open economy there is strong correlation
between domestic savings and investment.

9 An important distinction is made between taxation of capital gains on accrual basis and
on realization. If capital gains are taxed when these gains accrue then asset holders may
have considerable difficulties in paying this tax. Hence, capital gains are usually taxed
on realization. When a wealth holder actually sells his asset and makes the capital gain
he is liable for the capital gains tax.

10 This dividend tax credit is available only to domestic shareholders and only to earnings
from domestic corporations.

11 One can similarly derive optimal conditions for the mature firm. See Boadway and Bruce
(1992). Our purpose here is merely expository and we need not concern ourselves with
all cases.

12 It is relatively straightforward to check that for acquiring shareholders we will have:

(∂U/∂C1)/(∂U/∂C2) − 1 = (1 − �)r∗m (18.69)

(∂U/∂C1)/(∂U/∂C2) − 1 = (1 − �)r∗m. (18.70)

Additional reading

For a lucid introduction to the theory of international trade see Gandolfo (1994);
see also Dixit and Norman (1980).



19 Tax incentives and corporate
taxation

Key concepts: Corporate tax policy; tax competition, tax incentives; tax
holidays; effective tax rates.

19.1 Introduction

This chapter deals with some issues relating to corporate taxation in a modern
open economy. We first discuss the broad rationale for a corporation tax. Then we
discuss various tax incentives that have been studied in the context of corporate
profits. Finally, we compute effective tax rates in the context of modern tax
structures designed to stimulate investment.

Corporate taxation is a key element of modern tax structures. However, in
a distinct sense the rationale for a corporation tax is tenuous. If corporations
are ultimately owned by shareholders then corporate profits should not be taxed
separately as these are taxed as dividend and/or income tax. Two justifications for
a separate corporate tax have been discussed in the literature: first, a considerable
fraction of profits are retained by the corporations and are not taxed (at least
in the same period as the profits are realized) at the level of the individual
since these profits do not accrue to individuals; and, second, there may be
monopoly elements in the corporate sector necessitating corrective taxation on
their own.

The corporate tax or corporate income tax differs from the individual income
tax in two major ways. First, it is a tax not on gross income but on net income, or
profits, with permissible deductions for most costs of doing business. Second, in
many countries it applies only to businesses that are chartered as corporations –
not to partnerships or sole proprietorships. In some countries the corporate tax is a
flat percentage amount whereas in some other countries (e.g., USA) different tax
rates apply to different profit brackets. The rationale for this is that the lower tax
rate is supposed to benefit small corporations. However, the overwhelming bulk
of corporate tax receipts in the US come from the top 1.5 per cent (in terms of
assets) of corporations.

In some countries, e.g., Canada, provincial governments levy corporation
income taxes. However, state level rates are relatively low since corporations can
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Figure 19.1 US: Revenues from various taxes as per cent of GDP.
Source: Budget of the US Government.

easily relocate out of states that impose unusually high taxes. Indeed this argument
applies equally well to the international economy, and low corporate tax rates are
often used to attract foreign direct investment (FDI) by many countries.

The application of corporate tax policy in the US has gone through phases.
Corporate profits were first taxed only during war time and a regular (flat) tax
of just 1 per cent tax on corporation income was enacted by Congress in 1909.
This later rose to 12.5 per cent and the tax was changed from a proportional
one to a progressive with multiple rates (increasing with corporate income) in
1932. Surtaxes on corporate profits were added during both world wars. The
highest peacetime rate for the corporation income tax was 52.8 per cent, reached
in the 1960s.

Figure 19.1 plots revenues from key taxes in the US as a percentage of GDP
since the Second World War. Whereas total tax revenue as a percentage of GDP
has fluctuated between 15 and 20 per cent the share of corporate taxes has come
down. The share of excise revenue has also fallen whereas the shares of Social
Insurance tax and, to a lesser extent, individual income tax have risen.

A similar conclusion is conveyed in Figure 19.2 which depicts revenues from
different tax sources as percentage of total tax revenues. The share of individual
income taxes has risen from 40 to 50 per cent, of social insurance from about
10 per cent to nearly 40 per cent, whereas the share of corporate taxes has fallen
from 30 per cent to below 10 per cent, and that of excise taxes from about 20 per cent
to below 10 per cent.

Thus corporate tax revenues are becoming less important in the US. Never-
theless, corporate taxes remain very significant both because there exists no
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clear rationale for them and also because they can be shifted to consumers and
are vulnerable to low corporate tax rates set in countries competing for scarce
capital.

From an economic point of view, the central problem with the corporate income
tax is that, ultimately, only people can pay taxes. Economists have had great
difficulty in assessing the incidence of the corporate tax – that is, determining on
which groups of people the burden falls. Modern economic opinion is divided on
the incidence of the corporate income tax, but few economists today believe its
burden falls entirely on the owners of capital. The latest thinking is that, since
capital is mobile, it will flow to investments that produce the highest after-tax
returns. The corporate income tax raises the cost of capital and reduces after-tax
returns in the corporate sector, and thus leads to a migration of capital into non-
corporate or tax exempt sectors of the economy. This migration has two effects: it
lowers the supply of capital available to corporations, and it causes a reduction in
rates of return in the non-corporate sector as capital becomes more plentiful there.
The ultimate effect, therefore, is to lower returns for all owners of capital across the
economy. One important result of this capital migration is that the burden of the
corporate income tax, over time, shifts to workers: with a smaller capital stock to
employ, workers are less productive and earn lower real wages.

Whereas the above argument holds with respect to a closed economy, an
additional problem in the open economy is that, ceteris paribus, high corporate
taxes will lead to a shifting of capital from the home economy to countries
with lower tax rates. In this context Haufler and Schjelderup (2000) analyze
the determination of optimal taxes on corporate profits when governments can
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choose both the rate and the base of the tax but faced with an exogenous revenue
requirement from the corporate tax. They show that in a closed economy full
deductibility of the cost of capital, known as cash flow taxation, is optimal.
This conclusion continues to hold if domestic investors can earn a competitive
rate of return in world capital markets, i.e., there is portfolio investment. If the
analysis is extended to cover FDI, however, the results are ambiguous. Firms can
now shift profits between countries through transfer pricing. In that case, it will
be optimal for governments to lower taxes below this rate in order to induce firms
to stay home. Something akin to this argument has been used to justify the drop
in corporate tax rates in OECD countries which have come down significantly in
recent times. Table 19.1 shows OECD corporate tax rates in 1998 and 2008.

There seems to be widespread consensus among economists that the corporate
income tax causes two major inefficiencies. First, it penalizes the corporate form
of business organization. This is that such income is taxed first at the corporate
level and again when paid to stockholders as dividends. However, there is the
previously noted caveat that the presence of undistributed profits indicates that
the two may not be the same in any given year.

A second drawback of the corporate income tax is that it distorts the incentive
to choose the mix of instruments used to finance capital expenditure. In particular,
there may be misallocation of capital by favoring the issuance of debt over equity
since interest payments are tax deductible, while dividend payments are not. This
will create a bias in favor of those projects more easily financed by debt, such as
buildings and structures (which can be used for many purposes, and thus are more
easily used as collateral for loans) over investments usually financed by equity
issue, such as specialized equipment or research and development. Furthermore,
deductibility of interest payments favors established companies over start-ups
because the former can more easily issue debt securities. This has led some
economists to conclude that this feature makes the corporate income tax a tax
on entrepreneurship.

An additional difficulty (largely correctable) is countries’ differential treatment
of the profits of multinational corporations. The US government taxes its
multinationals’ profits earned both domestically as well as from abroad. Since
most multinationals are from the US exempting the foreign profits of such
multinationals from taxation would drastically reduce revenues from this tax.
Many other countries have more ‘territorial’ tax regimes, which, in effect, tax
only domestic profits. The US government grants tax credits to multinational
corporations on taxes paid abroad. But this has led to a system with immense
complexity. Similarly, in countries which have a territorial structure of corporate
taxation incentives will be created for corporations to declare more of their
profits as emanating from overseas. This creates perverse incentives and involves
additional costs of compliance and surveillance.

One way of reducing the distortions of the corporate profits tax is to equalize
the treatment of interest and dividends, either by allowing corporations to deduct
dividends or by granting an offsetting deduction or credit to stockholders. Many
large industrialized countries use this latter method.



T
ab

le
19

.1
C

or
po

ra
te

ta
x

ra
te

s
in

O
E

C
D

co
un

tr
ie

s1

C
en

tr
al

go
ve

rn
m

en
t

A
dj

us
te

d
ce

nt
ra

l
Su

b-
ce

nt
ra

lg
ov

er
nm

en
t

C
om

bi
ne

d
T
ar

ge
te

d
co

rp
or

at
e

in
co

m
e

ta
x

ra
te

2
go

ve
rn

m
en

tc
or

po
ra

te
co

rp
or

at
e

in
co

m
e

co
rp

or
at

e
in

co
m

e
co

rp
or

at
e

in
co

m
e

ta
x

ra
te

3
ta

x
ra

te
4

ta
x

ra
te

5
ta

x
ra

te
s6

19
98

20
08

19
98

20
08

19
98

20
08

19
98

20
08

19
98

20
08

C
ou

nt
ri

es
A

us
tr

al
ia

36
.0

30
.0

36
.0

30
.0

36
.0

30
.0

0
Y

Y
A

us
tr

ia
34

.0
25

.0
34

.0
25

.0
34

.0
25

.0
0

N
N

B
el

gi
um

40
.2

(3
9.

0)
33

.9
9

(3
3.

0)
40

.2
33

.9
9

40
.2

33
.9

9
Y

Y
C

an
ad

a
29

.1
2

(2
8.

0)
19

.5
29

.1
2

19
.5

15
.5

14
.0

44
.6

2
33

.5
0

Y
Y

C
ze

ch
R

ep
ub

li
c

35
.0

21
.0

35
.0

21
.0

35
.0

21
.0

0
Y

Y
D

en
m

ar
k

34
.0

25
.0

34
.0

25
.0

-
34

.0
25

.0
0

N
N

F
in

la
nd

28
.0

26
.0

28
.0

26
.0

28
.0

26
.0

0
n.

a.
N

F
ra

nc
e

41
,6

6
(3

3,
33

)
34

.4
3

41
.6

6
34

.4
3

41
.6

6
34

.4
3

Y
Y

G
er

m
an

y
47

,4
75

(4
5,

0)
15

.8
25

(1
5.

0)
39

.7
15

.8
25

16
.3

14
.3

5
56

.0
30

.1
8

N
N

G
re

ec
e

40
.0

25
.0

40
.0

25
.0

40
.0

25
.0

0
Y

H
un

ga
ry

18
.0

20
.0

(1
6.

0)
18

.0
20

.0
18

.0
20

.0
0

Y
Y

Ic
el

an
d

n.
a.

15
.0

n.
a.

15
.0

n.
a.

n.
a.

15
.0

0
n.

a.
N

Ir
el

an
d

32
.0

12
.5

32
.0

12
.5

32
.0

12
.5

0
Y

Y
It

al
y

37
.0

27
.5

37
.0

27
.5

37
.0

27
.5

0
Y

N
Ja

pa
n

34
.5

30
.0

n.
a.

27
.9

8
5.

0/
12

.3
/1

1.
0

11
.5

6
46

.4
39

.5
4

Y
Y

K
or

ea
n.

a.
25

.0
n.

a.
25

.0
n.

a.
2.

5
n.

a.
27

.5
0

n.
a.

Y
L

ux
em

bo
ur

g
(3

0.
0)

22
.8

8
(2

2.
0)

n.
a.

22
.8

8
n.

a.
7.

5
n.

a.
30

.3
8

n.
a.

Y
M

ex
ic

o
34

.0
28

.0
34

.0
28

.0
34

.0
28

.0
0

Y
Y

N
et

he
rl

an
ds

35
.0

25
.5

35
.0

25
.5

35
.0

25
.5

0
N

Y
N

ew
Z

ea
la

nd
33

.0
30

.0
33

.0
30

.0
33

.0
30

.0
0

N
N

N
or

w
ay

28
.0

28
.0

28
.0

28
.0

28
.0

28
.0

0
Y

Y



P
ol

an
d

36
.0

19
.0

36
.0

19
.0

36
.0

19
.0

0
N

N
P
or

tu
ga

l
34

.0
25

.0
34

.0
25

.0
3.

4
1.

5
37

.4
26

.5
0

Y
Y

S
lo

va
k

R
ep

ub
li
c

40
.0

19
.0

40
.0

19
.0

40
.0

19
.0

0
Y

N
S
pa

in
35

.0
30

.0
35

.0
30

.0
35

.0
30

.0
0

Y
Y

S
w

ed
en

28
.0

28
.0

28
.0

28
.0

28
.0

28
.0

0
N

N
S
w

it
ze

rl
an

d
8.

5
8.

5
6.

14
6.

70
21

.6
6

14
.4

7
27

.7
98

21
.1

7
N

N
T

ur
ke

y
n.

a.
20

.0
n.

a.
20

.0
n.

a.
n.

a.
20

.0
0

n.
a.

N
U

ni
te

d
K

in
gd

om
31

.0
28

.0
31

.0
28

.0
31

.0
28

.0
0

Y
Y

U
ni

te
d

S
ta

te
s

35
.0

35
.0

32
.6

32
.7

6.
83

6.
54

39
.4

4
39

.2
5

Y
Y

E
xp

la
na

to
ry

no
te

s:

1.
T

hi
s

ta
bl

e
sh

ow
s

‘b
as

ic
’

(n
on

-t
ar

ge
te

d)
ce

nt
ra

l,
su

b-
ce

nt
ra

l,
an

d
co

m
bi

ne
d

(s
ta

tu
to

ry
)

co
rp

or
at

e
in

co
m

e
ta

x
ra

te
s.

W
he

re
a

pr
og

re
ss

iv
e

(a
s

op
po

se
d

to
fl
at

)
ra

te
st

ru
ct

ur
e

ap
pl

ie
s,

th
e

to
p

m
ar

gi
na

lr
at

e
is

sh
ow

n.
2.

T
hi

s
co

lu
m

n
sh

ow
s

th
e

ba
si

c
ce

nt
ra

lg
ov

er
nm

en
ts

ta
tu

to
ry

(fl
at

or
to

p
m

ar
gi

na
l)

co
rp

or
at

e
in

co
m

e
ta

x
ra

te
,m

ea
su

re
d

gr
os

s
of

a
de

du
ct

io
n

(i
f

an
y)

fo
r

su
b-

ce
nt

ra
l

ta
x.

W
he

re
su

rt
ax

ap
pl

ie
s,

th
e

st
at

ut
or

y
co

rp
or

at
e

ra
te

ex
cl

us
iv

e
of

su
rt

ax
is

sh
ow

n
in

ro
un

d
br

ac
ke

ts
(

).
3.

T
hi

s
co

lu
m

n
sh

ow
s

th
e

ba
si

c
ce

nt
ra

lg
ov

er
nm

en
ts

ta
tu

to
ry

co
rp

or
at

e
in

co
m

e
ta

x
ra

te
(i

nc
lu

si
ve

of
su

rt
ax

(i
f

an
y)

),
ad

ju
st

ed
(i

f
ap

pl
ic

ab
le

)
to

sh
ow

th
e

ne
tr

at
e

w
he

re
th

e
ce

nt
ra

lg
ov

er
nm

en
tp

ro
vi

de
s

a
de

du
ct

io
n

in
re

sp
ec

to
f

su
b-

ce
nt

ra
li

nc
om

e
ta

x.
4.

T
hi

s
co

lu
m

n
sh

ow
s

th
e

ba
si

c
su

b-
ce

nt
ra

l(
co

m
bi

ne
d

st
at

e/
re

gi
on

al
an

d
lo

ca
l)

st
at

ut
or

y
co

rp
or

at
e

in
co

m
e

ta
x

ra
te

,i
nc

lu
si

ve
of

su
b-

ce
nt

ra
ls

ur
ta

x
(i

f
an

y)
.T

he
ra

te
sh

ou
ld

be
th

e
re

pr
es

en
ta

ti
ve

ra
te

re
po

rt
ed

in
T

ab
le

II
.3

.W
he

re
a

su
b-

ce
nt

ra
ls

ur
ta

x
ap

pl
ie

s,
th

e
st

at
ut

or
y

su
b-

ce
nt

ra
lc

or
po

ra
te

ra
te

ex
cl

us
iv

e
of

su
rt

ax
is

sh
ow

n
in

ro
un

d
br

ac
ke

ts
(

).
5.

T
hi

s
co

lu
m

n
sh

ow
s

th
e

ba
si

c
co

m
bi

ne
d

ce
nt

ra
la

nd
su

b-
ce

nt
ra

l(
st

at
ut

or
y)

co
rp

or
at

e
in

co
m

e
ta

x
ra

te
gi

ve
n

by
th

e
ad

ju
st

ed
ce

nt
ra

lg
ov

er
nm

en
tr

at
e

pl
us

th
e

su
b-

ce
nt

ra
lr

at
e.

6.
T

hi
s

co
lu

m
n

in
di

ca
te

s
w

he
th

er
ta

rg
et

ed
(n

on
-b

as
ic

)
co

rp
or

at
e

ta
x

ra
te

s
ex

is
t(

e.
g.

,w
it
h

ta
rg

et
in

g
th

ro
ug

h
a

sp
ec

ia
ls

ta
tu

to
ry

co
rp

or
at

e
ta

x
ra

te
ap

pl
ie

d
to

qu
al

if
yi

ng
in

co
m

e,
or

th
ro

ug
h

a
sp

ec
ia

ld
ed

uc
ti
on

de
te

rm
in

ed
as

a
pe

rc
en

ta
ge

of
qu

al
if

yi
ng

in
co

m
e)

.

S
ou

rc
e:

O
E

C
D

ta
x

da
ta

ba
se

.



470 Applied problems in public economics

19.2 Tax incentives

Tax competition

This discussion of corporate taxation has underscored the need to stimulate
business activity and draws upon Klemm (2009). While general principles
underlying corporate taxation have been discussed above, many countries offer
selective tax incentives to stimulate business activity. By definition, almost, tax
incentives are selective in nature and provide preferential treatment of certain
activities or sectors compared to what is granted to general industry. In particular,
tax incentives have the goal of stimulating investment.

Typically, economists have been sceptical about tax incentives and have argued,
instead, in favor of broadening the tax base and lowering tax rates. However, tax
incentives arise out of a number of reasons (particularly to aid tax competition
efforts) and have come to stay (Klemm, 2009). Tax policy in many countries
is guided by the need to be competitive in a rapidly globalizing economy.
Countries may need to act aggressively to attract capital, retain skilled labor, and
secure future locational advantages. This may often require reduction on capital
taxes as well as rates of top income tax brackets. In this context it has often
been suggested that small countries should eschew source-based taxes on capital
income. In the extreme case the elasticity of supply of capital to this economy is
infinitely elastic whereas the supply of labor is less than perfectly elastic. In the
extreme case, then, there should be no taxes on capital income and all revenues
should be raised from labor taxes. Thus, tax revenues will be lower in an open
economy as opposed to a closed economy where both capital and labor can be
taxed.

As discussed above, many countries, including Japan, UK, and USA, tax
corporate income on a residence basis and give credit for taxes paid to foreign
governments. However, this policy is rarely followed in its unalloyed form. For
instance, deferral of tax payments until repatriation is often permitted and tax
treaties often have clauses such as investment benefiting from tax incentives are
not subject to additional home country taxation. Over and above such exceptions
home country taxes can often be avoided, as a result of which only small sums
of revenue are raised from foreign-source income. Since foreign countries may
not grant immediate access to information foreign incomes are not immediately
taxed. Another reason why foreign incomes are hard to tax is that this could lead
to a shifting of company headquarters from the country that imposes such taxes
to one that does not.

The fact that many countries continue to levy source-based corporate taxes
indicates that capital may not be as mobile as suggested by the theoretical literature.
Surely, the elasticity of labor supply is significantly lower than that of capital
supply with the result that labor taxes are significantly higher than capital taxes.
In particular, when economic rents exist then it may be possible to impose capital
taxes without triggering a substantial outflow of capital. Such rents may arise out
of several reasons. Some rents accrue because of location or regional specificity,
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e.g., natural resources. So long as the return from the natural resource is positive
capital will flow in and can be taxed, even if other countries cut their tax rates.
Similarly, if there are firm specific rents, say, because of the existence of patents,
then positive corporate taxation would be feasible.

The above analysis refers to the tax rate only. Tax competition takes on different
hues in the presence of competition in the tax base. There is a small but not
significant literature on this issue. Keen (2002) models tax competition in the
presence of special regimes. If not all capital is equally mobile, perhaps for some
of the reasons mentioned above, then the most mobile capital should face the
lowest tax rate. This would also lead to an expansion of tax revenue compared to
uniform taxation of all capital. Similar results are obtained in a more general model
by Gugl and Zodrow (2006). Under a revenue constraint and high tax collection
costs, a government may sometimes be amenable to giving tax incentives to new
investment and collect most of its revenue from corporate taxation and the taxation
of immobile factors of production.

Some of these arguments apply even when incentives are given for domestic
purposes. Thus, many countries give tax incentives for investment in economically
backward regions or to stimulate R&D expenditures. If foreign investment is
permitted in this country clearly some of these incentives would be garnered by
foreign companies.

Responding to tax competition

In a world where international tax competition is rife and capital mobile each
country has to fashion a response to tax competition. The traditional wisdom is
that the best response is to lower tax rates and broaden tax bases (Devereux et al.
2002). This solution has the advantage of being simple to put into practice but
ignores the possibility of raising additional revenue from location-specific rents.
Thus, a policy of low rates and large bases is ideally suited for economies with
low location-specific rents. Conversely, in economies with considerable location
specific rents capital taxes can be high (but strictly below 100 per cent) although
this would mean that mobile firms with firm specific rents would be discouraged
to invest.

Some have argued that in a small open economy the corporate income tax rate
should be zero if capital is very mobile. However, this argument is subject to the
caveat that if the corporate tax is abolished other taxes may become difficult to
levy. For example, if a country has a personal income tax but no corporate tax,
individuals would declare a larger part of their income as corporate profits and take
accounting initiatives to pay back some of these corporate profits to themselves.
This may open up an avenue for tax avoidance.

If tax implementation is lax firms could still be induced to invest despite high
statutory corporate tax rates since paper profits could easily be shifted elsewhere.
This would have the effect of making tax competition less harmful but make the
tax structure itself less effective.



472 Applied problems in public economics

Thus, it would appear that all tax systems have their difficulties, hence a tax
system with incentives, clearly, is not the worst choice.

Benefits and costs of tax incentives

Given that a tax system with incentives is not the worst choice, any initiative
to introduce such incentives must compare potential benefits and costs of such
a system. Among the costs of tax incentives are (i) the immediate revenue loss,
(ii) distortions introduced into the economy from the preferential treatment of
investment qualifying for the incentives, (iii) administrative costs from running
and preventive fraudulent use of the incentives, and (iv) economic and social
cost of rent-seeking behavior, including the increase in corruption that invariably
accompanies rent-seeking behavior.

However, these costs are difficult to quantify. Even the direct revenue costs of
such incentives may be difficult to measure. If incentives are purely redundant
and do not affect investment then the entire tax revenue not collected is part of the
direct revenue cost. But, as the investment stimulating role of incentives begins
to get larger the direct revenue cost starts shrinking. At the extreme end, when
no investment would have taken place without the incentives, there are no direct
revenue costs. In addition to direct revenue costs there are indirect effects. Even
if its direct revenue cost is zero, incentive induced investment may have indirect
costs. For instance, the incentive induced investment may replace some other
investment which would have yielded more tax revenue. The chain of indirect
effects goes beyond this. If the tax induced investment now causes greater increase
in aggregate economic activity and employment with the potential to yield higher
tax revenues than the investment that was replaced, the indirect revenue costs are
lower.

Quantifying benefits from tax incentives are even harder to assess. The
investments facilitated by tax incentives often bring benefits only in the medium
term. Even so, these benefits often accrue only if a number of complementary
policy actions are taken. In the typical case, if the aim of tax incentives is to
facilitate investment that will lead to higher economic growth and employment, it
is difficult to compare the actual performance with the counterfactual, i.e., what
growth and employment would have been in the absence of these incentives. It
is even less clear as to what would have happened had there been a different
kind of tax reform. If the incentive is geared toward an externality, say to
facilitate R&D, it is again difficult to assess how much of this has been achieved
as a result of the incentives and how much because of other factors. Under these
circumstances, it is typical to be pragmatic and measure the benefits of the tax
incentives in terms of the higher investment and growth. This can be achieved
directly by generating more investment or indirectly by changing the distribution
of investment such that it is geared more toward activities generating positive
spillover effects. This, particularly the first option, leaves open the possibility
that crowding out effects will not be fully quantified. Such crowding out can
occur through two avenues. First, standard capacity constraints would continue to
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work. Second, sectors that are not beneficiaries of the tax incentives would have
to face higher taxes in order to compensate for revenue losses from the favored
sectors.

Difficult as these issues are, they are not fully indicative of the benefits and
costs of tax incentives. In particular, they ignore general equilibrium effects. For
instance, such analyses do not take into account whether investment was relocated
within the country as a consequence of tax incentives being provided to some
sectors. This points to the need for spelling out the limitations of cost-benefit
studies.

Principles for choosing tax incentives

With this as background it is possible to discuss some reasonable principles
of tax incentive policy. The first such principle is clearly that of transparency
as well as the political class understand the implications of tax concessions.
Further, transparency also reduces the scope for corruption. This would require,
for example, that granting of arbitrary tax concessions through government
decree should be avoided. Similarly, this would also require that such incen-
tives be granted automatically, based on well understood criteria, and not be
discretionary. This would indicate that incentives should be written in the
tax laws of the country and not the investment laws. Second, an element
of stability should be built in since investment returns accrue over a period
of time. So, if tax changes are very frequent this will only deter potential
investors.

A third principle of successful tax incentive policy is that such incentives should
be robust to tax evasion. Clearly, if tax incentives open up the possibility of
tax evasion then the computed costs and benefits on which the decision to grant
incentives was based would cease to be relevant. Further, if tax evasion is already
rife in the economy then the incentives may do little to stimulate further investment.
Moreover, tax incentives should also ensure a modicum of efficiency; in particular,
they should prevent a bias in favor of certain type of assets, particularly short-term
assets.

Assessments of tax incentives

Economists are generally not well disposed toward tax holidays. By definition,
tax holidays are valid only for short periods of well-defined durations. Hence,
only short-term footloose investment may be interested in these. Further, tax
holidays fail the test of transparency since the basis for granting the holiday
is rarely well articulated. Finally, if tax holidays are admitted investors might
indulge in lobbying to tailor the holidays to suit them. Clearly, corruption could
easily precede the grant of tax holidays. Once the holidays are granted rent-seeking
behavior may emerge. Tax holidays can serve as a useful signaling device when
a country is interested in indicating that it is making an extensive overhaul of its
tax system.
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Investment allowances and tax credits

These have the advantage that they can be implemented in a transparent and
automatic way and are directly contingent on new investment. But this may result
in a pattern of new investment that does not mesh in well with the existing stock of
capital (since past investment is not favored). This may lead to an inefficient mix
of new and old capital. Further, investment allowances would bias the investor in
favor of short-term investment since any replenishment/replacement of short-term
investment would itself involve an investment allowance.

Accelerated depreciation allowance

Accelerated depreciation allowance does not change the total amount of deduc-
tions but only helps to bring them forward. Thus, the maximum benefit to a firm is
the time value of money gained if discount rate is high. In the case of an initially
unprofitable investment, there may be no benefit since deductions will still only
be taken in later years. Hence, the impact of the accelerated depreciation may be
limited.

Reduced tax rates

Similarly, reduced tax rates may have limited merit, particularly if these are
effective only for the short term. In that case these are reduced to a tax holiday.
Permanent reduced tax rates are useful in the case of more mobile factors – even a
bifurcation of the tax system into more mobile and less mobile factors is acceptable.

Exemptions from other taxes

Sometimes, tax systems exempt sectors that they want to favor from other taxes,
particularly the VAT. Thus, many tax systems permit the refund of VAT collected
on capital goods. However, this distorts the VAT structure and a simpler solution
would be the abolition of any excise on capital goods.

Special zones

These are quite common in many countries – particularly emerging market
economies – and are perceived to attract investment. However, it is more
the regulatory latitude permitted by these special zones that are attractive to
potential investors. Hence, if large-scale tax exemptions are permitted there can
be substantial revenue losses from the creation of special economic zones.

Financing incentives

Some countries have used the policy of reducing withholding tax rates on
dividends. However, this will not have any impact in a number of cases. First, if
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residence-based taxation is in place then a policy of reducing tax rates on
dividends by host countries would not have any impact. A similar conclusion
arises if withholding taxes on dividends is easily avoided. Moreover, if much of
investment is debt financed reduction in the withholding tax for dividend income
will have limited impact.

19.3 Effective tax rates

The analysis here points to the necessity of computing effective tax rates both
marginal and average when assessing tax incentives. Klemm (2008), upon which
the following largely draws, provides a useful introduction to the computation
of effective tax rates. This generalizes the work of Devereux and Griffith (2003)
(DG) which is a popular measure of capital taxation since it is based on tax laws
and is, thus, forward looking. In particular, it generalizes the work of King and
Fullerton (1984) which we have considered in Chapter 9. The DG formulation
computes effective average tax rates (EATR) for a one-period perturbation of the
capital stock. This, then, does not permit an analysis of longer-term investment, nor
does it permit analysis of the effects of temporary tax breaks such as tax holidays.
Klemm (2008), whose exposition we follow, attempts a significant generalization
of the DG procedure.

DG define the EATR as:

EATR = R∗ − R

p/(1 + r)
(19.1)

where R∗ is the present discounted value of the rent earned in the absence of
taxation, and R is the present discounted value in the presence of taxation. p is
the pre-tax net profit and r the real rate of interest. So the numerator of (19.1)
is the difference between the pre-tax and post-tax rents. This is expressed as a
percentage of discounted gross profits (p) to compute the EATR.

Since the investment is assumed to last for one time period the discounting is
done for one time period alone.

In turn, R must be determined as the change in the value (V) of the firm:

R = dVt =
∞∑

s=0

�dDt+st+s − dNt+s

(1 + �)s
(19.2)

D is dividends and N stands for new equities. Dividends have to be adjusted for
tax obligations, measured by �:

� = (1 − �d)/(1 − z)

�d is the tax rate on dividend and z is the tax on capital gains. Thus (1 − �d)
represents the net earnings rate from dividend and (1−z) represents the adjustment
for capital gains tax. Further, �= (1−�i)i is the net discount rate with i being the
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nominal interest rate and �i being the tax rate on interest income. Thus � is the
effective discount rate. Dividends can be written as:

Dt = Q(Kt−1)(1 + �)Kt−1(1 − �c) − It + Bt − (1 + i(1 − �c))Bt−1

+ �c�(It + KT
t−1) + Nt (19.3)

The first term on the right hand side of equation (19.3) is last period’s output,
Q, produced by capital last period Kt−1. This is scaled up by the price level
where � is the rate of inflation. �c is the corporate tax rate. It the new investment
and Bt is the debt issue. Interest payment on last year’s debt is deducted. � is the
depreciation allowance, the corporate tax value of which appears in the expression
for dividends. KT is the value of capital after tax is written off.

We first compute the EATR under finance purely by retained earnings, i.e.,
dB = dN = 0 (no new debt or equity are issued). Assuming with DG that there is
investment of one unit of capital (dIt = 1) we get an additional financial profit in
one period of dQ(Kt) = p +� where p is profit and � is the true economic rate of
depreciation. Its remaining value, at which it is sold, is dIt+1 = −(1 −�)(1 + �).
We can now substitute these assumptions into (19.3) and (19.2) and upon using a
subscript RE to indicate retained earnings, we have:

RRE =
∞∑

s=0

�
dDt+s

(1+�)s

=�

[∑ dQ(Kt−1+s)(1−�c)

(1+�)s
−
∑ dIt+s

(1+�)s
+�c�

∑ dIT
t+s+dKT

t−1+s

(1+�)s

]

=−�(1−A)+ �

1+�

{
(p+�)(1+�)(1−�c)+(1−�)(1+�)(1−A)

}
(19.4)

where A is the present discounted value of depreciation allowances, which can
be computed for any depreciation scheme. Thus, for straight-line depreciation we
would have:

A = �c�(1 + �)

�

[
1 −

{
1

1 + �

}1/�
]

and in the case of declining balance depreciation we would have:

A = �c�
1 + �

�+�
.

If finance is done by new equity (NE) or debt (D), additional financial effects
need to be added to equation (19.4). DG derive these to be:

FNE = −�(1 −�)

1 + �
(1 −��c) and FD = �(1 −��c)

1 + �
(�− i(1 − �c)).



Tax incentives and corporate taxation 477

In the absence of taxation the rent can be written as:

R∗ = −1 + (1 + �)(p +�) + (1 + �)(1 −�)

1 + i
= p − r

1 + r
(19.5)

This expression allows us to calculate EATR for any level of profit, p. The
effective marginal tax rate (EMTR) is a special case of this and is obtained by
setting the post-tax rent, R, to zero and solving for the corresponding cost of capital
(i.e., the p) which we mark by a hat (∧):

p̂ = (1 − A)(�+�(1 + �) − �)

(1 + �)(1 − �c)
− F(1 + �)

�(1 + �)(1 − �c)
−�. (19.6)

In fact, the EMTR simplifies to (p̂ − r)/p̂.
This approach has been extended to a permanent investment by Klemm (2008).

The assumption is made that an investment is never sold (i.e. dIt = 1;dIt+s =
0∀s ≥ 1). This has the implication that only depreciation will lower investment.

To accommodate an infinite investment horizon in computing the EATR the
denominator of equation (19.1) needs to be changed to take account of profits in
future periods. It is assumed that the net profit rate on capital remains constant
at p, but the capital stock declines yearly by the true economic depreciation
rate. Thus:

EATR = R∗ − R

p/(r +�)
. (19.7)

An alternative statement of this requirement is that the present discounted value
of the rent in the absence of taxation needs to be adapted to R∗ = (p− r)/(r +�).

Rent in the present case can be obtained by substituting the new assumptions
into (19.3) and (19.2). This yields:

RRE = �

[ ∞∑
s=1

(p +�)(1 − �c)((1 + �)s(1 −�)s−1

(1 + �)s

−
∞∑

s=0

dIt+s

(1 + �)s
+ �c�

∞∑
s=0

dIt+s + dKT
t−1+s

(1 + �)s

]
. (19.8)

The first term on the righthand side can be simplified, the second sum equals one
as there is no investment or disinvestment in future periods, and the third term is
the present discounted value of depreciation allowances A:

RRE = �

[
(p +�)(1 + �)(1 − �c)

�− �+�(1 + �)
− 1 + A

]
. (19.9)
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Further, in case of new equity the financial effects can be derived under the
assumption that a one-time issue of new equity at the amount of the net of tax cost
of the asset, i.e.,

dNt = 1 − �c� and dNt+i = 0∀i > 0.

Substituting into (19.3) and (19.2) yields:

FNE =
∑ �Dt+s − dNt+s

(1 + �)s
= (�− 1)(1 − �c�). (19.10)

So far as debt finance is concerned Klemm (2008) considers alternative
assumptions. Working under the assumption that the firm issues debt at the
net of tax cost of the asset in the first year followed, in subsequent years, by
the issue of debt equivalent to the initial issue less depreciation so as to keep
an unchanged debt–asset ratio. In other words dBt = (1 − �c�) and dBt+1 =
(1 − �c�)((1 −�)(1 + �))i∀i ≥ 0. Klemm (2008) then derives:

FD = �(1 − �c�)(�− i(1 − �c))

�+�(1 + �) − �
. (19.11)

In this case the EMTR is the same as in the DG one-period investment case. Klemm
(2008) notes the stark differences between the two methods of computing EATR.
He further extends the analysis to cover the impact of tax holidays on EATR.

A tax holiday is conceived of as a period of n years for which there are no taxes.
We need to alter the first term in expression (19.8) to accommodate this.

n∑
s=1

(p +�)(1 + �)s(1 −�)s−1

(1 + �)s
+

∞∑
s=n+1

(p +�)(1 − �c)(1 + �)s(1 −�)s−1

(1 + �)s

= (p +�)(1 + �)

�− �+�(1 + �)

[
1 − �c

{
(1 −�)(1 + �)

1 + �

}n]
. (19.12)

There needs to be a further adjustment since the value of depreciation allowances
during the tax holiday are of no use to the firm. In some rare cases, depreciation
allowances are allowed to be carried forward. Thus, we have:

R = �

[
(p +�)(1 + �)

�− �+�(1 + �)

{
1 − �c

{
(1 −�)(1 + �)

(1 + �)

}n}
− 1 + A

]
+ F (19.13)

We now need to adjust the financial effects. In the case of new equity matters are
particularly simple since now there is no depreciation allowance in the first year.
Hence, FNE = (�−1). In case the tax holiday also covers personal taxes then this
further simplifies to zero.
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In the case of debt finance interest deductibility is no longer applicable during
the years of the tax holiday. Thus, we have:

FD = �

�− i + �ci

[
(1 −�)(1 + �)

(1 + �)

]n

�− �+�(1 + �)
. (19.14)

Empirical simulations in Klemm (2008) indicate that the tax holiday reduces
initial effective tax rates. This happens particularly sharply when profitability
is particularly high. However, as would also be expected, the tax holiday is less
attractive for long-term or repeated investments.

19.4 Conclusions

In this chapter we have discussed some basic principles of corporate profits
taxation. The chapter has discussed the broad rationale for such a tax and trends
in this taxation in OECD economies. The need for designing tax incentives was
emphasized and various tools designed to assess these were assessed. The chapter
also provided a basic outline for the computation of effective tax rates on corporate
incomes.

Additional reading

As would be expected, corporate taxation is an intensively studied area. Three
recent important contributions to this literature include: Devereux et al. (2008),
Slemrod (2004), and Bartelsman and Beetsma (2003).



20 Global public goods

Key concepts: Global public goods; Impure public goods; club goods;
Ensuring adequate supply of global public goods.

20.1 Introduction

Much of the discussion about public goods in this book has been in terms of
these goods being produced and consumed within the geographical boundaries of
a country. However, as indicated in Chapters 5 and 6 there has been considerable
research in the area of global public goods (GPG). This chapter purports to provide
an introduction to some of the key issues discussed in this literature.

20.2 Defining a global public good

Global public goods must affect more than one country. Ideally, they should
affect all countries. Public goods that apply to only one area, say the Asia Pacific
region, would be a regional public good. Similarly, an organization like NATO
that provided security to the Western bloc countries during the Cold War and
continues to do so today is a regional club good, since others are excluded from
its benefits. Furthermore, there may be a distinction between an intra-generational
and an inter-generational public good. Thus, nuclear energy may be useful in the
short run as it leads to increased supply of electricity, but it will impose an inter-
generational external effect since future generations will have to deal with the
problem of nuclear waste disposal. Sandler (1999) provides a useful taxonomy of
various types of public goods. This is summarized in Table 20.1.

Table 20.1 distinguishes between inter-generational and intra-generational
goods. Within each category Sandler distinguishes between regional and global
goods. These goods are themselves grouped under four heads: (i) Pure public,
(ii) Impure public, (iii) Club, and (iv) Joint products. Examples of goods in
various categories are given in Table 20.1. Thus ozone shield protection is an
inter-generational global public good since it affects the entire global community
and the effects last over a long period of time. A geostationary orbit for
satellites is an inter-generational global club good. All countries in the world are
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potential entrants – hence it is global. Its benefits last over a period of time – hence
it is inter-generational. But because the orbit has limited space it is a club good
since the satellites of non-members can be kept out. Depending on how they are
defined, some public goods may fall into more than one category.

Thus, a GPG must cover more than one group of countries and, ideally, humanity
as a whole should be the beneficiaries. Some GPG, as Sandler notes, can last across
generations. But pure GPG, especially those lasting over generations, are rare.

20.3 Allocation issues with inter-generational
global public goods

The presence of inter-generational public goods alters the Pareto-optimality
conditions. To illustrate this we study an example due to Sandler (1999). Consider
a world in which there are two regions, r = 1,2; with three generations, j = 1,2,3
in each region. Each generation lives for two time periods. We let �jr be the set of
people of the jth generation living in region r. The inter-generational pure public
good q is produced in each region and lasts for the three periods. The private good,
y, is produced and fully consumed in each time period. The individual consumer’s
utility function is defined as:

uijr = uijr(yijr,q) i ∈ �jr, j = 1,2,3; and r = 1,2. (20.1)

This utility function has the following standard properties: it is (i) strictly
increasing, (ii) quasi-concave, and (iii) twice continuously differentiable. In
each period the total quantity of the private good consumed must equal actual
production:

Yj =
2∑

r=1

∑
i∈�jr

yijr (20.2)

with total production over the three periods given by:

Y =
3∑

j=1

Yj. (20.3)

The multi-period transformation function for the public and private goods (after
suppressing time subscripts) is given by:

F(Y,q) = 0. (20.4)

We set up the Pareto-optimizing exercise as follows. We maximize the utility of
the first individual in generation 1 in region 1 subject to minimum utility constraint
on each of the other consumers in each generation from each region and the overall
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production constraint. Setting up the Lagrangean we have:

� = u111(y111,q) +
2∑

r=1

3∑
j=1

∑
i∈�jr
i �=1

�ijr[uijr(yijr,q) − �ijr]−�F

⎛
⎝ 3∑

j=1

Yj,q

⎞
⎠
(20.5)

where �ijr and � are Lagrange multipliers and �ijr represents utility constraints.
Equation (20.5) makes it explicit that the third summation in the second expression
on the righthand side excludes i = 1.

Maximization of the Lagrangean with respect to the public and private goods
yields the Samuelson conditions for Pareto-optimal supply.

2∑
r=1

3∑
j=1

∑
i∈�jr

MRSqy
ijr = MRTqy. (20.6)

This is the grand Pareto optimum.
Suppose now that we have a government that is interested in the welfare only

of the current generation. In that case the government will not be interested in
spillover effects from one generation to the next. The restricted Pareto-optimum
conditions in this case (for generation 1) will be:

2∑
r=1

∑
i∈�1r

MRSqy
i1r = MRTqy. (20.7)

A different restricted Pareto optimum condition emerges if the government is
interested in internalizing the inter-generational spillovers but does not take into
account differences across regions. The planners are interested only in the welfare
of their own people. In that case the restricted Pareto optimum conditions for
region r would be:

3∑
j=1

∑
i∈�1r

MRSqy
ijr = MRTqy

r r = 1,2. (20.8)

A final level of spillover awareness arises when the planner ignores both inter-
generational as well as inter-regional spillovers. In that case the restricted Pareto
optimum condition would be:∑

i∈�1r

MRSqy
i1r = MRTqy

r r = 1,2. (20.9)

Now, since the MRSs incorporate marginal benefits the supply of the public good
would be highest under the rule (20.6) and smallest under the rule (20.9).
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The inter-generational Pareto criterion (20.6) is applied over time and over
space. The Pareto exercise maximizes the utility of the ith individual subject to
the utility requirements of all other people over all generations as well as the overall
production constraint. Condition (20.6) itself accounts for marginal benefits from
the public good over all people and across time. It thus captures all spillover effects
of the GPG. As we move to the other optimality conditions some of the spillover
effects are missed and hence full optimality cannot be assured.

Further, in case of rule (20.8), for example, the supply of inter-regional public
goods will take place according to the rules of private supply of public goods
discussed in Chapters 5 and 6. Each region would supply an amount of this
public good to maximize its welfare, given the reaction of the other region. Hence,
there will be an undersupply of this public good. Similar comments apply to the
provision rules (20.7) and (20.9).

A variety of strategic issues in the supply of GPG are discussed in Sandler
(1999).

Hence, GPGs are likely to be undersupplied. The extent of undersupply rises
if GPGs are also inter-generational. Yet, it is clearly evident from Table 20.1 that
GPGs of all varieties are of immense importance.

20.4 Understanding supply decision problems of global
public goods

Conceicao (2003) has provided a useful taxonomy of the problems of supply of
GPG and distinguishes between three sources of undersupply of GPG. First, GPG
may be underused. Patents, for example, limit the access to new pharmaceutical
technologies (a GPG) and lead to their underutilization. Furthermore, there may be
undersupply of a GPG. An oft cited example is where airport security is available
for most but not all countries. In such a case the GPG ceases to exist globally
as a GPG. Another example is a tsunami warning that covers only some, but
not all, coastal countries. GPG may be subject to malprovision. The multilateral
trading regime is one in which some countries – particularly the developed
countries – enjoy considerable benefits whereas some other countries (particularly
Less Developed Countries garner very few benefits in comparison to the costs of
compliance). Some naturally provided GPGs, such as the global atmosphere or
the high seas, are subject to overuse in the absence of binding agreements on how
best to use them. Indeed in some cases GPGs may be destroyed. Thus, from the
point of view of an individual country a worldwide agreement on nuclear non-
proliferation would be a GPG since it obviates the need for developing nuclear
weapons. In the absence of such an agreement too many nuclear weapons will
be produced, thus creating oversupply of a global public bad – the risk of a
nuclear war.

We have already articulated the notion of Pareto optimality in the supply of
GPG and the difficulties in attaining it. In practice this norm for supply of GPG
is hard to use and alternatives have been tried (Conceicao and Mendoza 2003).
Thus, one could determine innate physical or technical characteristics of GPG.
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According to this yardstick GPGs are classified into two groups: Some GPGs
are binary, i.e., they either exist or they don’t. An example is the eradication of a
highly contagious disease such as smallpox or bird flu. Clearly it is easy to measure
binary GPG. It is more difficult to quantify the full provision of moving-target
GPG. These are goods such that no amount is enough and more is always better.
Examples include financial stability and climate stability. The provision of such
goods could always be enhanced, depending on technology and the world’s needs
for such resources.

For other public goods desirable quantitative targets may be set by the political
process. Thus, quantitative targets have been set in the Kyoto Protocol for
reducing carbon emissions, and the United Nations has adopted the Millennium
Development Goals which, among other goals, has set benchmarks for reducing
human poverty and hunger. Global warming, human hunger, and poverty are
considered as global public bads and their reduction would be GPGs.

In some cases there may not be agreement on the quantity of GPG but experts
may be able to advise on the optimal supply. For example, the duration of patents,
particularly for pharmaceuticals, must balance incentives for inventors with the
quick availability of affordable medicines to patients. There are no ready-to-use
guidelines for this and experts may have to give their opinions on the optimal
duration of such patents.

The two approaches of using political goals and relying on expert opinion are
not mutually exclusive. As Parson (2003) shows, the two approaches of using
political goals and relying on expert opinion are not mutually exclusive. This line
of reasoning has led Conceicao and Mendoza (2003) to define full provision of a
GPG as ‘… the level from which no further enhancements are feasible, given the
good’s innate or defined (physical) properties and the current state of knowledge
and technology’ (p. 332).

Since the ‘level from which no further enhancements are feasible’ is politically
determined there can be no presumption that full provision is tantamount to Pareto
optimal supply. Thus, the inability of some countries to ratify the Kyoto Protocol
has probably led to a sub-optimal control of atmospheric carbon.

Conceicao and Mendoza (2003) suggest a five-step procedure to determine the
net benefits of a ‘fuller’ provision of GPG.

Step 1

Calls for full characterization of the current supply of the GPG in question.
Different GPGs are treated differently in these cases. In the case of a communicable
disease either the world is rid of it or it is not. Hence, this gets classified as a binary
GPG. Reduction of carbon emission, on the other hand, is assessed according to
standards set in the past. Thus we might say that emission levels are x per cent
of what they were in 2000. The excess of existing carbon emissions over norms
in relation to 2000 may then be deemed the extent of supply of the global public
bad. The gap which has to be covered is then considered to be the full provision
of the GPG. Clearly, such a calculus is not always easily applicable.
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Step 2

It may be possible, under some conditions, to put a dollar value on the costs
of current under-provision. Thus, given the number of people suffering from
respiratory ailments in a city with air pollution, the costs of treatment and loss
in productivity from absenteeism from work could be quantified.

Step 3

In the third step the costs of the corrective action from additional provision of GPG
need to be assessed. This will require informed assessments of the time profile of
costs of the GPG and the resource use implications.

Step 4

This step involves the computation of the benefits of corrective action. In the case
of combating an infectious disease, for example, this would involve putting a value
on enhanced productivity resulting from eliminating or reducing the incidence of
the disease. Another example would be the computed benefits from the successful
completion of the Doha Round of trade negotiations.

Step 5

In this final step net benefits from enhanced supply of the GPG are computed.
Comparing the costs of corrective action with the savings from a fuller supply of
GPG provides a rough estimate of the benefits. However, as noted above, there
are direct benefits as well (e.g., enhanced productivity from reduced incidence
of disease) which need to be taken into account. On that basis there is some
inkling of the benefits of fuller provision of GPG. Conceicao (2003) estimates
the aggregate global net benefit from enhanced provision of some GPGs and
arrives at a magnitude of $2 trillion a year (6.7 per cent of global GDP in
2003). This leaves out major GPGs like enhancing provision of the multilateral
trade regime.

Distributional issues

Whereas the discussion above has focused on aggregate benefits and costs of
GPGs distributional issues are of critical importance. In fact several GPGs may
get produced or may not be produced because of the distribution of benefits and
costs. Thus, a program to eradicate malaria will primarily benefit the poor in
Asia and Africa and may find less favor with governments of richer nations.
Especially, in the context of GPGs a country’s perception of net benefits from
the GPG would influence its preference for the GPG. Each country would enter
international negotiations on the supply of GPG on the basis of its perceived net
benefits.



Global public goods 487

20.5 International cooperation and global public goods

Traditional public economics has taken the state as a Westphalian entity with
exclusive political authority within its boundaries. This, in turn, is based on the
view that the state has territorial and policy-making sovereignty. The presence of
GPG impinges on these notions in several key ways.

First, the provision of GPG may require adherence to the terms of key
international agreements, the provisions of which may be viewed as curtailing
sovereignty. Thus, the design and implementation of many international agree-
ments may be subject to considerable uncertainty as governments and citizens are
apprehensive of curtailment of sovereignty.

Second, governments may have different views on the gains from GPG. This is
particularly true of the time profile of such gains. In the short run, some countries
might benefit from global warming whereas others will suffer. In the longer run,
however, all countries will be adversely affected. If countries that can acquire
short-term gains from climate change have short enough horizons, they may well
oppose agreement on carbon control.

Third, the free-rider problem is even more operative at the level of GPG
than at the level of national public goods in individual countries. In the case
of national public goods governments have the option of financing public goods
from the general government revenue. But this option is not available in the case
of GPG.

Further, the uninterrupted provision of GPG is subject to the ‘weakest link’
problem. In the case of controlling a highly communicable disease, for example,
even if one government is lax in its efforts the disease will reappear world-wide.
In that case countries that may intend to provide for the GPG may be reluctant as
the effectiveness of their expenditures on this GPG may come to naught.

Finally, the provision of GPG may be subject to the summation problem. The
extent of carbon control, for example, will inevitably be the result of the efforts of
individual countries. Realizing this, some countries may not be lukewarm to the
idea of investing large amounts in carbon control.

However, as Kaul (2006) has emphasized, the notion of what constitutes
a state has itself undergone a change. The Westphalian state combines three
elements. First, the state is viewed as the aggregation of human preferences. Hence,
preference revelation is an important issue as we discovered in our discussion on
public goods in Chapters 5 and 6. Second, in light of the redefinition of the role of
the state that began in the 1970s, public goods are usually assumed to be supplied
by the market. Finally, emphasis is laid on the coercive power of the state to
impose taxes and determine public expenditure.

This notion of the state, however, has changed over time and, indeed, is in
a state of flux. For one thing there are many external expectations from the
state. As of 2005 approximately 2,000 multilateral treaties were registered with
the United Nations. Clearly, the number of international conference and plan
resolutions must be much higher. Thus there is greater external expectation
that the nation-state will respond to external requirements. In the case of many
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developing countries, some of these expectations have taken the form of policy
conditionality. Thus loans from multilateral agencies are often conditional on the
recipient country meeting some conditions, some of which may include adherence
to international treaties, and meeting specific environmental standards.

Under such conditions, how does one go about improving the supply of GPG?
The International Task Force on Global Public Goods (2006) has proposed the
development of a catalytic leadership for the provision of GPG. This would be pos-
sible, they argue, with the establishment of a new, informal forum called the G-25.
This would bring together the heads of state and governments of developed and
developing countries that are ‘the most responsible, capable, representative, as
well as relevant representatives of other groups and regions’ (pp. xxiii). However,
such a group must work within the existing institutional structures and seek to
strengthen them rather than creating new institutions on its own. International
institutions, in turn, must reinforce and often coordinate such action. Indeed some
of these decisions will be taken at a global level and national and international
institutions as well as the G-25. Clearly, these efforts would be more effective if
certain institutional reforms were carried out. In particular (i) more data needs to be
made available to more accurately compute the costs and benefits of public goods,
(ii) compliance needs to be better supervised, and (iii) international institutions
involved in the supply of GPG should subject themselves to independent
evaluation.

An important caveat is that such sustained efforts would require considerable
additional funding. In this context there is the worry that funding of GPG may
crowd out development aid. Additional sources of funds need to be found both for
augmenting the resources for the efforts of the G-25, for existing institutions such
as WHO, and for international development aid.1 Similarly, domestic budgetary
policies could be augmented both to gather additional resources for GPG and to
use these resources more effectively.

20.6 Conclusions

The current global situation does not lead to much optimism in regard to better
provision of GPG. For one thing, the Doha round of international trade talks have
all but collapsed and, for another, action on global climate change has not been
adequate. Nevertheless, there is no need to be despondent. Several successes in the
supply of GPG can be counted. Among these are the WHO’s efforts to control the
SARS epidemic in 2002–03, and the worldwide application of the principles of the
Montreal Protocol and the subsequent reduction of chlorofluorocarbons. In 1974
eleven West African countries came together to effectively fight the scourge of
river blindness. In addition, there has been substantial improvement by technical
agencies in setting the global standards for telecommunications, international
financial transactions, civil aviation and maritime transport. All this has led to
a global enhancement of the technology of production and dissemination which
has benefited many countries. Thus, there is room for optimism in addressing the
remaining issues in respect of GPG.



Global public goods 489

In addressing future planning of GPGs it would be useful to categorize these as
those that are urgent and those whose production and dissemination can take time.

Note

1 For a review of possibilities for garnering of resources at the international level see
Jha (2004).

Additional reading

Global public goods are now an area of intense research and discussion. Some
useful readings in this area include: Kaul et al. (1999), Kaul and Conceicao (2006),
and International Task Force on Global Public Goods (2006).



21 Cost-benefit analysis
and randomized evaluation

Key concepts: net present value, internal rate of return, benefit–cost ratio;
social rate of discount; shadow prices; first- and second-order approxima-
tions; Little–Mirrlees and UNIDO criteria; randomized evaluation.

21.1 Introduction

In its most general form cost-benefit analysis refers to changes in the allocation of
resources brought about by a project. Thus cost-benefit analysis is, in principle, a
straightforward matter. One looks at the allocation of resources before and after
the installation of a project. Given some norm of calculating social welfare, one
can compare it in the two situations. If social welfare is higher after the project is
installed, then the project is worthwhile, otherwise it is not.

In practice, however, cost-benefit analysis1 turns out to be quite a complex
matter. We will encounter and try to come to grips with these difficulties later
in this chapter, but some can be mentioned here as well. Let us assume that we
live in the simple world of the second optimality theorem of welfare economics
studied in Chapter 2. Suppose, then, that we have perfect competition as well as
Pareto optimality. Consider a project which is a marginal investment decision on
the part of the government.

The output from this project can be easily priced and we know that this price
will reflect the true social opportunity cost of output. Similarly, the inputs can
be priced in a satisfactory manner. If the project is going to yield benefits over a
period of time or/and require inputs over a period of time, we know that the real
rate of interest (which in equilibrium equals the marginal product of capital) will
be the proper discount rate for discounting the stream of future benefits and costs.
It is in this kind of world that cost-benefit analysis is a straightforward matter.

In the real world, however, things are nowhere as simple. It is in such situations
that cost-benefit analysis becomes difficult as well as interesting. Consider the case
of a malaria control program in a poor country with imperfect and, in some cases,
non-existent markets. This program clearly has profound external effects. Many
lives would be saved and the good health of many people would be maintained.
A large number of enterprises and, indeed, society as a whole are going to gain
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from this. But the difficulty here is that many of these effects are intangible. The
benefits cannot be accurately measured since markets may not exist. It would be
hard, indeed, to find a perfect market for the future health of the citizens of any
country, let alone a poor country.

Even if markets exist it would be unrealistic to expect them to be perfect.
Tax distortions, quotas, regulations, etc. have the effect of making prices depart
from true social opportunity costs even if external effects are not present. The
presence of import quotas and exchange regulations might indicate an ‘overvalued’
exchange rate, for example. A related but distinct problem is that the project
being considered might trigger off distortions in some other sector of the
economy.

Yet another set of problems arises if the project under consideration involves
increasing returns to scale technology. In this case, as we know from Chapter 17,
marginal cost pricing would involve perpetual losses and the market profitability
criterion would break down. There would be additional problems if two or
more projects with increasing returns to scale technology compete for the same
resources, for example, the same strip of land or the same source of funds.

When the project involves benefits and costs spread over a period of time
additional complications arise. One set of complications relates to the fact that
if there are distortions in the capital market, the market rate of interest may not
be the appropriate rate of discount. Moreover, it has been argued that the current
generation will undervalue the benefits that future generations may get from the
project and will, therefore, save too little. When a member of the current generation
saves more resources, then these are, in principle, made available to all members
of future generations. Hence, there is a public good aspect to current saving in an
intertemporal framework. In less-developed countries this problem is compounded
by the fact that capital markets, where they exist, may provide a rather inadequate
framework to predict the future. Moreover, with widespread poverty there might
be an overwhelming desire to postpone or avoid saving. In other words, the social
rate of discount is lower than the private rate of discount. An additional problem
is the treatment of risk and uncertainty associated with future benefits and costs.
In recent times, this risk and uncertainty component has taken sinister turns in the
case of, say, accidents at Three Mile Island, Chernobyl and Bhopal, pointing to
the need for a corresponding risk-benefit analysis.

In this chapter we study some aspects of the problem of cost-benefit analysis.
We examine elementary notions of costs, benefits and rates of discounts and the
notion of shadow price and the first- and second-order approaches to measuring
these. Some difficulties in such measurement are also pointed out. We also study
recent developments in the area of randomized evaluation. The chapter closes with
a concluding section.

21.2 Criteria for cost-benefit analysis

Suppose that we have been able to measure costs and benefits of a project
accurately.2 How do we go about comparing them in order to decide whether
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the project is worth undertaking? The literature typically distinguishes between
three different criteria:

(i) Net Present Value (NPV)

Let Bt be the return from the project in period t (and benefits last until period T0),
Ct be the cost attributable to the project in period t (and costs last until period
T1) and � be the appropriate social rate of discount. The net present value of the
project is, then:

NPV =
T0∑
t=0

Bt/(1 + �)t−
T1∑
t=0

Ct/(1 + �)t. (21.1)

It is implicitly assumed here that costs, benefits, their time spans, and the social
discount rate3 are all accurately measured. A simple criterion would be, then, that
a project should be pursued if it has a positive NPV.4

(ii) Internal Rate of Return (IRR)

The internal rate of return (labeled �) of a project is defined as the rate of discount
which, when applied to the stream of benefits and costs, would make the NPV so
calculated just equal to zero. Thus, we have:

T0∑
t=0

(Bt − Ct)/(1 +�)t = 0 (21.2)

where T0 is the common horizon over which benefits and costs accrue. We have
to solve for � from equation (21.2) and then compare it with some market rate of
interest. Two practical problems arise right here. First, equation (21.2) is a fairly
high order polynomial in �. A unique solution is ruled out5 and, indeed, several
roots of equation (21.2) may not be real.6 Second, there is the problem of choice
of the market rate of return to compare � with. If one uses the market rate of
interest then we are implying that if the IRR is larger than this rate of interest, then
the project has a net yield which is larger than those from available alternatives.
When there are many projects with �s larger than the market rate of interest, we
could rank these projects according to their IRRs and go down the list until the
total budget for public projects is exhausted.

Although the NPV has a definite intuitive meaning, the IRR is a less clear guide.
Consider, for example, the example in Table 21.1.

Table 21.1 Rankings of two projects according to NPV and IRR criteria

Cost ($) Return in
period 1 ($)

Return in
period 2 ($)

� NPV with
�= 0 ($)

NPV with
�= 1 ($)

Project I 1 0 4 1 3 0
Project II 1 2 1 1.414 2 0.25
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In Table 21.1 we consider two projects yielding returns over two time periods:
1 and 2. Each costs $1. The pattern of returns from these projects is as shown in
the table. We work with two discount rates �= 0 and �= 1. Project 1 has a higher
NPV but lower IRR than Project II with � = 0. With � = 1, the NPV of Project I
is zero whereas that of Project II is 0.25. If � is interpreted as the market rate of
interest, then with � = 0 Project I is superior to Project II according to the NPV
criterion and with � = 1 Project II is better. However, with the IRR Project II is
always better than Project I. Hence, the prescriptions of the NPV and the IRR
criteria may not coincide. The NPV is an intuitively straightforward criterion to
understand and would, under such circumstances, be preferred to the IRR. The
IRR has the further problem that it neglects the time profile of benefits and costs
associated with the project. Consider a project which has losses for some time but
large surpluses afterwards. If the discount rate is low NPV may be high but as
the discount rate rises, NPV tends to drop off. Through all this the IRR remains
unchanged.

(iii) Benefit–Cost Ratio (BCR)

This is defined simply as the ratio of the present value of benefits to the present
value of costs. Letting P denote BCR we have:

	 =
T0∑
t=0

Bt/(1 + �)t/
T1∑
t=0

Ct/(1 + �)t. (21.3)

Thus 	≷1 as NPV≷0. In this sense there is a clear link-up between the BCR and the
NPV criteria. However, the BCR has the drawback that, by concentrating on the
ratio of benefits to costs, it ignores the scale of the project. Take a numerical
example. Project I has benefits and costs with present value $400 and $200
respectively and the corresponding magnitudes for Project II are $340 and $160.
The values of 	 for the two projects are 2 and 2.125 respectively. Hence, according
to the BCR criterion, Project II is superior to Project I. But, clearly, according to
the NPV criterion Project I is superior.

The gist of the arguments so far is that the BCR and IRR have some difficulties
when it comes to the scale of a project and its optimal timing. The NPV criterion
might also have some difficulties if projects are lumpy and funds scarce. Thus,
choosing the appropriate criterion for cost-benefit analysis is no simple matter.
But these difficulties pale into insignificance when we consider the difficulties
associated with measuring benefits and costs and choosing the ‘right’ rate of
discount. To these we now turn.

21.3 The social rate of discount

What is the ‘right’ rate of discount to use for the stream of benefits and costs
from a project? Suppose we live in an economy with identical individuals.
Suppose, further, that all markets are perfect and the project being considered
is a marginal one, i.e., it does not have any effect on the structure of costs and
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prices in the rest of the economy. In such an economy suppose that all individuals
discount the future at the real rate of interest r. Should the social rate of discount
also be r?

At first sight, the answer to this question would appear to be ‘yes’. However,
this is correct only under certain additional assumptions. In particular, some value
judgments will have to be made. The projects undertaken today have an effect on
the resource/production position in the future. Decisions on a project today will
affect future generations, either because the life span of a project is longer than
the life span of a generation, Or because the structure of projects today affects the
type and nature of projects that can be undertaken by future generations. Only if
we ignore these effects can we claim that the social rate of discount is equal to the
private rate of discount being used by the current generation.

There is yet another reason why the private discount rate cannot be used as the
social rate of discount. This is because even a perfect market today neglects the
external effect that the welfare of future generations has on savings today. Suppose
society consists of H identical individuals with the private rate of discount equal
to the (perfect) real rate of interest, r. Suppose a typical individual values one
dollar transferred as assets to his inheritors as b dollars and one dollar transferred
to the inheritors of others as a dollars. Suppose a fraction � of his lifetime earnings
goes to his inheritors so that (1 − �) goes to the inheritors of others. Hence the
individual in formulating his optimal saving decision will equate the marginal
cost of saving one dollar (which is one dollar) to private marginal benefit which
is (�b + (1 − �)a) (1 + r). Hence the private discount rate is equal to:

r = 1/[�b + (1 − �)a]− 1. (21.4)

The social benefit from saving one dollar is higher since the private saving of
every individual has a beneficial effect on (H−1) individuals. The social benefits
of one dollar saved are:

(i) private benefit to the saver, �b + (1 − �)a;
(ii) benefits to the current generation from consumption of the savers’ heirs, i.e.,

(H − 1)�a;
(iii) benefits to the current generation from their own heirs’ consumption, i.e.,

(1 − �)b;
(iv) benefits to the current generation from the consumption of heirs other than

those of the saver, i.e., (H − 2)(1 − �)a.

Total social benefit is, therefore, b + a(H − 1). Hence, the true social rate of
discount will be rs, where:

rs = 1/[b + a(H − 1)]− 1. (21.5)

Only under very special circumstances will rs equal r. Usually, rs < r. By that
token, it is also clear that with the discount rate set at r, savings will be less than
optimal.
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Another reason why one might not want to use the market interest rate as
the social discount rate is because there might be inter-generational inequities
associated with the working of the market mechanism. Bequests may not be
optimal because the present generation derives too little utility from the welfare
of its inheritors. In other words, the present generation might take up a larger
than socially optimal share of capital resources of the economy. There is an effect
working in the opposite direction as well. If the economy is going through a phase
of technical progress, then there might be a case for transferring resources from
the future to the present.

Under these circumstances the rate at which the market permits transformation
between present and future consumption may not be the ideal rate of discount
to use in cost-benefit analysis. To see this, suppose that we have a social welfare
function that spans the consumption levels of different generations. We write it as:

W = W(C0, . . .,CT) (21.6)

where Ci is the consumption level of generation i. To make it more specific we
make it the discounted7 sum of utilities:

W =
T∑

t=0

U(Ct)/(1 +�)t.

Upon total differentiation we have:

dW/W0 = dC0 + (1 +�)−1(U1/U0)dC1 + . . .+ (1 +�)−t(Ut/U0)dCt+
(21.7)

where Ui is ∂U/∂Ci (the marginal utility of consumption in the ith period). A
much studied utility function in this context is one where margin utility takes the
special form:

Ui = �C−�
i (21.8)

where � and � are positive parameters. Now consider the discount factor applied
to period t. It is:

(1+�)−tUt/U0 = (1+�)−t(Ct/C
−�
0) = (1+�)−t(1+g)−�t = (1+�+g�)−t

(21.9)

where g is the (assumed constant) rate of growth of consumption each period.
Hence, the proper discount rate is (�+ g�) where � is the discount rate applied
to utility and the second term reflects the fact that consumption is going to grow
exogenously over time so that future consumption can be discounted at a higher
rate. There is no reason whatsoever why (�+ g�) should bear any resemblance
to the market rate of interest. One can think of circumstances where the social
discount rate should be less than the rate of interest.8 Suffice it to say here that
there are no hard and fast rules for selecting the social discount rate and much will
depend on the value judgment of the planner.
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21.4 Evaluating benefits and costs – shadow prices

We now come to the problem of evaluating the benefits and costs of a public
project. These measurements are often carried out using the notion of a shadow
price.

Let the vector of net output of the public sector be G with Gg indicating the net
output of good g. This net output is defined as total production less the input of
commodity g demanded by the public sector. Hence, Gg is the net amount of the
publicly produced good g which is available to private consumers.

When a new public project comes along it is referred to as
G, i.e., an increment
in the net production vector of the public sector. We now have to evaluate this
change and decide whether it is worth the while of society. Let this valuation
function9 be denoted by V(
G). Once we have been able to fix this valuation
function we would also be able to decide whether the value attached to Project I
is higher than that to Project II: V(
GI) > V(
GII).

Let us make the assumption here that the V function is differentiable and
the project 
G is marginal. Then we may write a first-order approximation to
V(
G) as:

V(
G) = V′(0)
G (21.10)

where V′(0) is the derivative of the V function at zero net output of the public
sector. V′(0) is often referred to as the vector of shadow prices, s. Hence a project
is desirable only if s
G > 0. The problem, then, is to devise good methods of
measuring this vector of shadow prices.

Little and Mirrlees (1968, 1974) have advocated the use of actual border prices
as shadow prices for goods that are internationally traded. This can be shown to
be a special case of a more general rule, of using as shadow prices the prices
for private producers that would obtain in an economy with optimal commodity
taxes as derived in Diamond and Mirrlees (1971, 1976). If the government is using
optimal taxes – both direct and indirect – then there is no question that this method
would give the right results. However, there is no reason to suppose that at any
point in time taxes will be set optimally. Hence it becomes necessary to go beyond
the Little–Mirrlees framework.

To evaluate the benefits and costs of a project – the shadow prices – one has
to devise a method of measuring the effects of a project on the consumers of
society. This has to be in terms of money. We will develop such a measure – first
for a representative agent model and then for a heterogeneous agent model. The
analysis here is based on the work of Boadway and Bruce (1984) and Hammond
(1989).

For the representative consumer, let U be the utility function, p be the consumer
price vector, y be the vector of goods bought,10 and I be the amount of transfers
received.11 The superscript ‘b’ refers to the situation before the project is
introduced and the superscript ‘a’ refers to the situation after the project is installed.
Hence, it is being assumed here that the project is going to affect the consumer
indirectly through changes in p, y, and I.
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From our analysis of the expenditure function (denoted by E here) in Chapter 1
we know that the change in utility 
U of this consumer can be written as:


U = E(pb,ya) − Ib = E(pb,ya) − E(pb,yb). (21.11)

The price vector p includes price gross of any tax paid for commodities purchased
by the consumer and net of taxes paid for commodities – including labor.

We are assuming here that Ib = E(pb,yb) which is standard practice in consumer
demand theory. To know the value of 
U one has to know or estimate the
expenditure function.12 In cost-benefit analysis, however, one tries to circumvent
this problem by making approximations to equation (21.11).

If the consumer maximizes utility after the introduction of the project then it
must be the case that Ia = E(pa,ya) so that equation (21.11) can be written as:


U = E(pb,ya) − Ia = E(pb,ya) − E(paya) + Ib − Ia

= [E(pb,ya) − E(pa,ya)]+
I (21.12)

where the term in square brackets is the equivalent variation for the price change
alone.

From the theory of expenditure function we know that:

E(p,ya) ≤ pya (21.13)

and the equality holds only when p = pa. Further, p = pa is a global maximum of
the function:

F(p) = (p,ya) − pya (21.14)

because F(p) is zero at p = pa and negative everywhere else. The first-order
condition for a maximum of F(.) is that:

∂F/∂p = ∂E/∂p − ya = 0 (21.15)

where the ∂s are to be interpreted as the gradient functions. Hence, at the optimal
consumption basket the gradient of the expenditure function is equal to the net
demand function, ya.

Hence we have the first-order approximation

E(pb,ya) − E(pa,ya) = (pb − pa)ya = −
p.ya. (21.16)

Substituting this into equation (21.12) we have:


U(l) = 
I −
p.ya (21.17)

where 
U(1) stands for the first-order change in the utility of the consumer.
On equation (21.17) we can impose the consumer’s budget constraint: Ia = paya,
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Ib = pb − yb to get:


U1 = (paya) − (pbyb) − (pa − pb)ya = pa(yb − ya) = pb
y. (21.18)

This term is often used in cost-benefit analysis. However, clearly this rule will not
be very useful when pb
y = 0. In this case we have to rely not on first-order but
on second-order approximations.

Second-order approximations

We take a second-order Taylor series expansion of expression (21.16) to get:

E(pb,ya) − E(pa,ya) = −
p.ya + (1/2)
p.H.
p (21.19)

where H denotes the second-order Hessian matrix of second-order partial
derivatives: ∂2E/(∂pi∂pj) where ∂E/∂pi = yi for each good i. Hence this Hessian
matrix is also the Jacobian matrix J with elements ya

p where ya
p = yp(pa,ya) which

expresses net demands for each commodity as a function of the price vector p,
evaluated at pa, holding fixed the level of income.

In case the second-order approximation can be written as:


U(2) = pb
y + (1/2)pa[
y − yb
I (pb,
y)] (21.20)

where yb
I is the vector of demand responses ∂Gg/∂I for each good g at (pb, Ib)

and 
U(2) is the second-order approximation to the welfare change.
We can easily extend the analysis here to the case of heterogeneous consumers.

Let consumers be indexed by h and let H be the (finite) set of all consumers. Each
consumer has a net demand vector yh, but faces the common price vector p. In
this case each individual h experiences a net gain of welfare, based on h’s own
expenditure function Eh. This gain in net welfare is:


Uh = Eh(pb,ya
h) − Eh(pb,yb

h) (21.21)

and the first-order approximation is:


Uh(l) = pb
yh (21.22)

and the second-order approximation is:


Uh(2) = pb
yh + (1/2)[pa − (pa,yb
Ih )pb]
yh (21.23)

where Ih is the earned income of the hth consumer. Now if a project produces
changes such that 
Uh(l) and 
Uh(2) > 0 for all h ∈ H then, clearly, this project
is Pareto improving in nature and should be undertaken. Generally, however, a
project may benefit some consumers and hurt others. In such case we will have
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to resort to evaluating welfare changes according to some sort of social welfare
function. What kind of social welfare function should be used for this purpose?

Some economists advocate the use of the utilitarian criterion. Thus they
would calculate �h
Uh(l) or �h
Uh(2). If the decision rule �h
Uh(l) gives
an unambiguous answer then they would choose a project for which this sum
was positive and reject those for which this sum was negative. If the first-order
approximation does not give an unequivocal answer then one may have to go to
the second-order approximation.

If we recall our discussion of Chapter 3, we realize that the use of the utilitarian
criterion may mean that projects which primarily benefit the poor may not get
selected. In such cases, it may be necessary to use concave sums: �h	h
Uh(1)
and �h	h
Uh(2) where the weights 	h are high for poor consumers and low for
rich consumers. We have seen examples of this in the case of the problem of
public-sector pricing discussed in Chapter 17.

No matter which criterion is used for evaluating the effects of the public project,
one needs to estimate 
yh, 
p, and 
Ih. So far we have been treating these as
being exogenous, which is not quite satisfactory.

Suppose that private producers face the producer price vector q so that their
supply decisions are represented by S(q) where S(q) is the supply function. Let
the ad valorem tax vector be � so that pg = (1+�g)qg. Now write z for the vector
of net outputs of the public sector, including the project(s) being evaluated. The
public project(s) can then be regarded as a change 
z in this vector. If s is a
suitable shadow price vector, one can write s
z ≷ = 0 according as the project
ε
z is favorable or unfavorable for small ε > 0.

Market equilibrium conditions can be written as:

∑
h

yh(p(q), Ih) = S(q) + z. (21.24)

On the lefthand side we have consumer demand that is a function of consumer
prices which, in turn for a given vector of commodity taxes, is a function of the
producer price vector, and consumer unearned incomes Ih. On the righthand side
we have supply which consists of the supply by private producers, S(q), and the
net supply of the public projects.

If equation (21.24) is satisfied then it must be the case that p(q)�hyh(p(q),
Ih) = p(q)[S(q)+z].However, we also know from the fact that individual budgets
are exhausted in equilibrium that p(q)yh(p(q), Ih) = Ih for each consumer h. Hence,
q can be solved as a function of q(z) only if:

∑
h

Ih = (p(q(z))[S(q(z)) + z]. (21.25)

Given Ih, now the righthand side of equation (21.25) has to be a constant,
independent of z, which is unlikely. Realize that equation (21.25) represents
the aggregate budget equation of the economy. Since we are assuming that
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consumers are exactly meeting their budget constraints, equation (21.25) requires
that the government must also balance its budget and that firms must pay out
their net profits qS(q) as dividends. The government’s net budget surplus13 can
be written as:

−
[∑

h

Ih − qS(q)

]
+ pz + (p − q)S(q). (21.26)

The first term (within square brackets) determines the consumer’s net income
from government transfers (unearned income minus dividends). The second term
is revenue from sale of output of the public project, and the last term is the revenue
from indirect taxation.

z must be treated as exogenous in cost-benefit analysis, precisely because
the aim is to evaluate specified changes in z. Hence, the government needs a
balancing policy which maintains equation (21.25) even as z is allowed to change
parametrically. Since the government can determine Ih and p(q), these in reduced
form will become functions of z. Moreover, Ih should also be a function of q in
order to ensure that the firm’s profits are distributed. Hence, equation (21.24) can
now be written in the form:

∑
h

yh(p(q,z), Ih(q,z)) = S(q) + z (21.27)

with
∑

h

Ih(q,z) = p(q,z)[S(q) + z]. (21.28)

Because of equation (21.28) the number of equations in (21.27) is one less than
the number of variables to be solved for. Hence, all solutions must be in terms of
the output vector of the public project (s): z. Thus these computations are valid in
some neighborhood of the initial output vector.

Proceeding along these lines, now, we totally differentiate equation (21.27)
to get:

∑
h

[
yb

ph(pb
qdq + pb

zdz) + yb
Ih(Ib

qhdq + Ib
zhdz)

]
= Sb

qdq + dz. (21.29)

Here yb
ph,q

b
p,p

b
z · Sb

q denote the Jacobian matrices of partial derivatives evaluated

at the original equilibrium, yb
Ih

is the vector of responses to change in consumer

incomes, and (Ib
qh, Ib

zh) is the gradient vector of Ih evaluated at (qb, zb). Choosing
one commodity as the numeraire and solving we have:

dq =
[∑

h

(yb
phpb

q + yb
IhIb

qh) − Sb
q

]−1

[(ID) −
∑

h

(yb
phpb

z + yb
IhIb

zh)]dz (21.30)
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where (ID) stands for the identity matrix. This equation has a solution provided
that the inverse in the first part of the righthand side exists. Equation (21.30) can
be substituted into the differential expressions for dp and dIh to get:

dp = pq
bdq + pb

zdz = p̃b
zdz (21.31)

dIh = Ib
qhdq + Ib

zhdz = ỹb
zhdz (21.32)

where the tilde (∼) refers to the total effect of the project. It must also be the case
that:

dyh = yb
phdp + yb

Iz = ỹb
zhdz. (21.33)

From this we can derive the following differential measure of each individual’s
net gain in money metric utility:

dUh = pbdyh + dIh − dp.yh = Ub
zh = shdz (21.34)

where sh is the shadow price for the net benefit to the hth consumer. So that from
equations (21.31), (21.32) and (21.33) we get:

yh = Ub
zh = pbyzh = Ib

zh − pb
zyh. (21.35)

The first-order expression for individual hth’s net benefit is, then,


Uh(1) = sh
z. (21.36)

For society as a whole we get the first-order change in welfare, 
W(l), as:


W(1) =
∑

h

	b
h
Uh(1) =

∑
h

	b
h(sh
z) = s
z

where s = �h	hsh is the shadow price vector, a welfare weighted sum of the
individual shadow price vectors. Generally, s is sensitive to the welfare weights 	h
except in the special case when all the vectors sh are proportional.

It is important to note that each component of each shadow price vector (sh) and
s may be completely unrelated to the producer price vector, q, and the consumer
price vector, p. Indeed some of the components of sh may be negative.

In the Diamond–Mirrlees framework with optimal commodity tax rates,
producer prices will reflect true social scarcities. These producer prices could
then be used as shadow prices in the calculation of costs and benefits. In the
special case when the country in question is a small open economy, international
trade in goods can be regarded as the activity of a firm facing border prices. The
border prices are the producer prices of this firm. Hence, the equality between
shadow prices and producer prices translates itself onto equality between shadow
prices and border prices.
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An important precondition for this argument to hold true is that commodity taxes
be optimal both before and after the installation of the project. In the absence of
optimal taxes after the project, Dasgupta and Stiglitz (1974) and Blitzer et al.
(1981) have demonstrated that the planner’s policy responses would make the
appropriate shadow price vector different from the border price vector. Bruce and
Harris (1982) and Diewert (1983) are the other significant contributions in this
area.14

Some examples

(i) The shadow price of labor

Evaluation of costs and benefits – even when using the methods outlined above –
is a major problem when markets do not exist or are distorted because of taxes,
quotas, and the like. We can illustrate the issues involved while considering the
problem of arriving at the shadow price of labor. Labor markets are often quite
distorted. For example, there might be involuntary unemployment15 so that the
going wage rate does not reflect the true scarcity of labor. Another example would
be that in developing countries the minimum wage paid in the urban sector may
be higher than the prevailing wage in the rural/unorganized sector. This latter
wage is, clearly, the opportunity cost16 to society of transferring a worker from
the unorganized to the organized sector.

The project evaluator takes these distortions as a fact of life. He still has to
determine the social opportunity cost of labor to society. Additional labor for the
project may come from three sources: workers previously employed elsewhere at
the market wage rate; workers involuntarily unemployed; and workers voluntarily
employed. The shadow wage rate is a weighted average of the wage rate for each
type of labor. For workers employed elsewhere, the opportunity cost of using
them in the project is the gross of tax wage (assuming that they are being paid
their marginal product) which they are getting. For workers who are voluntarily
unemployed it is the net of tax wage that they must be paid in order to induce
them to work. The wage rate for involuntarily unemployed workers is a bit tricky.
These workers may be willing to work at less than the going wage rate but surely
the opportunity cost of employing them is greater than zero.17 In practice, several
different numbers may be tried.

(ii) The shadow price of foreign exchange

Another interesting example is the measurement of the shadow price of foreign
exchange. Many projects may directly or indirectly use tradable inputs. Or the
output of a project may be traded or this output may be an input into some other
industry whose output is traded. It is important, then, for the project evaluator
to have a good idea of the social opportunity cost of foreign exchange. If we are
dealing with a small open economy in the sense that it cannot affect world prices or
interest rates and there are no tariff or non-tariff barriers to international trade and
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we live in a fully flexible exchange rate regime, then we can use the exchange rate
itself as the appropriate opportunity cost foreign currency. In practice, however,
there are many distortions in foreign trade so that shadow prices have to be used.

Consider the following example. We have a small open economy with a common
tariff rate (at rate �) on all imports. Thus all imports can be treated as a composite
good and imports and exports can be denominated in terms of foreign exchange.
The supply curve of foreign exchange from the sales of exports is upward sloping
because, given the world price of exports and the price (e) of foreign exchange, the
higher will be the price received in terms of domestic currency for these exports
and, hence, more exports will be offered. Imports involve a demand for foreign
exchange and the price is equal to the international price plus the tariff. Hence,
the shadow price of foreign exchange (pe,) can be written as:

pe = e(dX/dG) − e(1 + �)(dZ/dG)

where dX (dZ) is the change in exports (imports) consequent to a change in the
project, dG.

This analysis can easily be extended to cover many imports with different tariff
rates. Thus if there are n imports (Zi, i = 1, . . .,n) with n different tariff rates (�i)
we can easily derive:

pe = e(dX/dG) −
n∑

i=1

e(1 + �i)(dZi/dG).

The technique discussed above converts foreign prices into domestic prices. In
the face of tariff distortions this will create wrong incentives. Thus, with import
tariffs and an overvalued exchange rate, resources would be diverted to the export
sector and there would be an incentive to economize on imports. As noted above,
Little and Mirrless have advocated a system whereby all domestic prices are
converted into foreign price equivalents. This raises problems when one comes to
non-traded goods – say electricity. In this case Little and Mirrlees advocate going
to an earlier stage of production – say the technology and equipment for power
generation from thermal units. These goods are sold in the international market
and these prices could be used. While this logic does take us some distance, it
cannot solve all our problems since certain goods are neither traded nor have
traded goods as inputs. An obvious example of this would be labor.

(iii) The shadow value of public money

Many projects are not self-financing. This may be because of economies of scale
or because the project has benefits in the distant future or for some other reason.
Currently, however, the deficit must be financed. One must also find out the
opportunity cost of financing since this diverts resources from the private sector.

If we were to follow the method of Feldstein (1985) we would calculate this cost
of finance as the resource cost plus the deadweight loss of distortionary taxation
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used to finance the project. This cost depends upon the method of financing.
In Chapter 12 we have considered tax versus bond financing and these same
formulae could be used to ascertain the cost of financing the value of public
money used in the project.

Another approach that has sometimes been used in the literature is due to
Feldstein (1972b). Consider the problem of financing the deficit associated with a
public project. This diverts resources from the private sector. Let us suppose that
a fraction � of this would have been invested and the fraction (1 −�) consumed.
We know that � depends on the method of financing.

Currently a dollar’s worth of consumption is valued at one dollar. Consider now
investment. Suppose that the IRR on private investment is ip. We might expect
ip to exceed the social rate of discount � because of corporate income taxation
and other factors. A dollar’s worth of investment yields a perpetual stream of
consumption of size ip/�. Hence the opportunity cost pg of a dollar diverted from
the private sector is:

pg = (1 −�) +�ip/�.

This formulation can be further complicated by assuming that part of ip is invested
and will yield a further income stream which will have to be considered in the
formulation of opportunity cost.

Feldstein argues that if Dt is the deficit in year t then net present value of the
project should be defined as:

V =
∑

t

[Bt − Ct − (pg − 1)Dt]/(l + �)t

where pg is the opportunity cost of public funds as defined above and (pg − 1)Dt

is the additional opportunity cost incurred in the financing of the losses from the
project over and above that incurred by a non-distortionary transfer of funds. It is
clear that pg and Dt may vary from one time period to the next.

21.5 Some difficulties in the measurement of benefits
and costs

The approach to the measurement of benefits and costs discussed above relies
basically upon the compensated demand curves. However, there are certain
elements of benefits and costs that are very hard to measure using these methods.
Consider, for example, the construction of a new highway. It is believed that this
project will improve road safety, reduce wear and tear on vehicles, and save travel
time. These will be the benefits of the project.

Now these benefits are not readily tangible and reducible to monetary terms
and some ingenuity may be called for. For example, one may try to impute the
benefits of improved road safety by adding up the medical costs associated with
them and the cost of lost work during treatment. However, the benefit of saving
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lives is somewhat more controversial. How does one put a monetary value on
human life? One method is to assume that the person whose life has been saved is
being paid her marginal product. The discounted value of all her future earnings is
the value of the life saved. There are some difficulties with this reasoning. What,
for example, is the value of the life of an unemployed or retired person? Is the
value of the life of a high earner greater than that of a low earner? Moreover,
any existing discrimination against women and racial minorities can get built into
these calculations.

An alternative method that is used to value human life is the required
compensation approach. With this method individuals are asked questions of the
form: How much would you pay to have the risk to your life reduced?18 This
method also has problems associated with it. In almost all cases individuals do
not have enough information to make a reasoned judgment about such issues.
What about the value of one’s life to one’s dependents and so on? Once all such
elements are factored in, the value of a human life would probably be higher than
the amount of human capital embodied in the person. There are no easy answers
to such questions. Much depends upon the project in question and on the value
judgments of the planner.

The remaining benefits of the highway are simpler to obtain. Reduced wear and
tear on vehicles can be evaluated through using engineering and cost data. Finally,
the saving of travel time can be evaluated at the wage rate reflecting the current
leisure/labor trade-off.

In addition to these elements we have to consider the indirect benefits and costs
of the project. A new airport, for example, will involve noise pollution, which is
a negative externality, as well as the creation of new jobs in the area of the airport
(which would then be a positive externality).

21.6 Randomized evaluation

Cost benefit analysis as discussed in this chapter assumes that these benefits and
costs from the project in question are easy to identify and to quantify. Often,
however, this may not be the case. The increase in literacy in a developing country,
following a policy push to increase the availability of books, may actually be the
result of labor market conditions such that additional jobs require literacy and few,
if any, jobs are available to illiterate people. In a cost benefit analysis of the sort
that we have discussed in this chapter we would (wrongly) ascribe the increase in
literacy to the program and count it as a benefit. Clearly, more effort is required
to ascertain the true impact of the literacy project.

Thus, the problem we are addressing here is that of causal inference. How far are
we justified in ascribing the increase in literacy to this project? To do this we need
to address the counterfactual questions: How would individuals who participated
in the literacy program have fared without this program? The complementary
counterfactual question is: How would those who did not participate in the program
have fared if they did participate in this program? Some may argue that one
can compare the same individual over time (presumably before and after the
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implementation of the program). This may be misleading since other factors that
affect the outcome would have changed since the program was introduced. In
particular, it is important to note that individual differences may be difficult, if not
impossible to assess. It would be possible, however, for us to compare the average
impact of a program on a group (called the treatment group) and compare it with
the average effect on a group that was not subject to this program (the control
group).

This line of inquiry has been known for quite some time in many areas,
particularly in medicinal trials. The average impact of a new medicine, say for
Type 2 diabetes, is tested on the treatment group with an otherwise similar group
left out (the control group). The difference between the averages of the two is then
ascribed to the new medicine. The statistical theory behind such evaluation is now
quite well developed.

In recent years, this approach has been used to evaluate the impact of public
expenditure, particularly in developing countries. Randomized evaluation is now
a central ingredient in the toolkit of the development public economist. Based
largely on Duflo et al. (2007) and Duflo and Kremer (2005) we now attempt a
brief overview of the methodology used in randomized evaluation. We do this in
the context of a specific example studied by Duflo et al. (2007).

Suppose there exists a public expenditure program consisting of giving out
textbooks to students in various schools. Outcomes are generically denoted by Y.
We denote by ZT

i the average test scores of children in school i who get the
textbook. We also denote by ZN

i the average test scores of children in the same
school i if the children did not have textbooks. The actual outcome for school i is Zi.
The policy-maker is interested in the difference:

ZT
i − ZN

i which is the effect of having textbooks in school i. Clearly, it is not
possible to observe the school’s results with and without the textbook program –
the school either has the program or it does not. We may be interested in the
expected average effect that the textbook program has on schools, i.e., we are
interested in:

E[ZT
i − ZN

i ] (21.37)

Suppose this program is run in a region with some schools getting textbooks and
some schools denied these textbooks and that we have data on these schools. One
simple way to evaluate the impact of the textbook program would be to take the
average test scores of both groups and examine the difference between the two.
In a large sample, this will converge to:

D = E[ZT
i /school has textbooks]− E[ZN

i /school has no textbooks]
= E[ZT

i /T]− E[ZN
i /N]. (21.38)

We now define the term E[ZN
i /T] (the expected outcome for a student in the

subject group had she not been treated). This (unobserved) quantity is added and
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subtracted to get:

D = E[ZT
i /T]− E[ZN

i /T]− E[ZN
i /N]+ E[ZN

i /T]
= E[ZT

i − ZN
i /T]+ E[ZN

i /T]− E[ZN
i /N]. (21.39)

The term E[ZT
i −ZN

i /T] is called the treatment effect which needs to be isolated,
i.e., the effect of the textbooks program on the average score of children receiving
these textbooks. The term E[ZN

i /T]−E[ZN
i /N] is the selection bias. This captures

the difference in potential untreated outcomes between the treatment and the
control group schools. Schools that get the textbooks may have had different
scores even if the did not get the textbooks. This could happen, for example, if
children in the schools getting textbooks consider education a high priority. In that
case E[ZN

i /T]>E[ZN
i /N]. But, the bias could also work in the opposite direction.

Since E[ZN
i /T] is not observed it is impossible to assess the magnitude or even

the sign of the selection bias. Empirical work on randomized evaluation is geared
towards eliminating the selection bias so that accurate observations about the
impact of the program can be made.

The modus operandi of randomized evaluation is as follows. From a given
population we select a sample of N people. This may not be a randomly
selected population and could depend on certain observables such as household
characteristics. From this sample we assign individuals or groups of individuals
to the control (NN individuals) and treatment (NT individuals) groups randomly
so that each individual or group of individual has the same probability of being in
the treatment group.

This treatment group is then exposed to the treatment (getting textbooks) so that
their treatment status is T whereas the control group does not get the textbooks
(their status is N). The average treatment effect is then estimated as the difference
in the empirical means of Z between the two groups:

D̂ = Ê[Zi/T]− Ê[Zi/N]
where Ê denotes the simple average. As the sample size gets arbitrarily large this
difference converges to:

D = E[ZT
i /T]− E[ZN

i /N].
Since the treatment was randomly assigned, students assigned to the treatment

and no-treatment groups differ in expectation only through their exposure to the
treatment. If neither group had received the treatment their outcomes would have
been the same, in an expected value sense. In other words the selection bias
E[ZN

i /T] − E[ZN
i /N] is zero. Further, if the potential outcomes for any given

individual are unrelated to the treatment status of any other individual then we
must have:

E[Zi/T]− E[Zi/N] = E[ZT
i − ZN

i /T] = E[ZT
i − ZN

i ] (21.40)

which is the causal parameter of interest for the treatment.
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Econometric estimation of D̂ involves the specification:

Zi = 	o + 	1T + εi (21.41)

where T is a dummy variable equal to 1 if the individual is in the treatment
group and zero otherwise. Equation (21.41) can be estimated using OLS and the
estimated average treatment effect 	̂1 is such that 	̂1 = Ê[Zi/T]− Ê[Zi/N].

Thus, when a randomized evaluation is correctly designed and implemented
the estimated coefficient gives an unbiased estimate of the effect of the pro-
gram under study.19 The crux of the problem then lies in the proper design
and implementation of randomized evaluation.

Duflo et al. (2007) and Duflo and Kremer (2005), and several other authors
discuss the strategy of appropriate design and implementation of randomized
evaluations.

21.7 Conclusions

In this chapter we have studied some aspects of the problem of cost-benefit
analysis. We studied elementary notions of costs, benefits and rates of discounts.
We also discussed the notion of shadow price and the first- and second-order
approaches to its measurement. Some difficulties in such measurement were also
pointed out.

Our analysis in this chapter has by no means been exhaustive. However, it does
point out some of the key concerns of social cost-benefit planners.

We also briefly examined the new technique of randomized evaluations as
a means of assessing the impact of specific public expenditure programs. The
discussion has been indicative and designed to introduce students to this important
and rapidly expanding area of public economics research.

Notes

1 In the jargon of economics, cost-benefit analysis is part of the set of policy choices
gathered under the umbrella of ‘project appraisal’. For a broader treatment of cost-benefit
analysis see Boadway and Bruce (1984) or Dreze and Stern (1987).

2 We will address this issue in some detail a little later on in this chapter.
3 If capital markets were perfect the discount rate would coincide with the rate of interest.

But this may not be the case. We will consider this issue later in this chapter.
4 It is usual to simplify the NPV formula so that benefits as well as costs accrue over the

same horizon.
5 When this happens it is common to choose the highest real value of � as the IRR.
6 In some instances, the problem may be less severe than it appears at first glance. The

number of roots depends on the number of times (Bt −Ct) changes sign. This may happen
only infrequently in the case of a typical project. In many instances Bt − Ct is negative
to begin with and then later becomes positive.

7 Ramsey (1928) had forcefully argued that � should equal zero. A positive � would
indicate myopia and would, therefore, not be suitable as an intertemporal social welfare
function for society. Here � is different from the internal rate of return discussed earlier.

8 Indeed we have discussed some reasons for this.
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9 This subsumes, therefore, both the benefits as well as the costs of the project.
10 To be sure, goods may be bought and sold at different points in time. These are called

different goods in the consumption vector: y.
11 All input by this consumer is counted as negative consumption. This would include

labor services. Hence I includes transfers or unearned income.
12 For a review of the empirical work on the estimation of the expenditure function see

Blundell (1990).
13 Which should be equal to zero.
14 Hammond (1986) and (1989) has demonstrated that under some conditions even in

the absence of optimal commodity taxes, the Diamond–Mirrlees intuition of having
shadow prices determined by border prices for traded goods may be right for outputs
and inputs that are internationally traded. For outputs and inputs that are not traded the
shadow prices derived earlier in this chapter will continue to be relevant.

15 The unemployment is involuntary in the sense that workers are willing to work at the
going wage rate but are unable to find jobs.

16 One should add, of course, travel and transactions costs.
17 A similar problem arises with respect to ‘disguised’ unemployment in the case of

developing countries; see Sen (1967), for instance.
18 Implicitly, then, what is the value you attach to reducing the risk to your life by using

the better safer highway?
19 It should be emphasized that this technique measures the overall impact of a particular

program – say test scores after distribution of textbooks. In other words other inputs
into the program are allowed to change. This clearly is different from the impact of
textbooks with all other inputs held constant.

Additional reading

Interesting works on cost-benefit analysis include Harberger (1978), Haveman
and Margolis (1983), and Gramlich (1990).



22 Environmental taxation and
emission trading schemes

Key concepts: Instrument choice; carbon taxation; emissions trading
schemes; double dividend.

22.1 Introduction

The state of the global environment – particularly in respect of climate change –
has led to a resurgence of interest in environmental taxation. Thus the fourth
report of the Intergovernmental Panel on Climate Change (IPCC) and the October
2006 release of the Stern Review of the Economics of Climate Change argued
forcefully for measures to control climate change through reduction of carbon and
other emissions.

The scale of such problems is so large that environmental policy cannot be
approached simply as a technical issue requiring the use of abatement technologies
and the setting of emission limits for large firms. Our discussion here is essentially
indicative and follows, in the main, Fullerton et al. (2008) and OECD (2008).

Command and control mechanisms will not be adequate to address such issues.
It is now clear that major structural changes to production and consumption
patterns are needed to address the climate challenge, for instance, in a satisfactory
manner. This adjustment will, in turn, entail huge costs over a long period of time.
Hence, there has been a search for policy instruments that would be able to affect
the changes in production and consumption patterns while minimizing the cost of
adjustment.

A related issue is that if in the process of pursuing such policy additional
resources can be generated then these resources could make possible the reduction
of revenues from other distortionary taxes. Thus the implementation of a successful
environmental tax regime, for example, may make it possible to reduce other
commodity taxes or, the rate of the VAT. In that sense, then, the environmental
tax could yield a double dividend. The environmental tax reduces pollution and
the revenue from the tax makes it possible to reduce other distortionary taxes.
More fundamentally, the availability of environmental taxes makes it possible for
policy-makers to re-examine the entire mix of taxes available to them.
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22.2 Instrument choice in the design of environmental policy

The primary objective in designing environmental policy is to ensure that the
instrument chosen is efficient. The two policy instruments often cited in this
context are environmental taxes and emissions trading schemes. In comparison
with conventional measures associated with command and control regulation
these can achieve greater environmental benefits for given cost; or, for the same
environmental gain involve a lower cost. The literature mentions several reasons
why this may be the case (Fullerton, et al. 2008).

(i) Static efficiency. Instruments to reduce environmental pollution are often
applied in a situation where there are heterogeneous firms with varying costs.
Economic instruments such as environmental taxes and emission trading
permits are able to distinguish between these firms. An environmental tax,
for example, will raise marginal costs of firms with different marginal
costs differentially. This will achieve a given level of abatement with
lower abatement costs. Further, economic instruments would not require the
regulator to acquire detailed information about the cost structures of different
firms. On the other hand, a command and control mechanism would require
the regulator to fix targets for each polluting unit and would, therefore, require
information on firms’ costs. Firms may not have the incentive to reveal
their true costs. In many cases the regulatory authority would not be able
to distinguish between the different cost structures of heterogeneous firms.

This is depicted in Figure 22.1.
Consider the problem studied in Figure 22.1. There are two firms, called
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Figure 22.1 Static environmental efficiency.
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these two firms the total abatement required is the distance O1O2. The pollutant
is assumed to be ‘uniformly mixed’ so that the environmental benefit is a
function of total abatement alone, not on how this is divided among the firms.
With an emissions tax rate set at P∗ or an emissions trading system with an
equilibrium price equal to P∗ we achieve the least cost method of attaining the
required total abatement, i.e., by equating marginal abatement costs across the
two firms which, in turn, is equated to the price. The distribution of abatement is
given by S∗. With a command and control mechanism in place the distribution
of abatement is given by S. The triangular area K1K2K∗ represents the excess
cost of the command control mechanism for attaining the same total abatement.
This, then, is the efficiency cost of using the command and control system.

(ii) Dynamic innovative incentive. If quantitative limits on pollution are
imposed the firm would not have an incentive to lower emissions even further.
In particular, if targets are negotiated on a case-by-case basis, the firm may be
reluctant to exceed requirements simply because it fears that it may then face
even more stringent requirements in the future. In contrast, if an environmental
tax on emissions is in place the firm will have an incentive to reduce emissions
even further and to develop new technologies with marginal cost below the
tax rate.

(iii) Robustness to negotiated erosion. When command and control mechanisms
for controlling environmental pollution are in place a target must be set
for each firm. The regulatory authority will then have to rely on the cost
information supplied by the firm. The firm, then, has control over a key aspect
of environmental regulatory policy and may be able to extract a price from the
regulator for its cooperation. In contrast, environmental taxes are set uniformly
and the regulator has no need to consider the individual circumstances of any
given firm. With taxes the risk of eroding the environmental effectiveness of
the policy is substantially reduced.

(iv) Revenue potential. Environmental taxes and tradable emission permits raise
revenue. But whether this should be considered a reliable and separate source
of revenue is the subject of controversy and is discussed below. From the point
of view of budgetary policy the revenue from environmental taxes may not
be considered stable since there are incentive effects to lower emissions. In
particular, the buoyancy of the tax1 may be lower than many regular commod-
ity personal income taxes. However, the revenue from all taxes is affected by
behavioral responses and, therefore, this problem may be overstated.

Disadvantages of using environmental taxes and other
economic instruments

As Helfand et al. (2003) show, there isn’t an unambiguous case for choosing
economic instruments over command and control mechanisms. If, for example,
pollution varies by source of emission, source-by-source regulation may be needed
to reach a more efficient outcome. Of course, this is possible through differentiated
emissions taxes, but once this is permitted the rate of the tax becomes prone to
lobbying by individual firms. Furthermore, some environmental taxes may have
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to be imposed at a uniform rate even when pollution is known to vary across
geographical areas.

Further, environmental taxes may impinge on the decision-making structures
of the firm and impose costs, which are not easily internalized. For example, in the
absence of environmental taxation the firm may have organized its internal division
of activities and control structures in a particular way. When an environmental
tax is imposed the firm will have to consider the marginal tax savings against the
marginal cost of abatement. This decision may not have been fully incorporated
in the firm’s organizational structure. Especially, if the tax is small the firm may
not find it necessary to alter its decision-making processes and may simply pay
the tax and may not abate. In that case, the required abatement is not attained.
In such cases, command and control mechanisms may work better. If the firm is
indeed forced to take the environmental tax into consideration, perhaps because
the rate is high, the tax does not cover the internal cost of adjustment to the firm,
not all of which may be passed on to consumers as higher prices.

Sometimes economic instruments may have adverse effects. A tax on toxic
wastes, for example, may reduce toxic wastes but may also increase the attraction
of illegal dumping of toxic wastes or shipment to poor, developing countries (the
pollution haven hypothesis). We also discuss below some methods of avoiding
such outcomes.

Environmental taxes are often imposed on commodities such as energy and
transport. The poor often spend a larger fraction of their income on such products
than do the rich. Hence, this tax may be regressive, just as many efficient
commodity taxes are (see Chapter 13).

Finally, there is the fear that environmental taxes by raising the cost of
production may lower the international competitiveness of the country. Hence,
the environmental tax may appear like an export tax. Clearly, although the case
for using economic instruments to facilitate abatement is strong, it is by no means
unambiguous.

Other relevant considerations in instrument choice

Both environmental taxes and conventional regulations require mechanisms
for administration and enforcement. This involves costs. Although generalized
statements are hard to make, some broad conclusions can be had.

First, a pollution tax requires knowledge of the quantum of emissions, whereas
a command and control set-up would simply check whether certain abatement
technologies had been put in place. This would involve lower costs. Second,
whereas the quantum of ordinary final goods produced can be cross-checked with
invoices from suppliers, for example, the same cannot be said for emissions.
Each individual firm would have knowledge about its emissions and may have an
incentive to conceal the full extent of its emissions. However, excise taxes on inputs
may be a relatively straightforward and inexpensive way of regulating the polluting
process that use such inputs. Input taxes do not require direct contact between the
regulators and the polluters. For example, since the number of petrol companies
is small an excise duty on mineral oil may be easy to administer. Moreover, an
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environmental tax, particularly if it is large, may signal to the general public that
reducing emissions is a good indicator of the urgency of the pollution behavior.
This may, then, result in ‘greener’ behavior. On the other hand, a low rate of tax
may signal the relative insignificance of the emissions issue.

22.3 Choosing between environmental taxes and
emissions trading

We have not yet addressed the problem of choosing between environmental
taxes and emissions trading. Under certainty the two policy measures are almost
equivalent. If an emissions tax at the rate � leads to an emissions level of � then the
same outcome can be achieved by imposing emissions limit of � and trading these
emission permits. This would be equivalent to an emissions tax of �, if the market
is competitive. The equilibrium outcomes for firms will be the same under the two
arrangements and the abatement costs incurred by firms would be the same.

This result holds true irrespective of whether the permits are distributed free or
are auctioned off. In both cases the value of the last permit used is given by the
abatement cost which for level � is � . If the permits were auctioned in a competitive
market the revenue yield would be the same as under an environmental tax.

In the face of uncertainty, however, this equivalence breaks down. There are
arguments for and against both environmental taxes and emissions permits and
neither instrument can be shown to be unambiguously superior. Thus the impact of
an environmental tax on emissions behavior can be more or less than anticipated.
When it is required to reach a particular target (say as in the Kyoto scheme) this
may be a drawback. Further, the tax rate on emissions amounts to an upper limit
on the unit abatement cost to be incurred. If abatement is more costly then this
firm may simply pay the tax and keep polluting anyway. This will not have the
desired impact of restricting emissions.

In a classic paper Weitzman (1974) compares the impacts of price and quantity
regulations under uncertainty. His conclusion is that which policy performs better
depends on the relative slopes of the marginal abatement cost and marginal
damage cost schedules. This, of course, becomes an empirical matter. If marginal
abatement costs increase with extra abatement more rapidly than marginal damage
costs increase with extra emissions environmental taxes will perform better than
emissions trading permits. If marginal damage costs increase more rapidly than
marginal abatement costs emissions, trading would provide a better outcome since
the cost of not meeting the target would be very high at the margin as compared
to the marginal cost of abatement. Roberts and Spence (1976) argue that this
need not be an ‘either-or’ proposition and it may be useful to combine elements
of both emissions trading and environmental taxation. This could involve an
emissions trading scheme with an explicit upper limit ‘safety valve’ where the
authorities would issue new permits for a higher cost and a lower limit at which
the policy-makers would buy back some of the permits.

In the case of emissions permits new markets need to be created. Naturally,
these need to be low-cost and competitive. An efficient outcome would be one
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in which all firms face the same marginal incentive for abatement. In case the
markets are non-competitive some potential efficiency gains would be lost.

Permits for emissions can be allocated to firms based on their past behavior with
respect to environmental pollution (referred to as ‘grandfathering’) or auctioned or
sold off. The latter amounts to the case when revenues are collected from individual
firms and then returned to them in some form. In practice, emissions permits have
usually involved grandfathering. In contrast, revenues from environmental taxes
seem to have been collected and spent quite flexibly.

A further complication arises in the case of an exhaustible resource. For
example, if energy taxes raise the expectation that energy prices may rise in the
future, this would accelerate the depletion of fossil fuels today. Thus the time
path of the price of the exhaustible resource is an important consideration in the
choice between emissions trading and environmental taxes. Sinn (2007) has argued
that permits would serve a more useful purpose in this case as ready-to-apply
quantitative limits would be in place.

Summary

It appears that environmental taxes are likely to be particularly useful when there
are a large number of producers and consumers and there is an implicit need
to put into effect large variations in their behavior. In such cases the costs of
direct regulation are likely to be high and, given the wide highly diverse nature
of the activities to be regulated, price-based instruments will turn out to be more
cost-effective. However, the tax structures need to be kept simple and a flat ad
valorem rate needs to be put in place as complicated tax and exemption measures
may be unduly complex. Such complex tax measures are likely to be complex to
operate. The implied incentive structure may not facilitate the required behavioral
responses especially if the tax incentives are too small.

22.4 Designing environmental taxes

If environmental taxes are to improve welfare they must effectively match incen-
tives to the pollution problem that they seek to address. If such targeting is faulty
the costs of taxation may rise unduly with little commensurate environmental gain.

Several different types of environmental taxes have been studied in the literature
and applied in practice. Each has its own advantages and limitations.

Taxes on measured emissions

If emissions could be accurately measured this would be a very well-targeted tax.
An example of such a tax is Sweden’s tax on nitrogen oxides emissions (Millock
and Sterner 2004). The principal difficulty with this approach is that emissions are
notoriously difficult to measure in many situations. Alternatively, environmental
taxes can be imposed on goods that are related to or complements of emissions
(recall the Corlett–Hague result of Chapter 13 on the non-taxation of leisure).
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Such environmental taxes may have lesser administrative costs than an emissions
tax, although they are less precisely targeted than emissions taxes.

In some cases several instruments can be used together to get better environ-
mental outcomes. For instance, a tax on a commodity related to emissions can
be combined with a subsidy on a clean technology. Thus, although automobile
emissions are hard to tax one can arrive at a good outcome by taxing petrol and
subsidizing electric or hybrid cars.

Each such form of environmental taxation may be suitable in particular
circumstances. The choice between them will be dictated by their respective
administrative costs and impacts on emissions. A severe problem of linkage arises
when pollution abatement can be achieved through treatment of effluents at the
end of the production process. In the process of a power plant, for example, a
tax on the sulfur content of coal needs to be combined with a subsidy on flue gas
desulfurization technologies. In the case of carbon, however, a fuel tax is a viable
option since the clean-up technology has not yet been developed.

Another important point to consider when implanting environmental taxes is
their revenue earning potential. Some authors have argued that there is a double
dividend involved in that not only do environmental taxes reduce pollution they
also have a revenue yield which can either be returned to taxpayers as a lump-sum
payment or used to compensate for reductions in distortionary taxation elsewhere
in the economy. This has also increased its attractiveness vis-a-vis quotas and
grandfathered permits. Bovenberg and Goulder (2002) review estimates indicating
that marginal excess burden of commodity taxes is 20–50 cents for each extra
dollar of tax revenue. Environmental taxes by inducing changes in behavior
are beneficial and involve lower excess burden. However, an unambiguous case
for using environmental taxes under all circumstances cannot be built. This is
illustrated in Figure 22.2.

In the left panel of Figure 22.2 we depict partial equilibrium in the market
for a polluting good. Private and social marginal costs of the good are indicated.
The downward sloping demand curve denotes a suitable aggregation of marginal
benefits. Private marginal cost is constant, whereas social marginal costs rise with
the consumption of the good. Without any market intervention equilibrium occurs
at D and an amount Q0 of the good is produced with the price of the commodity
being P0. An environmental Pigou tax at the rate � raises the cost to P′ which is the
socially optimal level with equilibrium occurring at A. Quantity consumed is Q1.
Tax revenue is the rectangle P′ABP0. In addition, there is a welfare gain from
reducing pollution from Q0 to Q1. This is given by the triangle ACD. Suppose
we were to collect the same revenue from a wage tax. We show the outcome in
the right panel of Figure 22.2. The gross wage with an existing labor tax is W0

g
and the net wage W0

n – the difference between the two being the labor (wage)
tax. The old quantity of labor is L0. The excess burden of this tax is W0

gE10
n. If

the revenue that comes from the environmental tax were to come instead from
additional wage taxation the increase in excess burden would be W′

g W0
gW0

nW′
n.

Hence, in this particularly simple case, the replacement of an increase in labor
tax with an environmental tax would be socially preferable. However, this simple
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Figure 22.2 Evaluating environmental taxes.

analysis hides some complexities. This analysis assumes that the net real wage
is lowered only by the additional tax. However, if the polluting good is taxed it
raises the price of the commodity in question and, particularly if this commodity is
an input into other production processes, the environmental tax could raise prices
of other goods as well. In that case the real wage will be lowered independently
of the increase in the wage tax. Thus our principal conclusion can be stated as
follows. Suppose that we start from a position in which taxes are optimally set but
the environmental tax is non-existent. Expanding the set of instruments to include
an environmental tax is likely to improve the welfare outcome. However, this can
hold only up to a point. When the new environmental tax starts having feedback
effects onto the prices of other goods and services then the net welfare gains from
this transition will start falling and could soon become negative.

A related issue is concerned with the choice of environmental policy instrument.
Is it fiscally more efficient to collect revenue from an environmental tax or emission
permit auctions as compared to the use of an equivalent non-revenue-raising
instrument? We conduct this analysis with reference to Figure 22.2. In the left
panel the optimal amount of production of the commodity is Q1 where social
marginal cost equals the sum of marginal benefits as reflected in the demand
curve. This optimum allocation can be attained in a variety of ways:

(i) The policy-maker could impose a tax at the rate � which would raise private
marginal cost to equal social marginal cost at the optimum. This will raise
revenue equal to P′ABP0 in Figure 22.2.

(ii) Impose Q1 as a simple legal limit on the total quantity of production. This
would be a command and control policy that does not raise revenue.



518 Applied problems in public economics

(iii) Issue tradable permits to the extent of Q1 and hand them out free to existing
firms. This would be the ‘grandfathering’ policy in the sense that each firm
is given permits in proportion to their emissions in some earlier period.

(iv) Sell-tradable permits to the extent of Q1 at auction. This policy raises revenue.

All four policies raise consumer prices to P′ and reduce purchases to Q1. All
of them reduce environmental pollution to the extent of ACDB. The number of
permits is the same for either (iii) or (iv) so the permits are equally valuable.
Consumers pay the price P′ and production costs are P0 firms are willing to pay
the difference, i.e., (P′ − P0) as the price to buy a permit. This is then a ‘scarcity
rent’ for the permit. The value of this rent is the area P′ABP0 in the left panel of
Figure 22.2.

All four policies make output scarcer. The key difference is that the tax and
auctioned permits [(i) and (iv)] allow the government to ‘capture’ the scarcity
rents. Hence, the grandfathered case is equivalent to the case when the permits
are auctioned, but with the revenues transferred back to firms through lump-sum
transfers. The quotas or grandfathered permits restrict output and thereby erect an
entry barrier since new firms would have to buy the permits to sell products in this
market. Hence, firms with the permits earn a ‘pure’ profit, even though they are
perfectly competitive.

The tax and auctioned permits, however, allow the government to capture the
scarcity rent as revenue. Thus, in this case, the firms will have no extra-normal
profit. Ceteris paribus, this can be used to lower other distortionary taxes such as
wage taxes in the right panel of Figure 22.2. However, by raising the price of the
good to P′ these policies lower the real wage, hence there may not be any net gain
in terms of reducing the excess burden from taxation of labor.

We can conclude from this analysis that the revenue from the environmental tax
or the auctioned permit does not really allow us to lower the excess burden from
other taxes. Rather, both these policies raise the cost of production and exacerbate
distortions from other taxes unless the government can use the scarcity rent to cut
other taxes. Thus the presumption that environmental taxes or auctioned permits
have a ‘double dividend’ is, in general, misplaced.

22.5 Efficiency in permit markets

Three aspects of real-world permit markets are particularly significant and vary
from the theoretical discussions on emissions trading. These are: (a) forms of
market design, (b) forms of market activity, and (c) market costs and inefficiencies.
Market design issues include the following.

Forms of market design

First, one has to be clear about the definition of the traded commodity. This is
typically specified in terms of the physical quantities (e.g., tonnes of the pollutant).
In many cases it may be easier to measure transactions (e.g., purchase of fossil
fuels) as opposed to actual emissions.
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Second, issues of allocation need to be considered. These include grandfathering
various forms of free distribution and auctions. These have already been discussed
in this chapter.

Third, rules on participation need to be agreed upon. Market efficiency would
require unrestricted participation whereas administrative considerations would
call for limiting the size of participants. Hence, the number of participants is a
tradeoff between the two.

Another issue to be considered is whether permits should have pre-approval
for trading. Some early emission permit schemes in the US had to have the
prior approval of the Environmental Protection Agency (EPA) before trades
could take place. However, later thinking advised against such requirements as
this could inhibit vigorous trading activity. Again, there is a tradeoff here as
invalid allowances would be traded. It is indeed true that either the buyer or
the seller could be held liable in such cases but some risk will invariably
be passed on to other market participants, which may affect their willingness
to trade.

Emissions trading regimes often specify a compliance deadline. In doing so
they often permit a period after the end of the accounting year for firms to make
trades to ensure their compliance. This will undoubtedly lead to a bunching of
transactions and may hence have implications for the process of price formation
and dissemination at other times of the year.

Finally, emissions trading schemes may involve the imposition of penalties on
non-compliant firms. These typically take two forms: first, the penalty may be
a fixed dollar amount per tonne of non-compliance, in which case the effective
price of the permit is raised. If the penalty involves payments in future periods
then emissions today will affect the price of non-compliance in the future and will,
therefore, have an impact on future emissions.

Transactions costs

Very little is known about the transactions costs associated with emissions trading
schemes. Kerr and Mare (1998) is a useful analysis of the forms of transactions
costs liable to affect the market and also provide empirical estimates of these
transactions costs. These transactions costs include several elements, some of
which we discuss below.

Cost of optimizing

Internal decision-making processes need to be put in place to assess whether the
firm should abate or buy permits. This will usually involve a cost to the firm.

Search costs

Firms that are intending to trade need to obtain information about the distribution
of market prices in order to compute the going rate for credits. Some of this
information is typically confidential and firms need to expend resources in order
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to get it. Second, firms will have to search for trading partners. Both these costs
could be quite high.

Costs of assessing validity of rights

These are non-trivial costs associated with verification of permits and recon-
ciliation. This also opens up the possibility that invalid permits may be traded.

Costs of negotiations

These include costs of legal charges, management time, and associated expenses.

Costs of release of confidential information

The information that firms release about their emissions trading activity or the
quantity of trading may reveal information that would ordinarily be private to this
firm. This will necessarily involve pecuniary costs.

Kerr and Mare (1998) present empirical evidence on the magnitude of
transactions costs and conclude that tradable permits can still be a more cost-
effective instrument of environmental regulation than non-market instruments in
many cases. Nevertheless, transactions costs remain significant in many cases.

Market power

For emissions trading schemes to work well the emissions permit market must
be competitive. In particular, firms should be willing to buy and sell their
allowances at prices reflecting marginal abatement costs. However, if the pattern
of abatement costs is such that one firm accounts for a substantial proportion of
the allowances offered for sale whereas many other firms have sharply increasing
marginal abatement costs, then these firms may not have an incentive to sell
allowances. Hence the firm with a substantial proportion of allowances will
have some market power. Similarly some firms may give up on allowance
trade in order to raise the costs of production of its competitors in product
markets.

22.6 Comparing auctions and grandfathering

The principal argument in favor of auctioning permits is that this raises revenue.
These revenues are forgone when permits are grandfathered. Further, the firms that
do get allocations of permits under the grandfathering scheme will get arbitrary
windfall profits. The fact that this can occur raises the specter of political lobbying
and consequent rent-seeking.

It is typical for new plants and more recent entrants in an industry to face more
stringent environmental requirements than older plants. Stavins (2005) discusses
some of the reasons for this phenomenon.
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Efficiency

The argument here is that it is usually more cost-effective to install pollution
abatement technology in new firms than change the entire structure of production
in old firms.

Equity

It may be argued that it is inequitable to impose environmental regulatory
requirements on old firms after they have committed their investments.

Political issues

Existing firms have typically built up political clout and may be able to resist
efforts to impose environmental requirements on them. Nevertheless, vintage
differentiated emissions requirements have some drawbacks as well.

Dynamic inefficiency

Vintage-differentiated regulation by protecting existing firms will inhibit the
dynamic restructuring of an industry. The greater the proportion of old firms in
the industry the greater will be this disadvantage.

Emissions impact

Particularly if the number of old firms in an industry is large vintage-differentiated
regulation may keep emissions levels high. Thus the efficiency and equity argu-
ments for vintage-differentiation should be set against the dynamic inefficiency
and adverse emissions impact.

In this context Johnston (2006) argues that because of such considerations
grandfathering emissions permits may have some advantages in some cases. This
would particularly be the case when the costs of an emissions permit obtained
through auction may place the firm at a competitive disadvantage when compared
to foreign suppliers.

22.7 Conclusions

This chapter has concentrated on environmentally related taxes and emissions
trading. Their importance has increased significantly with the onset of the global
warming crisis. We evaluated market versus non-market instruments as well as the
relative advantages of environmental taxes and emissions permits under certainty
and uncertainty. Several practical aspects of the implementation of environmental
taxes and an emissions permit scheme were also discussed.

Several of the conclusions offered were context specific and the whole approach
to environmental regulation is evolving. This chapter has provided a survey and
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students are strongly urged to read some of the key contributions mentioned here
to get a fuller sense of the debate.

Note

1 The buoyancy of a tax refers to the elasticity of its yield in response to changes in some
measure of economic activity, say GDP.

Additional reading

Several readings on environmental taxation and emissions trading schemes have
been mentioned in this chapter. In addition, students would like to read the Stern
Committee Report on Climate Change, the 4th Report of the Intergovernmental
Panel on Climate Change, and a number of other documents available on the
websites of OECD, national environmental agencies of various governments and
the United Nations Environment Program. See also Ng (2005) and Dasgupta
(2007).
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Fiscal federalism



Introduction to Part V

Part V outlines the modern theory of fiscal federalism and consists of two
chapters. Multi-layered administrations characterize most countries. Chapter 23
accesses the rationale for multi-layered governments. It then assesses efficiency
and equity issues in taxation and public expenditure that are of relevance to multi-
layered governments. One of the principal characteristics of fiscal federalism is
the systemic flow of funds between higher and lower levels governments and
across lower levels of governments. Chapter 24 addresses the key economic issues
involved in such transfers.



23 Issues in fiscal federalism

Key concepts: devolution of tax and expenditure authority; efficiency
and equity in a federal economy; local public goods and externalties;
interjurisdictional spillovers; tax harmonization; subcentral provision of
local public goods; centralization versus decentralization; optimal size of
local jurisdictions; impure public goods.

23.1 Introduction and background

Economic analysis with several layers of government has had a long and
distinguished tradition in public economics.1 One of the most significant issues
addressed in the literature is that of the proper devolution of tax/expenditure
authority between different levels of government. It is typically argued that the
level of government which is legislatively superior should have the mandate,
in some sense, to treat the lower levels of government as equals. Moreover,
it is argued, that there are economies of scale in collecting taxes. If states, for
example, were to impose income taxes there would be considerable difficulties in
the treatment of the incomes of taxpayers who migrate across state boundaries.
Moreover, it would be difficult to apply any notion of equity on a national scale.
Similarly, the bulk of commodity taxation is best carried out by the central
government. It is not entirely improbable that state governments, left on their
own, would opt for increasing their own tax revenues even at the risk of causing
considerable allocative damage at the national level. On the other hand, it is argued
that decentralization of tax and expenditure authority has innate advantages.
Local governments would be more responsive to local needs. Moreover, local
governments can be held accountable by residents in an easier and more transparent
manner than higher level governments. This kind of reasoning, of course, does not
preclude the possibility that the degrees of decentralization in tax and expenditure
authority may be different. In particular if, as the above argument indicates,
expenditure responsibilities are decentralized to a greater extent than tax authority
we would be setting up the rationale for fiscal transfers from higher to lower levels
of government.
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In this chapter and the next we address some broad issues of fiscal federalism.
We examine the pros and cons of decentralization as well as considerations
involved in defining the optimal size of a jurisdiction. An optimal tax approach
to decentralization due to Gordon (1983) is also considered (in the Appendix).
In the next chapter we consider tax, expenditure, and related functions of lower
level governments.

23.2 Efficiency and equity in a federal economy

The conditions under which the market performs satisfactorily are well recognized
and well appreciated. Under conditions explored in some detail in Chapter 2 the
market mechanism leads to the attainment of Pareto optimality. We have also
discussed the conditions under which interference with the operation of the market
mechanism may be justified. These could broadly be classified as the inefficiency
and inequity associated with the market mechanism. Our discussion was in terms
of a unitary form of government. What are the parallel conditions in a country
with several levels of government?

In a federal economy the notions of efficiency and equity have several more
dimensions than the three2 associated with the Paretian criterion. A list of some
of the important elements is as follows:

(a) The internal common market

If goods, services and factors of production can flow unimpeded within a country
unencumbered by the geographical boundaries of lower levels of government, an
internal common market may be said to obtain with all the attendant advantages.
When barriers to such movement occur either because of taxes and/or quantitative
restrictions the efficiency of the common market arrangement is compromised.
To be sure, there are natural impediments to completely free movements such
as language and transport costs, but we are here concerned with conscious
policy measures designed to restrict free flow of goods, services, and factors
of production. If several jurisdictions impose such restrictions overall economic
activity may decline significantly and all jurisdictions may be worse off. To be
sure, there is a body of literature in public choice theory which suggests that
interjurisdictional competition to woo factors of production and goods and services
may be a good thing since it encourages local governments to be more and more
efficient and induces them to work in the best interests of their residents.3

(b) Local public goods and externalities

A strong argument for decentralization is that many public goods are purely local in
nature and are ideally supplied at the local level. Efficiency in a federation requires
that the level of local public goods in each locality be determined by the benefits
of the residents being served. A decentralized federation has the benefit that each
local government is able to provide the type and mix of public services that its
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local residents prefer. Furthermore, if residents are relatively mobile, they should
be free to move to the jurisdiction that best satisfies their tastes for public goods.
The Tiebout model, which we have already studied, has stressed the benefits of free
migration combined with decentralized decision-making in a federation in which
some public goods are local in nature and persons have different preferences.

(c) Interjurisdictional spillovers

A problem with the above argument for decentralization is that the benefits of
different local public goods may not be limited to the geographical boundary of
the locality providing them. In such cases there are interjurisdictional spillovers.
Local governments will typically not have an incentive to consider the beneficial
effects to other jurisdictions of local public goods supplied by them. In such cases,
from a macro perspective, there will be an undersupply of local public goods. Such
instance would require interventions from a higher level of government.

(d) Tax harmonization

Local governments typically have some liberty to set their tax rates and structures.
If this is done in an uncoordinated fashion, inefficiencies will creep in because
distortions will differ across jurisdictions. This can be a result of differential
tax rates on capital and labor income, or different tax rates for goods and
services across jurisdictions such that production and/or consumption decisions
get distorted. These distortions can be minimized if tax rates are chosen across
jurisdictions in a coordinated and harmonized manner. Such harmonization can
occur either at the instance of cooperation among lower level jurisdictions, or at the
instance of a higher level of government. It can be argued that tax harmonization is
most important for capital and income taxes and less so for indirect taxes. But this
does not imply that there are no costs to not harmonizing the indirect tax structure.

23.3 Equity considerations with layers of governments

With layers of government an important issue that has to be addressed is: Which
level of government is responsible for vertical equity in a society? On the one
hand, there is the argument that, since the concept of vertical equity applies
to all citizens of a country, it is ideal for the central government to tackle the
issue of vertical equity. On the other hand, economists who prefer a smaller
amount of redistribution typically see the central government engaging in too
much redistribution. They argue that the task of redistribution should be entrusted
to lower levels of government. This together with interjurisdictional competition,
it is argued, would reduce the amount of redistribution that occurs and would
provide a mix of local public goods and taxes that is consistent with maximization
of the welfare of the representative resident taxpayer. Similar arguments would
apply for the case of horizontal equity. But a large majority of economists would
agree that the issue of equity is appropriately addressed at the central level.
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The brief overview above tends to indicate that a determination of the ideal
degree of decentralization remains an elusive goal. Many factors are at work here
and much depends upon value judgments and empirical consequence which are
hard to verify. In many cases, even though a better assignment of functions to
levels of government is known, it is hard to move toward it. In countries that run
the immediate risk of disintegration, a higher degree of decentralization, although
desirable, may be impractical and fraught with too much danger. The extent of
decentralization also depends, to some extent, upon the desired magnitude of
the role of the government in the economy. Typically economists who prefer
a smaller role for the government would also favor more decentralization. As
would be expected, it is not possible to resolve these issues in a definitive manner.
What one can do, however, is to outline the considerations that might be useful in
approaching this question.

23.4 Rationale for the existence of subcentral authorities

In Chapter 6 we learned about local public goods. The existence of such goods
provides perhaps the most salutary rationale for the existence of local/state
governments. The simplest example of this would be the case when, for
technological reasons, the benefits from the public good must necessarily be
confined to a particular area, say, for example, a flood control program for a river
which regularly inundates its banks in a particular area. However, even here there
could be spillover effects onto other areas. An item like defense is probably a purely
national public good but even here there may be local effects: a country’s defense
services would be unable to protect, say, some remote islands that belong to it.

The upshot of this is that determining which jurisdiction should provide any
public good or service is an issue that merits detailed consideration in every case.
Two types of decisions have to be made:

(i) One must decide whether central or subcentral authorities should provide the
public good.

(ii) It must then be decided what level of subcentral authority is required. The
public good could be supplied by the state government or the town council
or the county government and so on.

Clearly an important factor in deciding the level of government which must
supply the public good is the level of benefits that this public good will confer on
citizens who do not live within the geographical boundaries of this jurisdiction.
The greater the proportion of benefits that accrue to citizens who are not residents
of the jurisdiction in question, the stronger would be the argument for providing
this public good at a more centralized level.

Another factor that may affect the extent of centralization is the technical
nature of the public good being provided. In the case of street lighting and
sewerage facilities to citizens, the need for maintaining certain uniform standards
across the country would mean that there could be several jurisdictions each with
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responsibility for its own services. In the case of national defense, on the other
hand, coordination is generally handled by a central authority and centralized
provision makes more sense.

Arguments in favor of subcentral provision of public goods

The most common argument in favor of subcentral provision of public goods is that
local authorities can better supply public goods whose quantity and quality vary
according to the requirements and preferences of residents. If these were provided
by the central government then, in all probability, there would be uniformity of
services.

A simplified version of this argument is illustrated in Figure 23.1 where
we have drawn preferences for local public goods by five different localities.
The central government is likely to create uniform provision in all areas.
This will make for administrative simplicity. Moreover, the central government
would finance this public good by levying a uniform tax across the country.
In Figure 23.1 with central provision of the public good the nationwide pro-
vision of this public good would be Q3. However, if we had five different
jurisdictions, each would get its most preferred level of the public good. Each
jurisdiction would have its own public goods/tax packet to suit the needs of
its residents. Clearly, it need not be the case that each jurisdiction would
have its own unique public goods level. In Figure 23.1 it might be the case
that residents of more than one jurisdiction prefer public goods level Ql,
and/or Q2, and so on. Thus, there might be bunching of jurisdictions around
levels of public good supply. However, so long as there is some heterogeneity
of tastes, providing this public good locally would be preferable to central
provision.

Amounts of local public good

Q2Q1 Q5Q4Q3

Preferences

Figure 23.1 Single peaked preferences and public goods.
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Another important argument in favor of decentralization is that it brings better
democratic control over public officials. Local officials and bureaucrats would be
more accountable to the residents of a locality than central bureaucrats. A related
argument made by Jones (1975) is that when there is overlap between the powers
of different tiers then the authorities of one tier of government would have to learn
to cooperate with officials of the other tiers. In such cases if one tier does not seem
to heed the wishes of the residents then they can apply pressure not only directly
but also indirectly through officials of other tiers.

Oates (1972) has pointed out that subcentral provision may lead to people
becoming more aware of the costs and benefits of public goods and, hence, making
better choices about public goods. Suppose a local public good is to be provided
by a subcentral authority and this is to be financed by a local tax. Both the public
goods project as well as the tax can be put to the vote and residents will be better
aware of the costs of a project than they would if it was financed by, say, revenues
from a nationwide income tax. Oates makes the point that decentralization will
result in more experimentation and innovation in the supply of local public goods.
If, for example, a novel recycling project were to come up, it would be more likely
that a local government would try it than the central government.

Arguments against subcentral provision of public goods

There are several arguments against subcentral provision of public goods. An
important one is the phenomenon of tax exporting. This happens when local
governments levy taxes on non-residents. An obvious example of this is to levy
taxes on restaurants and entertainment in tourist areas frequented by non-residents.
Under these conditions, if residents insist on a public goods supply such that
marginal benefit equals marginal cost, then, since marginal cost has been lowered
by tax exporting, there might be excessive expenditure on the part of the local
authority and an excessive supply of public services. Hogan and Shelton (1973)
point out, however, that residents of any particular jurisdiction might also be
paying taxes to other areas so that there will be some check on this excessive
expenditure. Another method by which taxes may be exported is to levy taxes
on businesses. Typically these do not have much of a say in deciding the public
goods/tax package. However, to the extent that the incidence of business taxes is
on residents, this will lead to an increase in costs. To the extent that the incidence
of these business taxes is on residents, local costs will not rise. One point is clear,
however; tax exporting can lead to considerable misallocation of resources in the
country as a whole.

Another way of exporting taxes is through deducting local taxes paid from
tax liability to the central government. In several countries taxes paid to state
governments, for example, are set against federal tax liabilities. McLure (1967)
estimated that in 1962 on average 20 to 25 per cent of state taxes were being
exported in the USA. In certain states this figure was as high as 40 per cent.

In an important contribution McLure demonstrated how a local tax on an
exported commodity could raise its equilibrium price. This depends on the
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elasticity of net demand facing the jurisdiction. This phenomenon can be illustrated
using a partial equilibrium demand supply framework. We let the subscripts l and
n refer to local and non-local respectively. Suppose the price of a good nationally
is p and a per unit tax of � is imposed on suppliers in a jurisdiction. In this case one
can write the condition for equilibrium in the market for this commodity (with D
and S representing demand and supply respectively):

D1(p) + Dn(p) − S1(p − �) − Sn(p) = 0. (23.1)

This equation determines p as a function of �. Let sD
1 ,s

S
1 denote the local share

in total demand and supply (e.g., sD
1 = Dl/(D1 + Dn) ). Further let εD

1 and εS
1

denote local and non-local demand and supply elasticities, then straightforward
differentiation of equation (23.1) yields:

dp/d�= [p(sS
1ε

S
1)/(p − �)]/[sD

1 ε
D
1 + (1 − sD

1 )εD
n

−{p/(p − �)}sS
1ε

S
1 − (1 − sS

1)εS
n)].

(23.2)

Hence dp/d� = 0 and the equilibrium price is not affected at all if the elasticity
of local supply is zero (εS

1 = 0) or if any other demand or supply elasticities are
infinite. However if dp/d� > 0 then it is possible that some of the tax burden will
be shifted onto non-residents.4 The essential point of this argument is as follows.
Following an incremental increase, d�, the loss in welfare to local residents is
D1(dp/d�) and the loss to local producers is [−S1{d(p− �)/d�}]. The increase in
tax revenue is [S1 + �S′

1{d(p − �)/d�}] where S′
1 is the derivative of local supply

with respect to p. Adding up we get the net gain to the local jurisdiction as:

�S′
1d(p − �)/d�+ (S1 − D1)dp/d�. (23.3)

For � > 0 the first term is negatives.5 The second term is positive if the local
jurisdiction can affect the equilibrium price for the good. For � sufficiently small,
the second term will dominate the first and an imposition of the tax will improve
local welfare.

From this it should be clear that jurisdictions definitely have incentives to use
taxes which are clearly non-optimal from the national perspective. The analysis
here has assumed that local tax revenues are returned lump sum to local residents.
This would usually take the form of land tax reductions for residents to offset
the increased revenue from taxing local exports. The principal point remains. Tax
exporting can reduce welfare.

If, as is often alleged, businesses are more attracted to a tax locality by tax
concession than by the level of services provided, then in an effort to attract such
businesses some local governments may underprovide services. This will set up
a trend toward tax competition among subcentral governments. This tendency
could be arrested if local authorities were allowed to impose only those taxes that
did not affect businesses very much.
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It is also possible that if subcentral authorities are not obliged to meet
certain budgetary balances and can bank upon receiving grants from the central
government, then they may issue inordinately high amounts of debt. Thus budgets
of state and local governments may be persistently and deeply in the red which
they cover by issuing bonds. There is some evidence that the median voter model
works reasonably well in the context of decisions on local public goods. Suppose
the subcentral government attempts to satisfy the needs of the median voter. Also
suppose that this median voter recognizes that he/she may leave this locality before
the costs of public expenditure are met. Then there will be a tendency to spend
too much on public services and cover this with new debt issue since the median
voter will not feel liable for the expenditures involved.

Arnott and Grieson (1981) have presented a useful formal analysis of the
general equilibrium effects of tax exporting and tax competition. We eschew
distributional issues and consider a representative resident. Let x = (x1, . . .,xn)
be a net consumption bundle of traded and non-traded goods for this individual.6

The producer price vector for this good, q, is assumed fixed. Consumer prices
are q + � where � is the vector of specific tax rates. We assume that there
are no profits or lump-sum incomes. The consumer’s indirect utility function
is V (q + t;G) where G is a vector of public goods. The locally optimal tax
policy, conditional on the given vector of public goods G being produced is
found by maximizing the consumer’s indirect utility subject to the revenue
constraint:

�X = C(G) (23.4)

where X is the vector of taxable net consumer demand, including both local
demand x and non-local demand x′ where X = x′ +x and C (G) is the cost function
of the public good. We use a Lagrange multiplier � for the revenue constraint in
equation (23.4). Then maximizing indirect utility subject to the constraint in (23.4)
and using Roy’s identity, we have:

−Vixi +�[Xi + �(∂X/∂�i)] = 0 (23.5)

for all taxable commodities7 i.
Equation (23.5) says that the local real income loss per dollar’s worth of

incremental tax revenue collected from an increase in the tax rate is equated across
all taxed goods i and j. In other words:

xi/[Xi + �(∂X/∂�i)] = xj/{Xj + �(∂X/∂�i)] = �. (23.6)

Except for cross-price effects, equation (23.6) says8 that the rate of tax on
a commodity is higher, the greater the fraction of non-local demand and the
lower the demand elasticity. This last part is familiar to us from our discussion of
optimal commodity taxes in Chapter 13. We can rewrite this in another familiar
form. Suppose all cross-effects are zero (∂Xk/∂ti = 0 for all k �= i and for all i).
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Let εi = (∂lnXi/∂ln(qi + �i)) denote the total demand elasticity for commodity
i and let si = xi/Xi be the local share of total demand for commodity i. Further
define �i = �i/(qi +�i) as the proportionate tax rate on commodity i. Then equation
(23.6) can be written as:

�i/�j = (εj/εi)(1 −�sj)/(1 −�sj). (23.7)

This is just the inverse elasticity rule altered to show that tax rates also depend on
local consumption shares.

The Arnott–Grieson results discussed above show that optimal taxation from the
point of view of the local jurisdiction will lead to non-zero tax rates for both traded
as well as non-traded goods. The optimal tax formulae emphasize the importance
of cross-price effects. There is a balancing of the revenue gains against the local
real income loss. Further, tax exporting allows taxes to be shifted more heavily in
favor of goods with a high component of non-resident demand.

Another problem with subcentral provision of public goods as noted by Peacock
(1977) is that the scale of operation may not be large enough for all economies of
scale to be exhausted. In that case costs are likely to be higher than they could be.
Against this we have the argument that if the size of jurisdictions gets very large
then the purpose of catering to divergent tastes is defeated. Finally, we have the
criticism that subcentral governments ignore spillover effects of their decisions
on public goods supply.

A rebuttal to some of the arguments made above would be that the operation
of the Tiebout mechanism would ultimately lead to an optimal allocation of
public goods and attendant taxes across jurisdictions. This argument, as we know
from the discussion in Chapter 6, is only partly true. The Tiebout mechanism
has inefficiencies of its own and there is reason to suppose that the amount of
migration implied by this process may not be possible. For various reasons people
may simply not be as mobile as Tiebout suggests they are.

Starrett (1980a,b, 1982) and Boadway (1982) have evaluated the welfare effects
of an increment in public expenditure in a jurisdiction on the individuals initially
residing there. This argument can easily be understood within the context of a
two-class economy. The two classes are rentiers (r) who get income solely from
the ownership of land. The other class is that of workers (w). Landowners are
immobile because of the land whereas workers are freely mobile. Suppose that
jurisdiction i imposes a land tax at the rate of �ir and also imposes a head tax of �ih.
Each class has an initial endowment of cash equal to ωk(k = r,w). The rentiers
living in jurisdiction i have an indirect utility function with returns, tax rates, and
amounts of the locally supplied public good, Gi, as arguments.

Since workers are free to move anywhere in the economy the local authority is
constrained to keep their utility equal to some exogenously given level V̄w which
is the level of utility available to workers elsewhere. In other words, local policy
cannot affect the utility of workers. Hence one might as well make the assumption
that local policy is chosen by the immobile households. The activities of the local
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government, however, are restricted by a budget constraint:

�irTi + �ih(nw
i + 1) = Ci(n

w
i + 1,Gi) (23.8)

where we have normalized the number of rentiers to equal 1, nw
i is the number of

workers in this locality and Ti is the base of the land tax in jurisdiction i. Ci is the
cost function of the public good and the first argument in Ci denotes congestion
in the availability of the public good.

It can then be shown that the locality will choose the efficient level of the public
good so long as the congestion effects are internalized at the margin. If this is not
the case then the locality will have an incentive either to attract or repel migrant
workers. Hence the problems of locational efficiency and expenditure efficiency
are linked together.

23.5 Other roles of subcentral authorities

Subcentral authorities have a relatively minor role to play in the redistributive
functions of government. There is widespread agreement that horizontal and
vertical equity are best served by centralized taxation and spending policies. See,
for example, Oates (1972) and Musgrave and Musgrave (1976).

There is still less scope for subcentral authorities in designing stabilization
policies. If monetary and/or fiscal policies were carried out by subcentral
authorities the very purpose of stabilization would be belied.

However, these authorities have a role to play in regional development policies.
In many countries the unemployment rate, for example, may differ widely across
regions. One way out of this problem would be to make the region with high
unemployment rates more attractive for industry to locate. If subcentral authorities
are made entirely responsible for regional development policies then it would
follow that their rate of unemployment in particular and level of development
in general could be made a factor in disbursing central grants to lower level
governments.

In such situations it is quite likely that tax competition among jurisdictions
may emerge. Different local governments would vie with each other in offering
tax concessions to industry to locate within their jurisdiction. This low level of
taxation may then result in low levels of services being provided.

At this juncture it is important to point out that we have been implicitly assuming
that the aforementioned low levels of taxation and consequent low levels of public
services are in the interest of both the officials of the jurisdiction as well as the
residents. It might well be the case that ‘low’ tax rates are prescribed by local
officials in order to attract more business whereas the residents of the jurisdiction
would prefer more services notwithstanding the fact that this may involve larger
taxes. In such cases it would be important to ensure that local officials better reflect
the preferences of residents.

The upshot of this argument is that although subcentral authorities have a role
to play in fostering regional development, they should not be made entirely
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responsible for it. There is a significant role both for the residents of local
jurisdictions as well as the central government to play in fostering regional
development and regulating the functions of subcentral authorities.

23.6 The optimal size of local jurisdictions

Assuming that it is advisable to decentralize, a natural question that arises is: What
is the optimal size of the local jurisdiction? In this section we will try to make an
attempt to answer this quite vexed question.9 We should first note that there are
several ways of defining size with perhaps the most popular being population and
geographical area.

Several variants of this question will be considered. In the simplest version an
attempt is made to define optimal size in terms of population size. This assumes, of
course, that this population is stationary and does not migrate across jurisdictions.
In another version we shall bring in interjurisdictional mobility.

Suppose that we are defining the optimal size of the population to enjoy a
local public good. We assume that all citizens are homogeneous with respect to
tastes and incomes and that there is only one local public good. Governments do
not coordinate efforts, nor do they face any administrative costs. There are no
congestion costs.

Now, as the size of jurisdiction supplying the public good rises, two types of
economies set in. First, there are economies of scale in the production of this
public good. Second, as size increases externalities are internalized and costs fall.
However, the benefits from the public good are a declining function of the tax
price – if the public good has declining marginal benefits as a function of tax
price.

This is shown in Figure 23.2. In Figure 23.2a we show an individual tax payer’s
demand for the public good as a function of the tax price. In Figure 23.2b we show
present value of gains to society (measured as the sum of the relevant area under
demand curves such as in Figure 23.2a) under the assumption that the marginal
benefits keep falling continuously whereas costs fall and then rise. Optimal size
of the authority is given at S∗ where the present value of gains from the public
good is maximized. So with homogeneous population and a single local public
good there will be N/S∗ (where N is the size of the total population of the country)
identical local jurisdictions each of size S∗.

Suppose now that we introduce one of the principal reasons for decentraliza-
tion – heterogeneity of tastes – into this very simple picture. Suppose that there
are two types of consumers – types A and B. Our analysis is conducted in Figures
23.3a and 23.3b which show public goods demand by these two types of consumers
if they had to live in jurisdictions of the sort discussed just above. In both these
diagrams the tax price of the public good is t2. At this price the public good demand
by an individual of type A is qA whereas individuals of type B want qB units. By
the very nature of a public good both types of individuals have to consume the
full amount of the public good which is, say, q0̇ in this case. Hence consumer
surplus for type A individuals is JCYt2 which is CYX smaller than the amount
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Figure 23.2 Tax payers’ demand for public goods and present value of gains.

that consumer surplus would have been had the optimal amount of the public
good from this person’s point of view been supplied. For type B individuals this
is JYIt2 which is smaller by the amount YIU than what it would have been had
this individual been able to consume the amount of the public good that he wants
at the tax price t2.

Now in calculating the net present value of gains from the public good these
losses would have to be deducted. In Figure 23.4 we show the case when these
losses rise with population size. We have drawn the same present value schedule
as in Figure 23.2 and added the loss function LL. Two results follow from this.
First, the net gain is now going to be smaller. Second, if LL rises with population
size the optimal size of the jurisdiction will fall from S∗ to S∗∗. The optimal size
may still be S∗ provided LL is horizontal. In general, however, we would expect
the optimal size to be smaller.

Resident mobility

Suppose now that we introduce resident mobility into the analysis. Once migration
is permitted and is responsive to differences in public services/tax packages, this
would create a problem for the above analysis. Citizens might want to move for
two reasons. First, they might move from poor areas to rich areas in search of
jobs and better living conditions, for example. They might migrate in search of
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tax/public goods packages that better suit their preferences – the Tiebout type of
migration. We will rule out the former by supposing that there exist equalizing
grants in place. These grants ensure broad levels of uniformity in tax/public goods
packages across jurisdictions. It is assumed that as a consequence of this, only
Tiebout-type migration occurs.

While this type of migration is going on, clearly it is not possible to articulate
what one means by an optimum size of jurisdictions. However, it is possible to
characterize the optimal size once this migration has run its course and come to
a halt.

We illustrate this in Figure 23.5 where we redraw Figure 23.4. The line LL
represents the loss function before any migration has taken place. Once Tiebout-
type migration has been permitted it is likely that jurisdictions and individuals
will be better matched and the loss function will be lower at L′L′.

Clearly what is relevant to determining the optimal size of the jurisdiction in this
case is the relative slopes of the LL and L′L′ schedules. If the latter is steeper than
the optimal size, the jurisdiction will be smaller. However, there is no compelling
reason for any particular relation between the slopes of these schedules. In practice,
then, it is hard to say whether Tiebout-type migration leads to larger or smaller
sized jurisdictions.

Impure public goods

Our analysis, so far, has concentrated on pure public goods. Suppose, however,
that the local public good we are considering is impure. To take a particular
example let us suppose that the public good we are considering is fire protection.
There is a fire station in the town. However, the closer your home is to the fire
station, the greater the amount of effective fire protection you enjoy. Yet, everyone
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Gains
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L′
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Figure 23.5 Present value of gains and losses with resident mobility.
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pays the same amount for fire services. In this particular case it is possible to
argue that this fact will be reflected in property values. Homes closer to the fire
station will, ceteris paribus, have higher property values than those further away.
With given property tax rates, homes close to the fire station will attract higher
absolute values of taxes. Hence, the effective price paid for fire protection by
home owners close to the fire station will be higher than those living further away.
Although formally correct, this argument presupposes that the housing market is
perfect.

Our analysis has so far assumed that there is only one local public good or
that there are many public goods which can effectively be aggregated into one
public good. If that is not the case then we are faced with the problem of defining
optimal jurisdiction size with multiple public goods. The literature on this issue
is rather sparse.10 Some general considerations can be advanced. It might be
the case that the optimal size associated with different public goods is different.
Hence there might be a multiplicity of types of subcentral authorities – from
state governments to village councils with responsibility for different types of
public goods. In such cases we would also have to include administration and
coordination costs among different levels of governments. If only one level of
subcentral authority11 can be permitted then we would have to define an optimal
sized population keeping in mind the net gain from all public goods. The optimal
sized jurisdiction would be one which would maximize the net gains from all
public goods taken together.12

23.7 Conclusions

In this chapter we have studied some aspects of fiscal federalism. We have
recognized that complex considerations are involved in deciding when to
decentralize and how much to decentralize. There are some important empirical
factors to be taken into account but these are hard to quantify in practice. Hence,
in many cases the value judgments of economists and policy planners are likely
to be as important as ‘objective’ considerations.

Notes

1 For an excellent review see King and Fullerton (1983). Our analysis in the chapter follows
this work as well as several others that are listed in the text.

2 To remind students in the context of a unitary form of government these are efficiency
in production, efficiency in exchange, and overall efficiency.

3 We will have more to say on this later in the chapter.
4 This argument is an old one in the theory of international trade and is known as the

optimum tariff argument. If a country (jurisdiction in our case) has some market power
as expressed in the form of the supply elasticities mentioned in the text, then it would be
welfare improving for the local residents to impose a tax. There is an optimum level of
this tax which maximizes local welfare and this is known as the optimum tariff.

5 Because d(p − �)/d� < 0.
6 Non-traded goods could include labor, for example.
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7 In the special case where Xi = 0 equation (23.5) simply becomes the formula
for collecting maximal tax revenue from non-residents. This tax is such that
x′

i + �(∂x′/�i) = 0.
8 � = marginal utility of income.
9 In the Appendix to Chapter 23 we detail an approach to the determination of the Pareto

optimal size of a jurisdiction along the lines of Buchanan and Wagner (1970) and
Wildasin (1986).

10 An example is Foster et al. (1980).
11 For, say, constitutional reasons.
12 As mentioned in the chapter, the literature on these issues is relatively sparse. An

interesting question to ask would be the following: Under what conditions is the welfare
(of the same population) associated with just one level of subcentral authority permitted,
higher than that associated with the larger number of subcentral authorities?

Additional reading

Apart from the texts referred to in the chapter, the following additional readings
may be of interest to students: Stigler (1965), Break (1984), Fisher (1988).

Appendix

The inefficiency of decentralized decision-making

What are the inefficiencies associated with decentralized decision-making when
subcentral authorities care only for the welfare of their residents and disregard
the external effects imposed on other jurisdictions? An answer to this question
was attempted in a well-known paper by Gordon (1983). We will now study his
results.

In his work Gordon seeks to answer two questions.

1 Is decentralized taxation inefficient?
2 If the answer to the first question is yes, what corrective measures can be adopted

to restore efficiency?

Gordon argues that independent tax decisions by local governments will
generate various types of externalities leading to a misallocation of resources at
the national level. He then argues that these problems can be eliminated through
suitable coordination by the central government – in effect an internalization of
these external effects.

Gordon considers a polar case where there is no coordination between local
governments and a hierarchical social welfare function which for each government
differs only in respect of its geographical domain. In addition, he makes the
assumption that when the central government begins to coordinate the efforts
of local government, no coordination costs are involved.

Gordon considers a fairly general model of fiscal federalism with local
jurisdictions able to tax both goods and factors of production. Each jurisdiction
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tries to maximize a utilitarian social welfare function with its own residents’
welfare as arguments.

There are K subcentral authorities1 and these are indexed by k. Commodities
are indexed by i. Producer prices are written qik which is the price received for a
unit of commodity i by a firm in jurisdiction k. The corresponding consumer price
is pik. Factors of production are indexed by j. rjk is the price paid for factor j by a
firm in jurisdiction k where wjk is the reward actually received by this factor. The
difference in both cases is the specific tax imposed. Thus we can write:

pik − qik = tik (A23.1)

where tik is the specific tax imposed on the ith commodity by the kth jurisdiction.
Similarly:

rjk − wjk = �jk (A23.2)

where �jk is the specific tax imposed on the jth factor by the kth locality. The
vector of prices and taxes in community k is denoted by upper-case letters:
Pk, Qk, Rk, Wk, Tk, and 
k. The extended vector of all prices has a star:
(P∗,Q∗,R∗,W∗,T∗,
∗).

Firms must hire all factors of production within their own jurisdiction but they
can sell their output anywhere. Hence firms in jurisdiction k face producer prices
Q∗ and produce output Y∗

k. However, their factor prices are jurisdiction specific2

(Rk). This firm is assumed to face a constant returns to scale technology and be
a perfect competitor in both product and factor markets. Thus it treats factor and
producer prices to be given parametrically and chooses output (Y∗

k) and input
(Xk) vectors to maximize profits which can be written as: Q∗Y∗

k − RkXk where
output and input are related by the implicit production function �k(Y∗

k,Xk) = 0.
Total output (Ys) sold in jurisdiction s can be written as the sales by firms of all
jurisdictions in locality s:

Ys =
∑

k

Ys
k (A23.3)

where (Ys
k) is the amount of sales by firms of jurisdiction k in jurisdiction s.

Consumers are heterogeneous and their types are indexed by h. The utility
function of an individual of type h living in jurisdiction k is written as Uh

k. Since it
is assumed that there are many types of individuals spread over many communities,
it is possible to regard Uh

k as a continuous variable with one individual’s utility
having no effect on that of any other.

Each individual in jurisdiction k faces the vector of consumer prices P∗
k and

the vector of after-tax factor rewards W∗
k. In addition, each individual can get

benefits from a vector of public services Z∗ where Zjk is the level of the jth service
available in jurisdiction k.

Different types of individuals are imperfect substitutes for each other in the
production process. This is necessary, along the lines of the Berglas model
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developed in Chapter 6, to allow for heterogeneity of communities. The specific
human capital of an individual of type h is written as Gh, where Gh is a vector
of length equal to the number of individuals with zero in all entries except the
hth. Individuals may also own non-human capital in various communities. Let
the vector of human and non-human wealth be G∗

k. Individuals are assumed to be
adversely affected by congestion costs which are ck for jurisdiction k. Hence the
indirect utility function Vh

k of a resident of jurisdiction k can be written as:

Vh
k = Vh(P∗,W∗,G∗

h ck,Z
∗,k). (A23.4)

The index of the community appears specifically in the indirect utility function
because the attractiveness of purchasing and selling goods in any community
depends on the community in which individual h lives. One can take account of
transport costs in this manner as well. Migration of individuals across jurisdictions
ensures that the individual will settle in that locality where Vh

k is the highest.
From the theory of duality we know that:

(∂Vh
k/∂pjm) = −�hkyhk

jm (A23.5)

where �hk is the marginal utility of income of the hth person living in the kth
jurisdiction3 and yhk

jm is the demand of the hth person living in the kth jurisdiction
for the jth good sold in the mth jurisdiction.

Tax revenues for local community k are labeled Tk and can be written as Tk =∑
i tikY∗

k +∑
j �jkX∗

k. These tax revenues are assumed to be used to buy a vector
of factors of production (bk) for community k at the prices that prevail in this
community in order to produce the local public goods. Hence, the total expenditure
would be bkWk. There would also be an implicit production function linking
amounts of the public good produced and the inputs of factors of production.
To close this model it has been assumed that factor and output markets (in the
economy as a whole) clear.

Let nik be the number of people of type i that choose to locate themselves in
locality k. Further suppose that the central government places a weight of 	i on the
welfare of the ith individual irrespective of the locality in which she lives. With
centralized decision-making, the maximand would be:

W =
∑

i

	i

∑
k

nikVi

which would be maximized with respect to the vector of commodity and
factor taxes, factor amounts devoted to the production of the public good and
the aggregate amount of production of the public good and subject to the
aggregate budget constraint of the central government which reads:�k(TkYk +
k
−Wkbk) = 0 and the implicit production function for the production of the public
good.

With decentralized decision-making local government k would maximize∑
i 	inikVik with respect to its own commodity tax rates, factor tax rates, amounts
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of factors devoted to public goods production and the amount of public goods
production subject to its own budget constraint which reads: TkYk + 
k −
Wkbk = 0 and the implicit production function for producing public goods in
this jurisdiction: � = 0.

The essential difference between the two maximization problems is the set of
external effects neglected by the decentralized decision-making process but fully
captured in the process of centralized decision-making. This list of effects external
to jurisdiction k but internal to the whole economy is as follows:

• People non-resident in this jurisdiction pay some of its taxes.
• Non-residents may receive some of the benefits of the public services provided

by this jurisdiction.
• Congestion costs faced by non-residents may change.
• Tax revenues received in other communities may change due to the spillover

of economic activity.
• Output and factor price changes may favor residents over non-residents.
• Distributional effects among non-residents would be ignored.

In some cases the external effects may tend to cancel each other out. For
example, if someone moves from one area to another he will reduce congestion in
the community he is leaving and add to the congestion of the community to which
he is moving. However, in general, the net effects of all external effects would not
be zero.

An evaluation of the Gordon model

Gordon’s work is an important contribution to the theory of tax assignments
and, therefore, deserves close scrutiny. Gordon has made the important point that
coordination between local authorities is necessary to ensure efficiency. We have
seen this earlier in the chapter and will see it again in Chapter 24 in the context
of grant giving by a higher level government. Gordon has made this point with
reference to tax devolution as well.

Clearly, however, his is an extreme case. Local governments may cooperate
with each other in setting tax rates and, therefore, the external effects that exist
in Gordon’s model may be less severe. Similarly, there may exist substantial
coordination costs for the central government. If both these factors are true, as
well may be the case, then the inefficiency of taxation by local authorities is by
no means obvious.

Resource costs of coordination include obtaining and processing information,
establishing and maintaining the necessary administrative and legal infrastructure,
and the costs of decision in a milieu of conflicting intergovernmental interests.
Resource costs of different coordination policies may vary but each such policy
makes some demand on a community’s resources.

Welfare costs of non-voluntary coordination may manifest themselves in many
forms. As a consequence of coordination, the political system of a federation
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becomes more centralized. Coordination takes the form of reassignment of
property rights in decision-making among the different levels of government. Thus
the property rights in taxation of the local government are partially transferred to
the central government. This may cause welfare losses for two reasons. First,
restriction on local fiscal decisions may lead to loss in desired heterogeneity.
Moreover, people may feel a loss in welfare because of the political and decision-
making process itself becoming more centralized. Gordon’s model fails to capture
this type of welfare loss because he has defined utility functions in such a manner
as to exclude any preference for decentralization as such.

Furthermore, if major taxes get centralized then local governments have to
use less efficient forms of taxation in order to meet revenue needs. Similarly,
revenue sharing may create inefficiencies of its own. By breaking the link between
the benefits and costs of public policies, revenue sharing has sometimes led to
inefficient fiscal behavior on the part of the recipient governments. This has been
documented for India by Grewal (1975) and for Australia by Matthews (1980).

Notes

1 Only two levels of authorities are considered. Gordon mentions that his results would
survive if we had more than two levels of authorities.

2 This is because of local taxes.
3 Mirrlees (1972) makes the important point that whereas the utility of the hth type of

individual will be the same across all jurisdictions after migration has ceased, the marginal
utilities of the same type for persons need not be equalized.



24 Grants and taxes in federal
countries

Key concepts: revenue sharing grants; equalization grants; grants to
internalize externalities; grant or preference for merit goods; fiscal
imbalances; conditional grants; lump-sum grants; new models of effects
of grants; tax assignment; tax harmonization; tax coordination; excess
burdens and administrative costs.

24.1 Introduction

In Chapter 23 we have discussed various factors that determine the optimal size of
a jurisdiction. Suppose that decisions have been made to allocate some functions to
local jurisdictions. It now behooves us to explain the finances of these jurisdictions.
These can be put into two categories:

(i) those received as grants from a higher level of government;1

(ii) revenue collected directly through taxes and charges.

In this chapter we want to outline the major types of grants and their effects. We
also consider issues of taxation by subcentral governments. Our analysis follows
the work of King and Fullerton (1984) and others.

In Tables 24.1 and 24.2 we cite evidence from the USA of the magnitude of
grants that flow from the federal to lower levels of government. Table 24.1 shows
taxes and expenditures per capita of selected US states, whereas Table 24.2 does
this for some major US cities. It is apparent that federal grants play an extremely
important role in the finance of lower levels of government.

There are two important policy issues in formulating a good system of grants.
First, one has to decide the purpose for which the grant is to be given and, second,
one has to decide upon the precise type of grant to be given.

24.2 Purposes of grants

Why are grants given out by higher level governments to lower level governments?
The literature has distinguished four reasons. First, the higher level government
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Table 24.1 State government expenditures and taxes, selected states, fiscal 1990

State Tax Expenditure Taxes as a percentage of
per capita per capita personal income of the state
($) ($) %

Alabama 945 2,006 6.8
California 1,459 2,650 7.5
Delaware 1,696 3,195 9.1
Florida 1,027 1,697 5.9
Indiana 1,101 1,878 6.9
Michigan 1,220 2,485 7.0
Missouri 965 1,627 5.9
New Hampshire 537 1,778 2.7
New York 1,591 3,287 7.6
Texas 866 1,532 5.5
All states 1,211 2,305 6.9

Source: US Department of Commerce, Bureau of the Census, State Government Finances in
1990, Washington DC, US Government Printing Office, 1991: Tables 26, 17 and 29.

Table 24.2 Taxes and expenditures per capita, fiscal 1990, selected cities with
populations of 75,000 or more

City Tax per capita Expenditure per capita
$ $

Montgomery, Alabama 349 453
Los Angeles, California 519 963
Hartford, Connecticut 1,376 3,537
Gainesville, Florida 204 1,092
Decatur, Illinois 254 422
Indianapolis, Indiana 533 1,237
Boston, Massachusetts 996 2,593
Albuquerque, New Mexico 318 1,307
New York, New York 2,063 4,256
Austin, Texas 366 1,164

Source: US Department of Commerce, Bureau of the Census, City Government Finances in
1989–90, Washington DC; US Government Printing Office, 1991: Table 6.

may be interested in persuading the lower level government to take account of the
external effects generated by its actions (for other jurisdictions). Second, grants
may be given to enforce grantor preferences. Third, there are revenue sharing
grants which are given out to correct fiscal imbalances between various local
jurisdictions. Finally there are equalization grants.

At a broad level the first two objectives of grants are best tackled through
conditional grants whereas the latter two objectives could be served with general
grants.2 We discuss the four objectives of grants below.
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Grants to internalize externalities

Consider an economy with local jurisdictions and two goods – a private good
X and a local public good G. If there are no external effects across jurisdictions
and financing for the public good is available through lump-sum taxes, then the
following Samuelson condition should be satisfied for each jurisdiction k:

mrtkx,G =
∑

mrsk
x,G (24.1)

where the summation runs over the population of the jurisdiction. We can simplify
matters still further by assuming that the mrt and mrs are the same across
jurisdictions.

If indeed there were no external effects from one jurisdiction to another then
equation (24.1) would lead to a Pareto optimal supply of the public good. Now let
us relax this assumption. Suppose there are two areas A and B and when either
raises its consumption of the public good then, without lowering its own benefits
from the public goods, it generates beneficial effects for the other jurisdiction. To
make matters more concrete, let us assume that if A increases its consumption of
the public good by one unit, then the consumption of the public good by B goes
up by a fraction 	 and if B increases his consumption of the public good by one
unit then A’s consumption goes up by a fraction �. Suppose the population of A
is nA and that of B, nB. Then the revised Pareto optimum conditions in the two
localities will be:

mrtxG =
nA∑

mrsA
x,G + 	

nB∑
mrsB

x,G (24.2)

mrtxG =
nB∑

mrsB
x,G +�

nA∑
mrsA

x,G. (24.3)

To simplify matters, and without any loss of generality, we are assuming that each
jurisdiction has the same mrt.

Now each area is interested in the welfare of its own citizens. Hence, in the
absence of any persuasion from the central government, the government of each
area will satisfy equation (24.1). Now, there will be a Pareto inferior supply of the
public good in each locality.

The role of the central transfer is to reduce the mrt of each area so that public
goods production will be increased and equations (24.2) and (24.3) are satisfied.
Suppose a grant of TA is given to jurisdiction A and TB to jurisdiction B. Hence,
with the grant the jurisdictions will satisfy:

mrtxG − TA =
nA∑

mrsA
x,G (24.4)

mrtxG − TB =
nB∑

mrsB
x,G. (24.5)
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Now multiply equation (24.3) by 	 and subtract from equation (24.2) to get:

mrtxG(1 − 	) =
nA∑

mrsx,G(1 −�	). (24.6)

Similarly multiply equation (24.2) by � and subtract it from equation (24.3) to get:

mrtxG(1 −�) =
nB∑

mrsx,G(1 −�	). (24.7)

Now from equation (24.4) we have:

TA = mrtxG −
nA∑

mrsA
x,G. (24.4′)

Now from equation (24.6) we have:

nA∑
mrsA

x,G = mrtxG(1 − 	)/(1 −�	).

Substituting this for
∑

mrsA
x,G in equation (24.4′) we get:

TA = mrtXG(1 − (1 − 	)/(l −�	)) = mrtXG[	(1 −�)/(1 −�	)]. (24.8)

In an exactly parallel manner we can derive:

TB = mrtxG[�(1 − 	)/(1 −�	)]. (24.9)

These are the solutions to the optimal transfers to the jurisdictions.3 Higher the
grant to any jurisdiction the greater is the spillover from its public good to the
other jurisdiction. These simple formulae make considerable intuitive sense.4

Grants to enforce grantor preference for merit goods

Often local authorities may not have enough funds to provide certain services at an
efficient level. Musgrave and Musgrave (1976) suggest that almost all subcentral
services are viewed as merit goods by the central government. In such cases grants
may be used to supplement local jurisdiction efforts to provide these services at
an efficient level.

At one level, these grants would be viewed as being beneficial by the local
jurisdictions. However, it should be remembered that they will be financed by
taxes on the same residents which these merit goods are supposed to benefit. The
net beneficial effect of this grant, then, should take into account the effects of the
taxes used for financing.

A typical situation could be of the type shown in Figure 24.1. In this we show
the effect of a matching grant to a local jurisdiction. Initially the jurisdiction faces
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E1

E2

B2

II

I

B1

B1 B2

Dollars
for other
purposes

Amounts of merit goods

Figure 24.1 Effects of a matching grant to a local jurisdiction.

the budget line B1B1, and comes to equilibrium at the point E1 on the community
indifference curve I. Now suppose the central government gives a specific5 and
matching grant to the local jurisdiction in order to persuade it to consume more
of the merit good. The effect of this grant would be to lower the effective price
of the merit good and the community budget line, on this count, would twist in
an anti-clockwise direction. However, the fact that this grant will be financed by
taxation will mean that the budget line will also move toward the origin. The new
budget line will be B2B2 where the community comes to equilibrium at the point
E2 on indifference curve II. This equilibrium is purposely drawn in such a way
that it could intersect the old budget line B1B1. Hence the grant could he thought
of as reducing the utility of residents.

The question that naturally arises is, then, Why should such grants be given?
Musgrave and Musgrave (1976) address this point in detail. They argue that
residents of local jurisdictions may be ignorant of the true worth of the merit
good in question. As they get more exposed to it, they may form better
preferences for this merit good. Second, such grants could be used to finance
goods which are important but which voters typically undervalue. A classic
example is school education. Adult voters may undervalue the importance of
children’s education and there may be underprovision. A matching specific grant
would protect the interests of children who are non-voting residents of the
jurisdiction.
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Another point which Musgrave and Musgrave emphasize is that matching grants
may be given to fund services which help only a minority of the population. For
example, suppose there is a community with a river flowing through it. A program
of flood control may benefit only the people who live along the banks of this
river. If matters were left solely to the local government then flood control may
be severely underfunded.

Grants to correct for fiscal imbalances

Another important reason for grants to exist is to compensate local governments
for any mismatch between their receipts and expenditures. This has been called a
vertical fiscal imbalance. It is ‘vertical’ because it refers to the role of one level
of government with respect to another.

This vertical fiscal imbalance is likely to arise in practice if taxes are collected
largely by higher level authorities6 and expenditure decisions are considerably
more decentralized in order to better reflect local preferences.7

Equalization grants

These grants are extremely important in several major federations. Their principal
aim is to reduce the extent to which some subcentral authorities might be able
to offer their residents more attractive fiscal packages than others. An important
argument in favor of equalization grants is horizontal equity considerations. This
is important for three reasons. First, some jurisdictions might have higher per
capita tax bases than others and so be able to raise equal per capita amounts of
revenue at lower tax rates. Second, some areas might need more units of public
services per head than others to provide similar standards of services. A classic
example of this is schooling in a country with large variations in population density
across jurisdictions. A sparsely populated jurisdiction might need higher grants
for schooling per child, ceteris paribus, than thickly populated ones. Third, the
costs of unit services might be higher in some areas than others. In remote areas
of a country, for example, transportation and infrastructural costs may be higher.

In operational terms, almost all equalization schemes address the first of these
problems and some address the second. But there are hardly any that address the
third problem.

Sometimes a case for equalization grants is also made on grounds of efficiency.
It is argued that if there were substantial horizontal inequities across jurisdictions
then there would be considerable migration from worse off to better off
jurisdictions. This would place considerable strain on the infrastructural facilities
of the jurisdiction to which the migration was taking place. To forestall such
migration, it is argued, equalization grants should be made.

Although the discussion above provides some good reasons for equalization
grants, there are some caveats as well which we should take into account. First, if
there is horizontal inequality across regions, then this fact would get capitalized
in the housing market. As people migrate from areas with low fiscal residuum8
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to high fiscal residuum property values change. Land prices fall in the former
and rise in the latter. Housing rentals would behave in a similar manner. In this
manner, people would pay more to live in areas with better fiscal conditions and
this would, of itself, tend to reduce horizontal inequality. However, Hamilton
(1976) has argued that the fear that a reduction in the tax base per head would
result in capital losses could make residents of a jurisdiction reluctant to allow
construction of new dwellings which would attract new migrants and lead to the
loss in capital value. For example, if an income tax is being levied by jurisdictions
then there would be widespread opposition to housing being developed for lower
income individuals.9 In such situations equalization grants clearly do have a role
to play.

A second argument against equalization grants comes from the possibility of
benefit taxation. Suppose jurisdictions are able to finance their services with
taxes that corresponded to the amount of benefits10 that people receive from these
services. If this were possible then equalization payments may not have much of
a role to play. From our study of the Lindahl–Wicksell mechanism we know that
this is in principle possible. However, we also know that the main difficulty with
this is that people will usually understate their preference for public goods. Hence,
there will still be a need for equalization grants.

The proponents of benefit taxation would argue that, in the face of the free-rider
problem, one should design prices with reference not to actual demands for the
public good but some ‘average’ demand. The aggregate benefit of a public service
is related to the total cost of providing it and this aggregate is then divided among
the beneficiaries in proportion to their consumption levels. To take an example,
suppose that we have a service being provided by the central government, then it
could be deemed that all citizens get an equal amount of benefit from it and the
cost could be divided equally among them.

However, this argument would not work very well in the case of subcentral
authorities. For instance, police protection would be more acutely needed by high
crime areas rather than low crime areas. With benefit pricing the residents of
the high crime area pay a larger share of the costs of police protection rather than
residents of low crime areas. Hence this would lead to horizontal inequity. It would
appear that if such benefit taxation were pursued, one would need equalization
grants to get horizontal equity. Hence, benefit taxation does not obviate the
necessity for equalization grants.

A final objection to equalization grants comes from the fact that these could
be replaced with a system of taxation by the central government whereby the
rates of these taxes varied from area to area with low rates for poor areas and
high rates for rich areas. Buchanan (1950) has suggested that one advantage of
such a switch would be that fewer central taxes would have to be collected.
This would be welcome at a time when people are skeptical of the virtues of
‘big government’. However, this method would work well only if there was
an increase in the total yield of subcentral taxes. In particular, poorer areas
would have to tax more in order to replace revenues that would be lost with
the abolition of equalization grants. However, Oates (1972) has pointed out
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that in the case of this inverse tax option, low resource and high need local
jurisdictions will have much greater fiscal independence. Hence, discriminatory
taxation could, in principle, substitute for equalization grants. But again, as Oates
points out, discriminatory taxation is ruled out in practice because of constitutional
provisions.

A diagrammatic analysis of equalization grants

Since equalization grants are so important in practice, it might be useful to look at
their role in promoting horizontal equity across regions of a country. We do this
in Figure 24.2.

Consider two jurisdictions – one with high tax base Bh and the other with low
tax base B1. We may regard the base of the tax as income or we may assume
that income is a suitable proxy. In Figure 24.2 tax base is on the vertical axis
and expenditure on G on the horizontal axis. Since both axes are in terms of
dollars, initial budget lines have a slope of minus 1. The rich jurisdiction faces
the constraint B0

hB1
h and we suppose it elects to give up B0

hK income to get G0
h

of the public good. The ray from the origin, Rh, is the reciprocal of the tax rate:
the steeper the ray, the lower the rate of the tax. The poorer government has the
budget line B0

1B1
1. If the poorer subcentral government levied the same rate of tax,

it would sacrifice B0
1a income to secure only G0

1 of the public good. To obtain the
public good level G0

h it would have to move along the ray RI levying tax at the
(higher) rate of B0

1c/OB0
1 where 0 is the origin.

Rh

R1

K

Bh
0

B1
0

Expenditure on G

Bh
1B1

1Gh
0G1

0

Tax
base

a

b

Figure 24.2 Effects of equalization grants.
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Base equalization schemes envisage the richer local jurisdiction stepping in as
residual tax payer. This implies that the budget line of the poorer local jurisdiction
swings to become B0

hB1
h. If the poorer government levies tax at the old rate

B0
1a/OB0

1 it will get the old amount of the public good G0
1 on its own whereas the

equalization grant would provide the amount ab which would lead to an increase
in the public good supply by G0

hG1
h. Hence, poorer jurisdiction would end up

consuming the same amount of the public good as the richer jurisdiction.

24.3 Types of grants

In a typical federal country there are several types of grants – some of which we
have discussed. In Figure 24.3 we present a taxonomy of these grants. The first
distinction made is between conditional/specific grants and general/unconditional
grants. In the first category of grant the higher level government decides the
specific purpose for which the grant has to be given. Since conditions are attached
to the way in which the funds may be spent, such grants are called ‘conditional’.
The second major category is the one in which grants are given without any
specification on how the funds may be spent. As shown in Figure 24.3, general
grants can be fixed in amount if they may depend upon the actions of the lower
level government.

Conditional grants can be subdivided into lump-sum grants and matching grants.
In the former case, the lower level government receives a fixed amount to spend on
the designated service. In the latter case the amount of funds is variable and depends
upon how much funds the lower level government is able to collect on its own.

Grants

Specific/conditional
grants 

General grants

Lump-sum
conditional

grants 

Matching
specific
grants 

Lump-sum
general
grants 

Effort-related
general
grants 

Closed-matching
specific grants

Open-matching
specific grants

Figure 24.3 Types of grants.
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24.4 The effects of various types of grants – traditional
models

Before we can devise a grant to suit a purpose it is important to understand the
effects of grants on the receiver. In particular it is necessary to assess the impact
of the grant on the expenditure of the grant-receiving jurisdiction.

The literature on the effects of a grant can be split up into two broad areas:
‘traditional’ models and ‘new’ models. We will first study the effects of grants in
traditional models and then examine some aspects of the new models.

Good reviews of traditional models can be found in Oates (1972), King (1980),
Romer and Rosenthal (1980), Boadway and Wildasin (1984) and Wildasin (1986).
The analysis in these traditional models makes some stringent assumptions. It is
assumed that community preferences can he summarized in a standard indifference
map,11 that local jurisdictions are unable to export taxes, that each jurisdiction
takes the reactions of other jurisdictions to the grant scheme as given, and that
prices of all grantee functions are unaffected by the grant.

Lump-sum grants

With these assumptions let us study the effects of a lump-sum grant to a local
authority. We discuss this in Figure 24.4. On the x axis we measure units of the
public service provided by this jurisdiction and on the y axis we have funds for
all other purposes. Before the lump-sum grant is given, the budget line of the
jurisdiction is A0A1 and the jurisdiction comes to equilibrium at El. Suppose now
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Figure 24.4 Effect of a lump sum grant on a local authority.
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that a general lump-sum grant of the amount A0B0 is given by the central
government. This would shift the budget line to B0B1 and since, by assumption,
relative prices are not affected, there is a pure income effect. The community
comes to equilibrium at point E2.

Suppose now that we have a matching grant. With this the central government
gives a grant equal to the cost of the amount of G provided by the local government
at the old equilibrium point El. Hence the budget line of the local government
becomes A0CB1. The equilibrium for the local government is still unaltered at E2

if E2 is still available. This will be the case if E2 is to the right of C in Figure 24.5.
Hence, in this particular case, there is no difference between the effects of a general
grant and a matching grant. Clearly this would not have been the case had E2 been
to the left of C (as shown in Figure 24.5) on the line B0B1. In this case the matching
lump-sum grant will involve an equilibrium at C in Figure 24.5 and the level of
community welfare would be lower.

Conditional grants

Suppose now that we have an open matching specific grant. We examine the
effects of this in Figure 24.6. The budget line before the grant is A0A1 and the
initial equilibrium is at El. Now suppose that the central government proposes to
pay a fraction BlA1/OB1 of the cost. This has the effect of lowering the relative
price of G to the jurisdiction. Hence the effective budget line of the community
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Figure 24.5 Effect of matching grant on a local authority.
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Figure 24.6 Effect of matching specific grant on a local authority.

becomes A0BI and equilibrium is at point E2. Successive increases in funding will
trace out the price consumption curve (PCC) as in the diagram.

We can compare this matching grant with a lump-sum grant as in Figure 24.7
which basically redraws Figure 24.6. With the conditional grant, equilibrium is
at E2. The distance A1B1 is the value of the grant given (in terms of G). If this
were given as a lump-sum amount then the budget line would become C0E2C1

and the community could come to equilibrium at E3 on a higher indifference
curve.

We can now study a closed conditional grant. This is a conditional grant that
is subject to an upper limit. We examine one case in Figure 24.8. Suppose the
central government promises to pay a fraction AlFl/OF1 of the cost of the service
G subject to an upper limit. If there were no upper limit then the jurisdiction’s
budget line would have been A0F1 – a case we have already analyzed – and
would come to an equilibrium at point E1 where the PCC cuts the budget line.
Suppose, however, that the upper limit to the amount of the grant that can be
given is the amount A1B1. Hence the effective budget line becomes A0ZB1

and has, therefore, a kink. Another possibility examined in Figure 24.8 is one
where the limit of the grant is larger – say A1D1. Then the effective budget
line for the local jurisdiction again has a kink and is A0JDl. In the latter case
equilibrium El is permissible but this is not possible in the former case. In this
case equilibrium would be where the ICC cuts A0ZB1. This is because the closed
grant does not change the relative price of G in the effective range and is to be
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Figure 24.9 The effect of a kink in the budget line.

looked upon as a pure income expansion. Another possibility not examined in the
diagram is one where the point Z lies to the right of the point where the ICC cuts
the budget line.

As a last possibility consider the case where the budget line has a kink at Z as
in Figure 24.9. It is easy to show here that the equilibrium would be at point Z
itself. The reason for this is that there is no solution along the range A0Z since all
(unkinked) budget lines starting at A0 have tangencies on the PCC which does not
cut A0Z. Similarly there will be no solution along the segment ZB1 since all budget
lines parallel to A0A1 have tangencies on ICC which does not intersect ZB1. Hence
the equilibrium must reflect a corner solution. The point Z represents the highest
indifference curve that can be reached – even though it is a corner solution.

The gist of the analysis here is the not surprising conclusion that local
jurisdictions would prefer lump-sum conditional grants to other conditional grants
and lump-sum general grants even more. On the other hand, the higher level
government would prefer open matching conditional grants as the most reliable
way of ensuring an increase in the consumption of G.

So far we have been assuming that funds for the granting government are not
collected from the local jurisdiction. This, of course, is not true. Funds which are
later distributed as grants will actually be collected as taxes from residents of local
jurisdictions. It is relevant, therefore, to examine the effects of such taxation.

If tax payments precisely match grant receipts in the area then the equilibrium
with the lump-sum general grant after the tax will be in precisely the same place
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as the one before the grant. Hence the grant will have no effect on jurisdictional
equilibrium in this case. The inward shift of the budget line is exactly matched
by the outward shift in response to the grant. So far as lump specific grants are
concerned, these too will have no effect unless they are able to bias consumption,
by changing relative prices, in favor of commodity G. The same would be true of
an open matching conditional grant since this would also encourage consumption
of G by altering the relative price. Conditional matching specific grants may have
no effect at all but, if they do, they will only encourage the consumption of G.

24.5 The new models of the effects of grants

Niskanen (1971) and Breton and Wintrobe (1975) argue that what have been
alleged to be the preferences of the local residents are actually the preferences
of the bureaucrats in the local government. The bureaucrats are supposed to
know the preferences of their citizens. They manage the production of G for a
subcentral authority. We consider their behavior in Figure 24.10. The average
cost of production of G rises along the line AC in Figure 24.10. AV and MV
denote the average valuation and marginal valuation of the commodity G by
residents of the subcentral authority. Suppose this jurisdiction now receives an
open matching conditional grant which reduces the per unit cost of G by some
fraction. The new average cost schedule is shown as AC1. Niskanen assumes
that the bureaucrats are not crude profit maximizers. They want to maximize their
influence by expanding the size of their budget, subject, of course, to their breaking
even. Thus, in Figure 24.10a, output would be G0 before the grant and G1 after
the grant. The budget rises from 0JE1G0 to 0KE2G1. Total benefits increase by
G0E1UG1. Tax revenue rises and the budget rises by more than the amount of the
grant. In Figure 24.10b the AC cuts AV when MV would become zero. Hence
the grant induces no increase in output from G0. The budget rises but output
stays constant. This would imply increasing X-inefficiency on the part of the local
government.12

A related work is that of Romer and Rosenthal (1980). Here jurisdictions are
assumed to be budget maximizers and no particular distinction is made between
bureaucrats and politicians. There is a reversion level of expenditure and the local
authority has to choose that unless there is a referendum in which the residents opt
for a level of expenditure different from the reversion level. This reversion level
could be last year’s expenditure or some average expenditure.

In this referendum the preferences of the median voter will prevail. In
Figure 24.11, G0 is the reversion level of the commodity G. We have also drawn
in this diagram the indifference curve of the median voter. Suppose that level G2

were put to vote in the referendum because the bureaucrat wants to maximize the
budget. In this case the reversal level G0 would win. However, if level G1 were
put up in the referendum against the reversal level G0, then this would win. The
median voter would gain in utility and the bureaucrat would get a higher budget
to work with. However, if the reversal level was G3 then the only option that
would win in a referendum would be the utility maximizing one, i.e., G4. But that
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Figure 24.10 Effects of grants when local bureaucrat preferences are dominant.

would mean a lower budget for the bureaucrat. Hence, in the Romer Rosenthal
model the bureaucrat would have a preference for a low reversal level whereas the
median resident would be better off if there was a larger value of G as the reversal
level.

In an interesting model Oates (1979a,b) supposes that the bureaucrat is not
trying to maximize the budget but to maximize the welfare of the median voter.
However, the median voter is imperfectly informed about the grant so that it
is possible for the bureaucrat to deceive the median voter into accepting a larger
budget than is optimal. The intuition behind this is as follows. Suppose that the tax
price of G has been fixed by the local authority and the quantity of this commodity
produced is then determined by the demand by the median voter. Suppose now
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Figure 24.11 Effects of grants when jurisdictions are budget maximizers.

that a grant is given to the local authority but the median voter is unaware of it. In
that case, the income of the median voter increases as does his demand for G. At
the old price a higher budget for the service can be supported.

An alternative would be for the jurisdiction simply to pass on the grant from the
central government as a transfer payment to residents so that the demand would go
up and the bureaucrats would end up with a larger budget. This has been analyzed
in Figure 24.12. The effect of the transfer payment to the residents is to give
them a lower tax price for the commodity G. The schedule S0S1 is the schedule
denoting the supply price of this commodity. The higher the transfer payment to
the residents, the lower the supply price. Given the demand schedule of the median
voter, production is G0 and the tax price is p0 in Figure 24.12. If price elasticity of
demand is non-zero then the drop in price would raise the output and the budget.
If the absolute value of the price elasticity exceeds one then tax payments would
also rise.

The crucial difference between the new models and the old models is that in
the new models it is made explicit that the voter who counts is the median voter
and further that the identity of this voter does not change when transfers are made.
This is not the case in the old models.

24.6 Tax assignment in federal countries

So far we have laid out the rationale for the existence of several tiers of government
and for grants from higher to lower level governments. A natural question
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Figure 24.12 Effects of a central government transfer to residents.

that arises at this stage is how should local governments finance the rest of
their expenditures. The literature distinguishes between three broad categories
of revenues for the lower level government. These are: (a) taxes; (b) charges;
(c) loans. We will confine ourselves to taxation.

When designing tax structures for lower level governments emphasis is laid on
the twin concepts of tax harmonization and tax coordination. We will discuss
each of these in turn now.

Tax harmonization

This refers primarily to the adjustment of tax systems in different jurisdictions in
the pursuit of a common policy objective. In this context, the main goals of tax
harmonization are to eliminate barriers to trade, remove tax distortions, and bring
about a more efficient allocation of resources so that businesses and individuals
across jurisdictions experience similar tax burdens. Tax harmonization can be both
vertical and horizontal.

This working definition seems to emphasize that horizontal equity is an
important ingredient of tax harmonization. To achieve horizontal harmonization,
governments at the same level that share a particular tax base would apply
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a similar tax rate on a uniform tax base and/or use a similar definition and
formula in calculating the amounts owing. Similarly, with vertical harmonization,
governments that occupy the same tax base could either piggyback (tax on
the same base) or allocate separate tax revenue sources for each level of
government.

Unless we have horizontal tax harmonization we would, no doubt, have
horizontal inequity across jurisdictions. In turn, this inequity could stimulate
migration from one jurisdiction to another. This would consume resources and
may have an adverse effect on output levels as well. It might be argued that the
prevalence of non-uniform tax structures in different jurisdictions would enable
people to vote with their feet for their preferred jurisdiction/tax package. However,
with no harmonized tax structures the chances of non-optimal location with a non-
uniform tax package would go up considerably. In a complex federal country with
several levels of governments and tax benefit packages, the link between the taxes
paid by the individual and the benefit package received could become very weak
and the relevance of the voting with the feet model could be questioned. A further
argument for a harmonized tax structure would be that, in the absence of such a
system, jurisdictions would have to worry too much about the reactions of others.
With a common, near-uniform program of tax and public goods package, reactions
of other jurisdictions would become less relevant. With a non-harmonized tax
structure in place, if a jurisdiction started taxing at a higher rate it might lose rich
residents. If the tax structure favors residents the higher tax need not outweigh the
costs of moving and the rich residents might not move. An additional reason for
tax harmonization is in the context of local jurisdictions having more than one tax.
Tax harmonization in this context would mean that these subcentral governments
should not only use the same set of taxes, but also that they should set the same
relative rates. Widely disparate tax rates might well arise if each jurisdiction chose
to rely on the small group of taxes that involved the least welfare loss for its median
voter and this median voter varied considerably from one jurisdiction to the next.

In principle, then, tax harmonization is desirable. But in a federal framework
it may face considerable difficulties. The biggest challenge is to convince a
sufficiently large number of policy-makers at various levels of government of
the need to move toward a harmonized tax structure.13

Tax coordination

Hence, an essential element of tax harmonization is the need for tax coordination
between different levels of government.14 An additional reason for tax coordina-
tion would be that this would lead to less tax exporting and tax competition across
jurisdictions.

It would be reasonable to argue that a precondition for tax coordination would
be a clear enunciation of the taxing powers of different levels of government. This
has been called the tax assignment problem by Musgrave and Musgrave (1972).
Once this assignment problem has been addressed, they argue, the problem of tax
coordination will be simpler.
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Suppose that a given set of central, state, and local jurisdictions are confronting
the process of forming a federation. Available taxes are the personal income tax,
corporation profits tax, destination type consumption tax (retail sales tax or VAT),
and property tax. Musgrave and Musgrave (1972) argue that in assigning taxes
one should try to minimize the extent of spillover (in the form of external effects,
tax exporting or tax competition) from one jurisdiction to another. Within this
framework the following set of assignment rules is advocated.

(i) State and, particularly, local governments should tax bases that have low
mobility. Thus, for example, landed property is immobile and is almost universally
taxed by local authorities. In addition, the federation as a whole will be concerned
with efficiency in the entire federation. The most efficient way to do this is to
require uniform taxes across jurisdictions. This is usually the case, for example,
in federations which use the VAT where the rates of the VAT across different
states are almost the same. Clearly local level consumption taxes are inappropriate
because of the high mobility of goods.

(ii) Personal taxes should be administered by the level of government respon-
sible for overall fiscal efficiency in the economy. This is principally because
individuals are quite mobile and some economy-wide notion of equity is involved
in such cases. Similarly, corporate incomes are hard to conceive of at the
subnational level and are best taxed at a central level.

(iii) A third principle espoused by Musgrave and Musgrave (1972) is that taxes
that are meant for redistribution should be administered centrally. This must be true
because the concept of redistribution does not make much sense at the subnational
level.

(iv) Countercyclical fiscal policy should be centrally administered, whereas
subnational tax rates should be cyclically neutral. Aggregate demand control
through appropriate countercyclical tax policy, for example, is best left to the
central government. This is primarily, but not exclusively, because countercyclical
fiscal policy at the subnational level will be subject to considerable leakages.
If, in response to excessive aggregate demand, a local government increased
taxes, factors of production would move to another jurisdiction. This kind of
leakage would reduce the effectiveness of countercyclical fiscal policy. Moreover,
the central government has superior powers of credit and debt policy and local
governments would like their revenues to be fairly stable over the business cycle.
Again it appears that income and profits taxes are more suitable for the central
government, whereas consumption and real estate taxes are more suitable at the
middle and local levels.

(v) Suppose there are some tax bases that are distributed highly unequally
across local jurisdictions. A classic example of this would be natural resources
which may be concentrated in few parts of a large federation. If taxation of natural
resources by local jurisdictions is permitted then the resource-rich jurisdictions
might be able to provide services at a low price compared to resource poor states.
Hence, resources would be attracted to the former jurisdictions and, given the
small size of these jurisdictions, this migration would be on an inefficient scale.
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In other words, business would move in because of better tax prices but the local
demand would not be enough to enable the businesses to produce on the minimum
point of their cost curves.

(vi) Benefit taxes and user charges are useful at all levels of government. The
significance of these instruments at various levels of government depends upon
the nature of the public service, i.e., whether the benefits these services bestow
are general or applicable to particular groups of people. If the former is the case,
then local charges would he more useful.

It would appear, then, that a good tax for subcentral authorities would be one
that has a base that is widely and evenly distributed across the country. Several
reasons are generally advanced in favor of this argument. First, if tax bases for
local jurisdictions are unevenly distributed then, to the extent that grant payments
have conditions15 attached to them, these will also be unequal. Second, if local
tax bases are highly unequal then a system of equalization grants may involve
negative grants for some areas. Negative grants are likely to be highly unpopular
and, hence, it is best to assign tax bases to local jurisdictions so that such grants
are rarely necessary.

Furthermore, with evenly distributed tax bases the need for equalization grants
is reduced. In most cases the design of equalization grant formulae and the methods
used to define ‘needs’, ‘resources’, and ‘tax effort’ of jurisdictions are subjects
of considerable controversy. If equalization grants are small in magnitude then
these controversies are less important. Additionally, equalization grants transfer
resources from high tax base areas to low tax base areas. Thus unless subcentral
authorities also rely on all income tax, this transfer need not be from high income
to low income areas. For reasons mentioned above, it is best to leave income
taxation to the central or, at most, state governments. In this situation, the smaller
the equalization grant, the greater the chance that the transfer is being made from
high to low income areas as well.

Another important consideration concerning yields of taxes is the elasticity or
buoyancy of the tax. At least two different definitions of this term have been
used. Sometimes an elastic tax is defined as one whose yield tends to rise at least
as fast as costs and incomes without the need for a change in the rate of the tax.
In other words, the yield from the tax is required to keep pace with inflation.
Another definition of an elastic tax is one whose yield tends to rise at least as fast
as disposable income without the need for a change in the tax rate. Hence this
definition would require that yields go up automatically with real incomes as well
as with inflation.

Consider now a situation in which there is inflation but real incomes are stagnant.
Now if the structure of income taxes is progressive, and tax bands are held fixed in
nominal terms, as nominal pre-tax incomes rise16 people move into higher income
tax brackets where they face higher marginal tax rates. Hence tax revenues from
the income tax will go up and the income tax is an elastic source of tax revenue.
With corporate profit taxes or VAT imposed on an ad valorem basis constant tax
rates will mean that tax yields will rise roughly in proportion to the rise in price.
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Hence these taxes have an inflation elasticity equal to unity. To the extent that
taxes are specific rather than ad valorem, the yields from such taxes will fall with
inflation and, therefore, such taxes are not inflation elastic.

Let us now take the opposite case of zero inflation and rising real incomes.
Income tax payers will be moving into higher tax bands and will, therefore, be
facing higher marginal tax rates. Consequently, the income tax is elastic with
respect to income changes as well. With a payroll tax or VAT or any other tax
with a constant ad valorem rate, higher real incomes will mean higher expenditures
and higher tax yields. It is easy to see that such taxes will have unitary elasticity
with respect to changes in real income if the income elasticity of demand of these
goods was unity.

Administrative costs and excess burdens

All taxes leave consumers worse off. Those that are distortionary17 in addition
inflict excess burdens on taxpayers. Hence total burdens of tax imposed may
be usefully split up into two categories: (a) resource costs broadly defined to
include administrative costs as well as costs of compliance; (b) excess burden of
the tax.

Administrative and compliance costs depend on the particular types of taxes that
are being levied. It is probably the case that costs of collection of any particular tax
in relation to its yield will fall as the yield increases. On that count, it is probably
better to have a few high yielding taxes as opposed to a large number of low yield
taxes. Income and corporate taxes with a nationwide reach will clearly have lower
administrative costs than those which vary from region to region. For such taxes
there are probably economies of scale in tax collection.

So far as the excess burden of taxation is concerned, it is possible that problems
will rise if different areas use different taxes or use the same taxes but have very
different rates. Tax harmonization would tend to reduce the magnitude of this
excess burden but cannot eliminate it. For example, even with harmonized taxes
if per capita tax bases varied across the country there would be differences in public
services which would induce migration. This migration would in turn consume
resources. As discussed earlier, a system of equalization grants could help reduce
this migration.

Taxes assigned to more than one level of government

Notwithstanding the considerations spelled out above, there may still be some
taxes which may be assigned to more than one level of government. It has been
argued that the same tax should not be levied by more than one level of government.
If this is the case then the tax has a cascading effect. However, there is no
intrinsic a priori argument against the multiple use of a tax. One should not tax
the same base excessively. However, if there are good reasons for more than one
level of government using the same tax base, then a properly coordinated tax
structure across these levels of government could actually be welfare improving.
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Different levels of government cross-checking with each other could, for example,
reduce the extent of lax evasion.

Taxes that could be 1evied at both state and national level could include the
VAT as well as an income tax. Tax overlap between local and central governments
and between local and state governments will be less likely. However, as discussed
in Chapter 13, VAT has its own problems.

The allocation of tax yields to different authorities

An important issue in tax coordination is the proper assignment of tax revenues
exacted from each taxpayer whether the tax is based on the taxpayer’s income,
expenditure, or property. This is obviously very simple in the case of the property
tax since the tax will be paid to the authority where the property is located. If the
income tax is paid only to the central government, then again there will be no
difficulty. If, however, income taxes are also paid to state governments then the
use of the above residence principle might involve some difficulty in the case of
persons who maintain more than one residence or work in one state and live in
another. In such cases proper apportionment rules have to be devised.

24.7 Conclusions

The assignment of taxes in a federal structure is a complex matter. Issues
concerning horizontal as well as vertical imbalances come up and have to be
evaluated carefully in an operational program of tax assignment. This chapter has
studied some of these problems.

We have also studied issues relating to the structure of grants from higher to
lower level governments. Once again, difficult issues came up: should we use
specific grants or general grants, conditional or unconditional grants and the like.

In this chapter we have sketched out some of the principal consideration that
would be involved in making such choices. These considerations are helpful, if
incomplete, guides to the actual design of tax/grant structures in federal countries.

Notes

1 Grants are usually paid by a higher tier authority to a lower tier authority, for example,
grants from the central government to state/local governments. The reason for this harks
back to the argument put forward in Chapter 23 that there may exist economies of scale
in tax collection and, therefore, it is more appropriate to let most taxes be collected by
higher level governments.

2 See Section 24.3 on Types of Grants.
3 It is important to note that we have so far been assuming that the transfers to

the jurisdictions are financed by lump-sum taxes. If these are instead financed by
distortionary taxes then the formula for the optimal supply of the public good will have
to be amended to include the excess burden of such taxation along the lines suggested
in Chapter 6.

4 Subject, of course, to the consideration that each jurisdiction must put in maximal effort
to raise resources on its own.
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5 For a fuller discussion of specific or conditional grants see Section 24.3.
6 To take advantage of the economies of scale or for equity reasons as discussed in

Chapter 23.
7 We had discussed in Chapter 23 that this sets up an important rationale for fiscal

devolution from higher to lower levels of government.
8 The expression ‘fiscal residuum’ is due to Buchanan and is interpreted to mean benefits

less taxes paid.
9 Hamilton argues that in such situations a poll tax will be poor friendly since it will not

meet the same opposition from the rich as an income tax.
10 Benefit pricing traces its intellectual origins to the Lindahl–Wicksell mechanism for

public goods discussed in Chapters 5 and 6.
11 An important question that arises here is: whose indifference map is it? Typically it

is taken to be the indifference map of the median voter and reference is made to the
median voter theorem to claim that this person’s preferences will win.

12 The notion of X inefficiency refers to administrative and managerial inefficiency. It
owes its origin to a work by Leibenstein (1966).

13 This problem may become quite acute, particularly if there is lack of unanimity about the
structure of harmonized taxes and if different political parties are in power at different
levels of government.

14 It should be mentioned here that any exercise in tax coordination between different
levels of governments absorbs scarce resources – both tangible as well as intangible.
Hence, there are limits to tax coordination as well as its professed aim of tax
harmonization.

15 Like a matching grant.
16 We are assuming that real pre-tax incomes are constant.
17 This includes almost all taxes except the much maligned poll tax.

Additional reading

The following texts will be of interest to students: Oates (1972) and Rubinfeld
(1987), Clotfelter and Cook (1990), Kenyon and Kincaid (1991).



Problems

In this section problems are arranged by broad sections of the text rather than
individual chapters.

Consumer demand theory

1. The following is referred to as a constant elasticity of substitution utility
function:

U(x1,x2) = [	1x�1 + 	2x�2]1/� where 	1,	2, and � are parameters.

(a) Show that the elasticity of substitution between x1 and x2 is constant. What
is the value of this elasticity?

(b) Show that as:

(i) � → 0, we get the Cobb–Douglas utility function U(.) = x	1
1 x	2

2 ;
(ii) � = 1, the indifference curves between x1 and x2 become flat;
(iii) � → −∞ the indifference curves become right-angle, Leontief-type

utility functions.

2. Now consider the Stone–Geary utility function (the only utility function that
is associated with the linear expenditure system):

lnU(x1,x2) = �1ln(x1 −�1) +�2ln(x2 −�2) +�3ln(x3 −�3)

where �i is the ‘minimum’ amount of good i(i = 1,2,3) that has to be consumed
and �1 > 0(i = 1,2,3).

(a) Show that without loss of generality we can assume:

�1 +�2 +�3 = 1.

(b) Carry out the utility maximization exercise and derive the expenditure
function and the indirect utility function. This utility function has also
been referred to in Chapter 13.
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3. Consider the additive separable utility function:

U(x1, . . . ,xn) =
n∑

i=1

Ui(xi).

(a) Show that additive separability is a cardinal property and is preserved only
under linear transformations of the utility function.

(b) Show that if the Ui are strictly concave then the Walrasian and Hicksian
demand functions admit no inferior goods.

(c) Suppose that all the Ui are identical and twice differentiable.

Let Ũ(.) = U(.). Show that if −[�{∂2Ũ(�)/∂�2}/(∂Ũ(�)/∂�)] < 1 for all �,
then the Walrasian demand function x(.) has the property of gross substitution,
i.e., ∂xi(.)/∂pj > 0 for all i and i �= j.

4. Suppose there are two groups of commodities, x1 and x2 with corresponding
prices p1 and p2. The utility function of the consumer is U(x1,x2) and net
income is I > 0. Suppose that prices for goods x2 always vary in proportion to
one another, so that we can write pi = �p0. For any number � ≥ 0 define the
function:

Û(x2,�) = max
x1

U(x1,x2) subject to p0 · x2 ≤ �.

(a) Show that if we now postulate that there are two goods in the economy
x1, and a single composite good �, that Û(x,�) is the consumer’s utility
function and that � is the price of this composite commodity, then the
solution to the maximization problem: Û(x1,�) subject to p1x1 + �� ≤ I
will give the actual levels of x1 and � = p0x2.

(b) Show that the properties of the Walrasian and Hicksian demand functions
are retained intact.

Welfare economics and the theory of public expenditure

1. Consider an economy with H consumers and three goods. Two of the goods
(x and y) are private goods and the third is a pure public good, G. A typical
consumer, indexed by h, has the following additive separable utility function:

Uh(xh,yh,G) = xh + 2logyh + logG

where the notation is obvious.
Good x is the only good available in the economy as a primary resource. Let

xh
w(> 2) be the endowment of good x with consumer h. Production conditions

for the good y are described by:

y = (xi)
05
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where xi is the input of commodity x in the production of good y. Production
conditions for the public good are given by G = xI where xI is the input of
commodity x in the production of the public good.

(a) Consider the objective function denoted by �hUh(.) subject to the tech-
nological constraints and the scarcity constraints. Consider the maxima of
this objective function which are associated with a positive consumption
of good x. Show that the amount of the public good consumed is the same
in each of these optima.

(b) Assume that each consumer is entitled to (1/H) of the firms’ profits. Now
the government can achieve any one of the optima calculated in part (a) as
a competitive equilibrium in the market for private goods. To accomplish
this the government

(i) sets the output of the public good;
(ii) establishes prices for the private goods;
(iii) imposes lump-sum taxes on the consumers.

Calculate the prices established. Show that the sum of the lump-sum taxes
is equal to the cost of financing of the public good.

(c) Now suppose that it is impossible to levy a lump-sum tax. Instead the
government taxes good 2 to finance the production of the public good
with � being the specific tax. Calculate the value of � that would suffice to
finance the amount of the public good given in part (a).

(d) How does this tax generate a social loss? Explain carefully.
(e) Why does the second-best optimum require a level of the public good

different from that in part (a)?

2. A competitive industry draws its workers from a pool of existing workers whose
alternative wage is w. The productivity of these workers can be improved by
worker training schemes. The greater the resources put into the scheme, the
higher the productivity of the workers. Once trained, a worker’s skills are
the same no matter which firm in the industry employs the worker. However,
skills are specific to this industry so the worker’s alternative wage rate in other
industries continues to be w. Suppose that a given proportion of workers move
from one firm to another within the industry each period.

(a) Compare the optimal allocation with the allocation that would result if all
training were done independently by the firms.

(b) Discuss alternative ways in which, in theory, the optimal allocation could
be attained.

(c) How would your answers to parts (a) and (b) change if these skills were
not specific to the industry?

3. Consider a two-person economy consisting of a public good, G, and a private
good, x. Both persons have the same utility function U(xi,G) = xiG0.5
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where xi is the consumption of the private good by person i(i = 1,2) and
G is the amount of the public good. The production possibility curve of the
economy is given by the transformation function �(x,G) = 0.

(a) Describe the Pareto-efficient allocations of resources that could be
achieved in this economy. Depict your answer diagrammatically.

(b) Which allocation would be chosen by a social welfare maximizing
government which used a maximin social welfare function? A utilitarian
social welfare function? Why?

(c) Describe the allocations that would be achieved by a system of voluntary
contributions.

(d) How would your answer change if the transformation function was linear?

4. Consider a two-person economy consisting of a public good, G, and a private
good, x. The utility function for both individuals (A and B) is: U(xi,G) = lnxi +
�lnG where � is positive. The production possibility curve of the economy is
described by xA +xB +G = C where C is a constant and corresponds with the
value of resources in the economy. For a fixed value of �:

(a) Describe the Pareto-efficient allocations of resources that could be
achieved in this economy. Depict your answer diagrammatically.

(b) Which allocations would be chosen by a social welfare maximizing
government which used a utilitarian social welfare function? Why?

(c) Explain why voluntary provision of the public good will not lead to a
Pareto-efficient allocation of resources.

(d) Explain how your answers would change as � varies.

5. Lake Lc is freely accessed by fishermen. The cost of sending a boat out on the
lake is�> 0. When b boats are sent out onto the lake, f (b) fish are caught in total
so that each boat catches f (b)/b. We assume (∂f/∂b) > 0 and (∂2f/∂b2) < 0
for all b ≥ 0. The price of fish is p > 0, which is unaffected by the level of the
catch from lake Lc.

(a) Derive an expression for the optimal number of boats to be sent out onto
the lake.

(b) Derive an expression for the equilibrium number of boats to be sent out
onto the lake. How does this compare to the answer in part (a)?

(c) Characterize the per boat tax that would restore efficiency.
(d) Suppose that this lake is owned by a single individual who can choose

how many boats are to be sent out. What level would this individual
choose? Why?

6. Suppose the government is considering building a public project. The cost is C.
This would benefit n individuals indexed by i. Individual i’s privately known
benefit from the project is bi > 0. The government’s objective is to maximize
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the expected value of aggregate surplus. Derive the Groves–Clark mechanism
for this case. Can you construct a scheme that will balance the government’s
budget on average (over all realization of the bi’s)?

7. A firm faces fixed input prices q̄ and has a cost function c(Q,e) where 0
is the output level. This output is sold at the price p > 0. e is a level of
negative externality generated by the firm. This externality affects a single
consumer whose indirect utility function is �(e)+ q̄. The actions of the firm
and consumer do not affect any market prices.

(a) Derive the first-order condition for the firm’s choice of Q and e.
(b) Derive the Pareto optimal conditions for Q and e.
(c) Show that a tax on the firm’s output will not restore efficiency and that a

tax on the externality itself will.
(d) Show that if the externality is produced in fixed proportion with output

(e = �Q, with � > 0) then a tax on output can lead to the Pareto optimal
outcome.

8. Is it possible for a policy to affect the allocation of resources without altering
the distribution of income? If so, give an example of such a policy. If not,
explain why.

9. Suppose that there are two persons in society – two ‘hawks’ who want more
government expenditure on defense and one ‘dove’ who derives negative
benefits from expenditure on defense. What is the optimal quantity of defense
in this case? Show algebraically as well as with a diagram. Is there any way
that the government could finance this efficient quantity that would benefit
all three people? What happens to this optimum solution if (a) the number of
hawks increases; and (b) the number of doves increases?

10. How is the size of an externality related to the importance of undertaking
corrective policy?

11. What is rational voter ignorance? Does its presence lead voters to prefer larger
or smaller government budgets than they would if they understood completely
the effects of government policies?

12. Provide an explanation in terms of logrolling of why House and Senate
Committees (in the USA) and Parliamentary Committees (in the UK) dealing
with spending programs hear more pro-spending witnesses.

Incentive effects of taxes

1. In a two-asset world, one risky and one not, replacing an income tax with a
tax on the return to the risky asset alone will reduce risk taking. Evaluate.
How would your answer change if the risk-free asset paid a positive (fixed)
return?
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2. Imposing a general income tax to pay off some of the government debt will
reduce savings whereas imposing a sales tax for the same purpose will have
no effect on savings. True or false? Evaluate.

3. Consider an overlapping generations model of the sort used by Summers (1981)
and discussed in Chapter 7. Labor productivity is growing at the rate �whereas
the population is declining at the same rate �. The government is contemplating
introducing an unfunded system of public pensions.

(a) Compare the short- and the long-run effects of financing the pension
benefits using a wage tax, a consumption tax, and an income tax.

(b) Discuss how your answer to part (a) would change if: (i) labor supply was
fixed; (ii) retirement age was variable.

(c) Explain how the results would be affected by the presence of: (i) intended
bequests; (ii) unintended bequests.

4. Consider a household that lives for two periods of equal lengths. In the first
period, this household receives fixed earnings of $200. No earnings are received
in period 2. Capital markets are perfect and the interest rate facing the household
is 9 per cent. The households’s utility function is:

U = 1.2ln C1 + 0.5ln C2

where C1 and C2 are consumption levels in the two periods.

(a) How much saving is done by the household in the absence of taxes?
(b) Suppose the government levies a wage tax of 15 per cent. What is the

effect on saving? (Assume the revenues from the tax are used for some
purpose which does not directly affect household utility.)

(c) The government is now contemplating replacing the wage tax on the
household with a different tax yielding the same present value of tax
revenue from the household. For each of the following taxes, determine
the tax rate required and the effect on personal and total (personal plus
public) saving as well as the excess burden associated with the tax:

(i) a consumption tax;
(ii) an income tax.

(d) Explain qualitatively how your answer would change if the household had
some earnings in the second period.

(e) Suppose now that the household has the utility function:

U = 1.2ln C1 +�ln L + 0.5ln C2

where L is first-period leisure and �(> 0) is the weight given to leisure.
The wage rate is $200 per time period. How would your answer to parts
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(b), (c), and (d) change? What would be the effect of the household
increasing/decreasing �? Discuss carefully.

5. Suppose that the probability of the household being alive in the second period
is 1/2. (The probability of being alive in the first period is 1.) Suppose also that
the household maximizes expected utility over its lifetime. (The utility if not
alive is 0.)

(a) In the model with fixed labor what would saving be in the absence of
taxes? What would average per capita bequests be if all households were
identical?

(b) What would happen to household saving if the government were to
introduce an actuarially fair annuity system with a premium of 10 in the
first period? What would average per capita bequests be in this case?

(c) How would answers change if labor supply was variable?

6. Go back to the household of Problem 4 with fixed labor supply. Suppose
the economy consists of overlapping generations of such households. The
population growth rate is 3 per cent. The economy is a small open one so that
the interest rate and the wage rate (and thus the amount of earnings) are exoge-
nously fixed. The economy is currently under a 15 per cent wage tax system.

(a) Determine the effect on saving, consumption, GNP, and lifetime welfare of
a switch to a consumption tax system yielding the same stream of revenues
per period to the government. Do the calculation for the steady states only,
but discuss the transition from one steady state to another.

(b) Repeat part (a) for a switch to an income tax system.
(c) Describe qualitatively the effect on your answer of each of the following

changes in assumptions:

(i) the economy is a closed one so that the wage rate and the interest rate
are endogenous;

(ii) earnings are obtained in the second period of the life cycle;
(iii) households care about the level of welfare of the next generation.

(d) Imagine there being an intergenerational social welfare function denoted
W(Ut,Ut+1,Ut+2, . . .) where Ut is the utility of cohort t. Suppose you are
in the wage tax equilibrium to begin with. Discuss what tax policies you
might recommend to a far-sighted planner if the social welfare function
were each of the following types:

(i) Maximin: W = Umin where Umin is the utility of the worst-off
generation.

(ii) Utilitarian: W = �Ut.

(e) How would your answers change if the rate of growth of the population
was negative?
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7. Suppose the corporate sector of an economy has a production function of the
type:

Yt = K�
t

so that the elasticity of output with respect to capital is �(> 0). The relative
price of capital goods and consumption goods are fixed, but nominal prices
are all rising at a rate of 6 per cent. Capital goods are measured in units
such that the relative price of capital goods in terms of final output is unity.
Capital can be accumulated or decumulated instantly, and capital depreciates
at a rate of 10 per cent. The debt equity ratio of the firm is 0.6. There are
no personal taxes on capital income. There is a corporation income tax at
the rate of 40 per cent. The base for this tax consists of total revenues less
nominal interest payments less depreciation. For tax purposes the depreciation
rate is 20 per cent. There is also an investment tax credit of 10 per cent
on gross investment. The investment tax credit is subtracted from the book
value of the capital stock for depreciation purposes. The firms operate in an
economy which faces fixed world real interest rate of 4 per cent. For a fixed
value of �:

(a) Calculate the equilibrium stock of capital and the marginal effective tax
rate facing the corporate sector.

(b) Explain why the marginal effective tax rate differs from the statutory
corporate tax rate.

(c) Determine the effect of each of the following tax changes (undertaken
separately starting from the above equilibrium) on the marginal effective
tax rate:

(i) the tax system is indexed for inflation;
(ii) the investment tax credit is replaced with a scheme of accelerated

depreciation which allows firms to write off their investment over
two years in equal amounts each year (i.e., using straight-line
depreciation);

(iii) the investment tax credit is no longer deducted from the book value
of capital for depreciation purposes.

(d) Suppose the tax system is as described above except that the tax
depreciation rate is the true depreciation rate (10 per cent in the above
example). Explain whether such a system would favor or discriminate
against long-lived investments. (You have to assume that different firms
have different types of capital now.)

(e) Suppose that the above firm is just starting up and the first few years
of operation it sustains negative taxable income. Suppose the tax system
does not give refunds for negative tax liabilities but instead allows the
firm to carry forward its tax losses to deduct against positive tax liabilities
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in future years. Explain, qualitatively, how the absence of symmetric
treatment of positive and negative tax liabilities will affect the path of
accumulation of capital by the firm.

(f) What reforms would be needed to turn this tax system into a neutral one?
(g) How would your answers change as � varied?

8. A single household lives for two time periods and obtains utility from
consumption in each period according to the utility function:

U(Cl,C2) = ln Cl + Ln C2.

The government levies an income tax to pay for public expenditures which
do not affect the utility the consumer attains from consumption. Earnings of
the household are I1 in the first period and I2 in the second. The interest
rate is r and capital markets are perfect. Compare the effects of income
taxation on the decisions taken by the household in each of the following
circumstances:

(i) I1 > 0, I2 = 0;
(ii) I1 = I2 > 0;
(iii) I1 > I2 > 0;
(iv) I2 > I1 > 0.
(v) Earnings are endogenous and given by an earnings transformation

function F(I1, I2) = 0 with ∂F/∂Ii > 0 and ∂2F/∂I2 < 0.
(vi) I1 > 0 and I2 = 0 and the household can invest some of their savings in

an asset with a stochastic rate of return ∈.

9. Can the welfare cost of a tax caused by labor supply effects be greater than
the revenue collected by the tax? Illustrate using a diagram.

10. Why are tax rate reductions for the wealthy less likely to reduce the tax
revenue collected than are tax rate reductions for middle income taxpayers?
What are the arguments for favoring a tax cut for the rich?

Problems on tax incidence

1. Consider the standard two-sector general equilibrium model. Discuss the
incidence effects of the following tax changes:

(a) a substitution of a tax on industry X for a tax on capital in industry X;
(b) the imposition of a tax on labor when the labor supply is variable;
(c) excise taxes at the same rate on both industries when labor supply is

variable;
(d) an excise tax on industry Y when the economy is a small open one (facing

fixed world prices of output);
(e) the imposition of a tax on capital in industry X when industry X uses

capital and labor in fixed proportions.
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2. Discuss the effect each of the following would have on the magnitude of the
distortion imposed by taxes on capital markets:

(a) an increase in the tax rate imposed on corporations;
(b) the elimination of the tax on capital gains;
(c) indexing the corporate and personal tax system;
(d) an increase in the dividend tax credit rate (the tax credit given to

shareholders on the receipt of dividends from the corporation);
(e) an increase in the rate of inflation.

3. Consider the two-sector static general equilibrium model of tax incidence.
Suppose that the economy is an open one so that the relative price of Y for X is
given to the economy by world markets. Suppose the government has to raise a
given amount of revenue and is considering the alternative ways of doing this.
Compare the effects on the production side of the economy of a tax on labor
income in both industries, a tax on the output of the X industry and a tax on
capital in the Y industry for economies with the following sets of production
technologies:

(i) Industry X : L0.5
X K0.5

X , Industry Y : L0.5
Y K0.5

Y ,
(ii) Industry X : L0.5

X K0.5
X , Industry Y : L0.75

Y K0.25
Y ;

(iii) Industry X : L0.5
X K0.5

X , Industry Y : min(LY,KY);
(iv) Industry X : L0.75

X K0.25
X , Industry Y : LY + KY.

4. Explain why it is not inconsistent to hold that excise taxes are shifted forward
to consumers in the form of higher prices, as well as to say that a general sales
tax may not lead to higher product prices but instead to lower input prices.

5. Why does an excise tax produce a welfare cost? Describe the welfare cost.
Would there be an equivalent welfare cost if the excise tax were placed on an
industry with external costs?

6. Successive equal increments in a per unit excise tax imply smaller and smaller
percentage increases in the tax. Hence, the additional welfare cost of each
increment gets smaller and smaller. Do you agree? Explain fully.

Problems on optimal taxation

1. Consider a society with two types of worker: skilled and unskilled. The planner
can observe total income and consumption but neither the hours worked nor
the wages of workers. The planner has to design an optimal non-linear tax
structure.

(a) Show that a ‘self-selection’ equilibrium in which the workers sort
themselves into appropriate ability types is preferable to a ‘pooling’
equilibrium in which such sorting need not occur.
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(b) Characterize a tax structure that would support such an equilibrium.
(c) Show that if the elasticity of substitution between labor types is infinite,

the optimal marginal tax on skilled labor is zero.
(d) Show that if the elasticity of substitution between labor types is finite then

the optimal marginal tax on skilled labor is negative.

2. In the case of one-person Ramsey optimal taxation discuss the relation between
the rule that commodity tax rates should be inversely proportional to the
uncompensated elasticities of demand and the Corlett–Hague result.

3. Consider an economy in which there are two types of workers, high-ability
types and low-ability types. There is an equal number of each. Each household
starts with an endowment of time only, but the two types have different abilities
to transform time into labor on the market as reflected in their wage rates,
wh > w1. All households have the same utility function, whose arguments are
consumption and leisure. Compare the structure of the optimal tax transfer
system under a utilitarian and a maximin social welfare function for each of
the following cases:

(i) labor supplies are fixed;
(ii) labor supplies are variable; the government can observe wage rates;
(iii) labor supplies are variable; the government cannot observe wage rates

and is constrained to use lump-sum taxes only;
(iv) labor supplies are variable; the government cannot observe wage rates

and uses non-linear income taxes;
(v) labor supplies are variable; the government cannot observe wage rates

and uses linear income taxes only.

4. The utility of an agent depends upon his consumption of good x according to
the function: U(x) = logx. The agent’s income I depends on his innate ability
m(which is an unobservable) and his level of education e according to the
formula: I = me. The cost (measured in units of the consumption good) of
acquiring education is:

�(e) = e1+�/(1 +′ �),� > 0.

In the absence of an income tax, the consumption behavior of an agent with
ability m who has attained an education level e is given by: c(m,e) = me−�(e).

Each agent chooses an optimal level of education. There exists a large
number of agents whose abilities are represented by the following alternative
distributions:

(i) �(m) =�m�/m1+�,� > 1,m > 0

m > m

��−�− 1 > 0;
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(ii) a Pareto distribution;
(iii) a lognormal distribution.

(a) In each case the government wants to redistribute income using the
Rawlsian maximin principle. Suppose m is observable. What is the optimal
income tax as a function of m?

(b) Now suppose that m is not observable but me (= I) is. Suppose the tax
function is given by the progressive linear tax:

T(I) = −�+ (1 − ty)I

where � is the exemption limit and ty is the marginal tax rate. Derive the values
of � and ty in each case.

5. Why do many economists favor the closing of tax loopholes? What are the
advantages of a more comprehensive base for income taxation?

6. It is widely held that sales and excise taxes are regressive. Do you agree with
this view? Explain. Is this true of a VAT as well?

7. Explain the welfare costs of a VAT.

8. A tax on income is fairer than a tax on consumption because income is a broader
measure of the taxpayer’s ability to pay. Do you agree? Why?

Problem on pricing

1. Consider an economy with three goods: x,y,z. x is electricity use during the
day, y is electricity use during the night, and z is ‘all other goods’ and also
serves as the numeraire. The utility function of a representative consumer
is given by the additive form: U(x,y,z) = �1 logx + �2 logy + z with �1,
�2 > 0. Let �(I) be a uniform density function over the interval [I, Ī] where I
and Ī are the lower and upper bounds of income. Suppose that Ī − I = 1 (for
convenience).

Suppose that the consumer must pay an initial installation charge of S and
then a per unit price of p during the day and a unit price q during the night for
electricity.

The optimization problem for the consumer with income I is written as:

Max �1 logx +�2 logy + z

subject to px + qy + z = I − S.

(a) Derive the individual demand functions for electricity and the aggregate
functions X(p) and Y(q). Suppose that I is large enough so that all
consumers will buy electricity.

Electricity production entails an investment in capacity of K for which
the marginal cost is constant at 	. K must satisfy: K ≥ X, K ≥ Y. Further,
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the marginal maintenance cost is b for electricity use both during the day
as well as the night. Assume that the utility producing electricity is bound
by a zero profit constraint.

(b) Show that this constraint can be written as:

S + (p − b − 	)X(p) + (q − b)Y(q) = 0

when we assume that the day period is the peak period.
(c) Write the indirect utility function for a consumer with income I, i.e.,

V(p,q, I − S). Derive the optimal pricing schedule (p∗,q∗,S∗) for a
utilitarian planner constrained to balance the budget. Discuss the result.

Problems on fiscal federalism

1. Explain carefully the principles that should be taken into account when
deciding whether a particular government function is best handled by the
federal, state, or local governments. For each of the following economic
activities explain which level of government should ideally carry it out: police
protection; national intelligence service; fire protection; highway maintenance;
college education; unemployment compensation; and welfare payments.

2. Suppose that a locality decides to increase property taxes and to use the revenue
to increase spending on public schools. What effect would you expect this to
have on the locational decisions of households?

3. Explain carefully the implications of tax exporting, tax competition, and benefit
spillovers on the budgets of local governments.

4. Suppose the federal government gives the following kind of matching grant for
a project (costing $50 million) of the local government. The federal government
covers 50 per cent of the cost of the project and promises only $10 million
beyond that. What are the implications for the budget of the local government?

5. Is there an economic justification for both the federal as well as the state
government providing subsidies to local governments for public schooling?
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Tobin’s q 214
treatment effect 507
two classical theorems of welfare economics 33–51;

First theorem 35–36; Second Theorem 35–51;
under certainty 35–43; under uncertainty 43–52

UK 385, 388–389
uncertainty see risk
uniform taxation see commodity taxation
USA 385, 388–389
user cost of capital 218
utilitarian social welfare function see social welfare

function
utility function 7; direct 7; homogeneity of 7;

indirect 9; concave 7; quasi concave 7

value added tax (VAT) 319–323, 510; gross
product type 320; net income type 320; net
consumption type 320; income approach to 320;
subtraction method 320; direct subtraction
method 320; indirect subtraction method 320;
intermediate subtraction method 320; and retail
sales tax 321–323; and the informal sector
323–326; broadening of the tax base 325

voting 115–118; and logrolling 118; and rational
voter ignorance 119

wage tax 186–189; and decision to enter labor
market 190–193; income effect of 188–189;
substitution effect of 188–189

Walras’ law 8
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